                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                               T-2k 



r(A)r(i-A) 



-c k (X)(l + 0((k-l)-')), 



Cfe(A) = 



(fc-1) 



1-2A 



(A+fc-l)(A + fc)' 
Lemma 2.1. Assume that {a^} is a bounded sequence. Then 

k 
fe=2,. 



Ed-ikQ-k < C max > ou 
fc=2... .m ^— ^ 



fc=2 



where C is a constant depending only on A. 



Proof. Consider 



A = J2^W 



(Ik- 



fc=2 



where Cfe(A) is in (2.5). And let e\ = and e^ = \, a ii f° r k > 2, then we know that efc— efc_i = a^, 
k > 2. Thus A becomes 



t=2 



^ = X! c fe (e fe - e fe _i) = c m e m + ^ (c fe - c fe+1 )e fe . 

fc=2 fc=2 

By using the monotonicity of Ck , we can complete the proof. □ 

Using this lemma, we can obtain that I n (x) given in (2.3) is bounded in the case of x = X n k- 

Corollary 2.2. For x = x n k, < k < n, I n {x) given in (2.3) has the bounds 



■ 2 ' 

sin x 



-1/2 < A<0, 



\I„{x)\<C< 



1 1 

-^, 0<A<-, 

smi 2 

1, ^<A<1 



for some constant C depending only on A. 



Proof. From (2.3) and the fact x = x 



ak: 



I n (x) = 2(-l) k +iJ2 d i-7 



smji 



i=i 



SIM 
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Hence, (2.5) and Lemma 1 yield immediately 

[n/2]-l 



E 

i=2 



sin 2jx 
sin a; 



- 2 <A<0, 



|/ n (x)|<Ci< 



[n/2]-l 



- — +-■ — E Cj-(A), 0<A<-, 

SIM SIM z — ' 2 

[n/2]-l 



where Cj(A) is in (2.5) and C\ is a constant depending only on A. Since 2 sin — > ^ sin j'a 

i=i 
a; 1 

cos — — cos(n — -)x, we can derive the first bound C/sin 2 x when — 1/2 < A < 0. 



On the other hand, the inequality 



Cj(A) < 



(j-l + A)- 1 -^, 0<A<l/2, 



(i - 1) 



-1-2A 



1/2 < A< 1, 



and the Ricmann lower summation rule give 

I™/ 2 ]- 1 An/2] j 

E ^W^/ (a; -i + A)i+2A da:<C ' 2 ' 0<A<l/2. 

J— 2 

Here, C2 is a constant depending only on A. The argument similar to this gives a constant bound 
for the case A > 1/2. The proof is complete. □ 

3. Asymptotic behavior of A n (x) 

In this section, we shall estimate the asymptotic behavior of the stability factor A n (x) of (1.10) 
using the expression (1.8). Note that if p n denotes the trigonometric interpolation polynomial of 
degree n for the constant function 1, then 

n 

A n (a;) > J 2^ u„k(x) = \H(p n ;x)\ = \q {x)\, 

fe=0 

where qo(x) is defined in (2.2). 

Before estimating the upper bound of A„(x), we consider an explicit expression of q n (x) in 

n 

2 ^// 

(1.9). Note that — > dj cosjx is a truncated cosine series of sin x and it converges uniformly 



j=o 



to sin iasn^ 00. Thus (2.1) and (2.3) yield 



J n -l{x) - Jn+l{X) . . , . „W' , ., 

<ln\x) = = sin nx sin xqo (x) — 2 > dj cos(n — j)s 



(3.1) 



sin nx sin x ( qo(x) — 2 > 



i=o 



" j smji 
sin.x 



i=o 



2A 

— 7r cos nx sm x 
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for sufficiently large n. Using this relation and the first equation of (1.8), the weights Lu n k(x) have 
the bounds 

(3.2) \u nk (x)\ < c(|«i fc (aO||Si(aO| + |^ 2 fc (x)|sin 2A x + \w 3 nk (x)\), < k < n, 

where C is a constant independent of n, and 

-i . , (— l) fe+1 sinnxsinx 9 . . 2(— l) k cosnx — (— l) fe 

Unki x ) = 1 w„ fe (a;) = — — , 

n cos x — cos x n k n cos a; — cos x n k 

3 2 sin 2A x - sin 2A x„ fc . „v-", sinjx 

nky ' n cos x - cos x nk " ^ j sim 

Theorem 3.1. TVie stability factor A n (x) defined in (1.10) has the asymptotic behavior 

(3.3) A n (x) = 0(K log n + L), 
where K and L are constants depending only on x. 

Proof. Assume that x € (x n ;, x„; +1 ) for some fixed < I < n/2. Also set n to be even for 
convenience sake. 

Now consider the estimation of A = |w n o(a;)| + |w nn (x)|. By (1.8), (3.1), and (2.4), we obtain 
a upper bound of A in the following way: 

n/2 



1 / I v^" 

|^4| < — ( koC^OH sinnxj sinx + 2 y^ d 2 j(l — cos(n — 2j)x) 



3=0 



■ 2 

sin x 



, ., C\ (2 — cosnx — cos(n — 2)x i v-^ , sin (S— j)x 

<2| go (^)| + — r^ - + \ E d V 2 

n v sin x l r— * sin x 

J=2 



for some constant C\. Since 



2 — cos nx — cos(n — 2)x = 2 sin — x + sin x cos nx + sin x sin nx cos x 
and | sin kx/ sin x| < fc, Lemma 1 gives 

\A\<2\ qo (x )l + C 1 (^ + l + 1 - n ^ Si ^^ 
(3.4) Vsmx n ^ sin x 

< 2\q (x)\ + Cisin _2 x. 
The remainder A„(x) — ^4/2 is estimated by using (3.2). In order to do this, let 



Y,Wlk{x)\ = A 1 {x) + A 2 {x), 



fe=i 
where 



M{x) = \ul x [x)\ + \wl l+1 [x)\, A 2 {x)= J2 kifcWI- 



fc=l 
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The inequalities 

(3.5) 

yield 



2x 



\x-yl i/e[0,7r/2), 



| cos y — cosx| > 



V2 



\x-y\, ye [71-/2,71-] 



I COS X — COS X n k I > < 



2x 

mr 

2x 

mr 

V2 
n 



(l-k), k = 1,2,--- ,i-l, 

7? 

(fc-Z-1), fc = / + 2, ...,-, 

7T 

(k-l- 1), x n ; < x < x„ J+ i < - < x nk . 



Thus, 



l-l , n/2 1 

^)<^[E^ + E fc^r 



fe=i 



/2 

^ 

k=l+2 ' 



E 



^2 ^ k-l-l 

v fc=n/2+l 



n 1 

< (tt + \/2) ^ - < (tt + \/2) log(en). 



fc=i 



To estimate j4i(x), we use the generalized law of mean and the fact that sinx is increasing on 

(0, 7r/2). So the term |w^(a;)| can be bounded as 

1 1 , m sinx x — x n i Isinnxl sin xl cos nil _ x n / + x„; + i 
\Vnl{x)\ = < : . x€{x„i, ) 



n cos x n i — cos xx — x n i 



sm X n l 



SmX„;_i_l TT TT TT 

< ; = cos — \- cot x n i sm — < 2 cos — < 2. 

n n n 



sm x n i 

Through the similar way, we can obtain the same bound for |aj^j +1 (x)|. In other words, we can 
get 



71-1 



(3.6) 



^|u4(z)|<C 2 log(en) 



fe=i 



for some constant C2 independent of n. Also the analogous argument leads us to the bound of 
w iU(*) : 



(3.7) 



C, 



J2\^ 2 nk(x)\< ^rz l °s( en ) 



fc=l 



sm ,c 



for some constant C3 independent of n. 

Furthermore, the inequalities in (3.5) and the Riemann lower summation rule give 



Ei^wi^E 



9 n— 1 • 2A • 2A 

tt ^-^ | sm x — sm x n fc 



(3.8) 



fc=i 



fe=i 



x x n ^ 



< 



C 4 r I sin 2A x - sin 2A y 



dy = C'§ < co, 



x J i x-y 

where C4 and C5 are independent of n. The bound of S n {x) is immediately derived from the 
bound of |<?o(a ; )| and the proof of Corollary 2. Hence, by combining (3.4) and (3.6)-(3.8), we can 
complete the proof for the case x £ (x„;,x„;+i). 
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Finally consider the case of x = x n i for some < I < n. We can easily verify that, for q n {x) 

and q„(x) in (1.9), 

,. q n (x) - q n (x nk ) 

lim = q n {x„k). 

x^x nk COS X — COS X„|; 

Thus the proof can be done by using some limiting arguments in the proof for the case x G 
(x n i,x n i+i). The details left to the reader. □ 

Table 1. Evaluation of A n (x) according to (1.8) and (1.9) when A = 1. 



X 


stability 




A 4 (x) 


A 8 (a;) 


Ai 6 (x) 


A 32 (a:) 


A 64 (a;) 


Ai28(a;) 


A 2 56(a;) 


47r/7 


4.62154 


5.15211 


7.32288 


8.31478 


9.26716 


11.289 


12.3456 


57r/7 


3.16745 


4.54696 


5.7359 


7.19066 


8.11555 


8.93716 


10.5329 


6tt/7 


3.1627 


3.51303 


4.10565 


4.83477 


5.61028 


6.1445 


6.60688 



In Table 1, we list the stability factor A„(x)'s for the node number n varying from 4 to 256 and 
fixed pole values iri/7, i — 4,5,6. In it, we can observe that the stability factor A n (x) increases 
about by 1 when the node number n varies as n — 2 , k — 2, 3, • • • ,8, for each fixed pole value 
x. Therefore, we can say that the estimation of (3.3) substantiates the actual growth presented in 
Table 1. 

4. Convergence analysis 

In this section, we derive a bound for the error R n (h; x) = H(h; x) — H n (h; x) when the function 
/(cosx) is Holder continuous. 

Using Theorem 4 and Lemma 3.2 of [6], we obtain the following convergence theorem for the 
quadrature rule (1.6). 

Theorem 4.1. Let us consider the quadrature rule (1.6). Suppose the function /(r) possesses 
continuous derivatives up to order p > and the derivative f^ p '(r) satisfies Holder continuity of 
order p. Then the remainder term R n (h;x) satisfies 

\R n (h; x)\ = 0((A + Blogn + n 2u ) n - p - p ), 

where A and B are constants depending only on x, and v > is as small as we like. 

Proof. Let p n be any trigonometric polynomial of degree < n. Then, since H n (h;x) is an 
interpolatory type rule, we find that 

(4.1) \R n (h;x)\< \H(r n ;x)\ + \H n (r n ;x)\, 

where r n (x) = h(x) —p n (x). The quadrature rule (1.6) shows that 

\H n (r n ;x)\< max |/(t) - ^(cos^ 1 r)|A n (a;), 
re -1,1 
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where A„(x) is the stability factor defined in (1.10). Now the behavior of (3.3) and Lemma 3.2 of 
[6] give 



(4.2) 



\H n (r n ;x)\ = 0(iKi + L x togn)n- p -") , 



where K-± and L\ are constants depending on x. For estimating |ff(r n ;x)|, we make use of (1.5) 
and the change of variables y = cos -1 r, x — cos -1 1. If we let f n (T) — /(r) — p„(cos _1 r), then 

\H(r n ,x)\ < \f n (t)\\q (x)\ + J^ ( \~ ^lT ^ ~ ^ dr, 

where qo(x) are defined in (2.2). Since for each t £ (—1,1), 

- 1 (l-r 2 )*- 1 / 2 



\l-u 



dr < oo, v > 0, 



,_! [r-t| 
Lemma 3.2 of [6] shows that 

(4.3) |ff (r n ; x)| - o({K 2 + L 2 n>- p -") , 

where K 2 and L 2 are constants depending on x and j/ > is as small as we like. Finally, by 
substituting (4.2) and (4.3) for (4.1), we can complete the proof. □ 
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Abstract: Products, ratios and sums of random variables arise explicitly in many areas of the 
sciences, engineering and medicine. This has increased the need to have available the widest possible 
range of statistical results on products, ratios and sums of random variables. In this note, the exact 
distributions of XY, X/Y and X + Y are derived when X and Y are logistic and Bessel random 
variables distributed independently of each other. Tabulations of the associated percentage points 
obtained by inverting the derived distributions are also provided. 
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1 Introduction 

For given random variables X and Y, the distributions of the product XY, the ratio X/Y and 
the sum X + Y arise explicitly in many areas of the sciences, engineering and medicine. The 
distributions of XY, X/Y and X + Y have been studied by several authors especially when X and 
Y are independent random variables and come from the same family. With respect to products of 
random variables, see Sakamoto (1943) for uniform family, Harter (1951) and Wallgren (1980) for 
Student's t family, Springer and Thompson (1970) for normal family, Stuart (1962) and Podolski 
(1972) for gamma family, Steece (1976), Bhargava and Khatri (1981) and Tang and Gupta (1984) 
for beta family, Abu-Salih (1983) for power function family, and Malik and Trudel (1986) for 
exponential family (see also Rathie and Rohrer (1987) for a comprehensive review of known results). 
With respect to ratios of random variables, see Marsaglia (1965) and Korhonen and Narula (1989) 
for normal family, Press (1969) for Student's t family, Basu and Lochner (1971) for Weibull family, 
Shcolnick (1985) for stable family, Hawkins and Han (1986) for non-central chi-squared family, 
Provost (1989a) for gamma family, and Pham-Gia (2000) for beta family. With respect to sums 
of random variables, see Fisher (1935) and Chapman (1950) for Student's t family, Christopeit 
and Helmes (1979) for normal family, Davies (1980) and Farebrother (1984) for chi-squared family, 
Ali and Obaidullah (1982) for exponential family, Moschopoulos (1985) and Provost (1989b) for 
gamma family, Dobson et al. (1991) for Poisson family, Pham-Gia and Turkkan (1993) and Pham 
and Turkkan (1994) for beta family, Kamgar-Parsi et al. (1995) and Albert (2002) for uniform 
family, Hitczenko (1998) and Hu and Lin (2001) for Rayleigh family, and Witkovsky (2001) for 
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inverted gamma family. 

However, there is relatively little work of the above kind when X and Y belong to different 
families. In practical applications, it is quite possible that X and Y could arise from different but 
similar distributions. Nadarajah (2005) considered the exact distributions of XY and X/Y when 
X and Y are independent random variables having the Laplace and Bessel function distributions. 
In this note, we consider the exact distributions of XY, X/Y and X + Y when X and Y are 
independent random variables having the logistic and Bessel function distributions specified by the 
probability density functions (pdfs) 

Aexp(-Az) 

JX(X) = 77 (1) 

K ' {l+exp(-Ax)} 2 V ' 



and 



f f , \l-cT +1/2 \y\ m ( cy^ 



respectively, for — oo < x < oo, — oo < y < oo, A > 0, b > 0, \ c |< 1 and m > 1, where 

is the modified Bessel function of the third kind. Note that (1) can be reexpressed as the mixture 
of Laplace pdfs: 

fc=0 v 7 



E( 

fc=0 



-l) k (k + l)\exp{-\(k + l)\x\}. (3) 



This representation will be crucial for the calculations of this note. Note that (3) holds for all 
x / 0. When x = 0, the right hand side of (3), A ^^L ( — l) fe (^ + 1), is a diverging series. This will 
not affect the subsequent results because (3) can be applied over all sets -A\(— <5, <5) and the limit 
taken as S [ 0. However, since both sides of (3) should integrate to 1, i.e. 

/oo °° poo 

fx{x)dx = ^2(-l) k (k + l)X exp{-A(fc + l) | x\}dx, 
-oo k—O °° 

we will make the convention that XlfcLo( — -0^ = V^- 

Logistic and Bessel function distributions have found applications in a variety of areas that range 
from image and speech recognition and ocean engineering to finance. Both are rapidly becoming 
distributions of first choice whenever "something" with heavier than Gaussian tails is observed in 
the data. Some examples where these two distributions could arise simultaneously are: 

1. in communication theory, X and Y could represent the random noise corresponding to two 
different signals. 

2. in ocean engineering, X and Y could represent distributions of navigation errors. 
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3. in finance, X and Y could represent distributions of log-returns of two different commodities. 

4. in image and speech recognition, X and Y could represent "input" distributions. 

For further examples, the readers are referred to Balakrishnan (1992) and Kotz et al. (2001). 

The results of this note are organized as follows: exact expressions for the pdf and the cumulative 
distribution function (cdf ) of XY are given in Section 2; the same for X/Y and X + Y are given in 
Sections 3 and 4, respectively; moment properties of XY, X/Y and X + Y including characteristic 
functions, moments, factorial moments, skewness and kurtosis are considered in Section 5; finally, 
tabulations of the percentile points of XY, X/Y and X + Y obtained by inverting the derived cdfs 
are provided in Section 6. 

The calculations of this note involve several special functions, including the Bessel function of 
the first kind defined by 

x" °° 1 / x 2 \ k 

Ux) = 2T(i/ + l)S (l/ + i) fcfe! (-Tj ' 

the modified Bessel function of the first kind defined by 



I V (X) 



°° 1 / x 2 \ k 

T)]^(v + i) k k\{~l) 



2T( I / + l)^(i/+l) fc fc! V4 



the 0-F3 hypergeometric function defined by 

^ («)fc (% ( c )fc k[ 
and the Gauss hypergeometric function defined by 

(a) k (b) k x k 



2F1 (a, b; c;x) = ^ 



A_0 ^ H 

where (e) k = e(e + 1) ■ ■ • (e + k — 1) denotes the ascending factorial. The properties of the above 
special functions can be found in Prudnikov et al. (1986) and Gradshteyn and Ryzhik (2000). 

2 Exact Distribution of XY 

Theorem 1 derives an explicit expression for the cdf of | XY \ in terms of the 0-^3 hypergeometric 
function. The corresponding expression for the pdf of | XY \ is given by Theorem 2. 

Theorem 1 Suppose X and Y are independent random variables distributed according to (1) and 
(2), respectively, with c = 0. The cdf of Z =\ XY \ can be expressed as 



F z (z) = l-JT(-l) k l^2 m b m+1 r(m+^J 0F3 



2\2,o 



1 1 1 (k + iyx z z 



3 o> o ~ m 



2' 2 '2' 166 2 

{(fc + l)Az} 2m+1 w , w N / 3 (fc + l) 2 AV 

1 ' -r(-m)r(-2m - 1) 0^3 (1 + m, - + m, 1 + m; V 



(26) m v ' y ' u ° V '2 ' 166 2 
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3C \ , xm/r x> , N / 3 (k + l) 2 X 2 z 2 
— - 1 J {2b) m {k + l)\zT{m) F 3 (l - m, -, 1; ^-^ 



^7r2 m - 1 6 m+1 r m + 



1 



where C denotes the Euler's constant. 

Proof: Using the relationship (3), one can write 



(4) 



Prd XY |< z) 



2^(-l) fc Pr(|X fc Y|< 



(5) 



fc=0 



where X k are Laplace random variables with parameter A(fc+1). The cdf F m)k {z) = Pr(| X k Y |< z) 
can be expressed as 

F m>k {z) = Pi(\X k \<z/\Y\) 

i r r r (fc + i)Az' - 

I — exp ' 



v / vr2 m 6 m+ T (m + 1/2) 



y 



y| m ^ 



dy 



1 



1 



v / 7r2 m 6 m+ T (m + 1/2) J- 



exp <^ -^- f— U y | m #„ 



// 



dy 



1 



v ^r2 m - 1 6 m+1 r (m + 1/2) 7 



exp 



(fc + l)Az 
V 



| y m /^ m (|) dy 



1 - ^ y^2 m 6 m+1 r m + - F 3 [-,--m,-; 



2\2^2 



1 1 1 (A; + 1) 2 A^ 



2 2 



166 2 



+ 



|(fc + l)Az} 

{2b) m 



2m+l 



V(-m)i:(-2m- i) Fi( L + m, | + m, 1 + m; (fc "^^ - 



+ l'^ - l) (2&) m (fc + l)AzT(ro) F 3 (l - m, |, 1; (fc ^^ 



^2 m 6 m +T m + 



1 



(6) 



where the last step follows by direct application of equation (2.16.8.9) in Prudnikov et al. (1986, 
volume 2). The result of the theorem follows by using the convention X1a-Lo( — -O^ = V^ ( see Section 
1 below equation (3)), after combining (5) and (6). ■ 

Theorem 2 Suppose X and Y are independent random variables distributed according to (1) and 
(2), respectively, with c = 0. The pdf of Z =| XY \ can be expressed as 

f z (z) = xf2(-l) k (k + l)l^2 m - 1 b m - 1 (k + l)XzT(m- 1 -) F 3 f^_ m 3(/c+1) 2 AV 



fc=0 



2'2 



166 2 



^2\2^2 



+2-"'b-'"{(k+ I )A: } 2 '" r(-,») l:(-2 m ) „Fi ( 1 + m , 1 + m , 1 + m; MA^ 



2\2^2 



SC2 m - 1 b m T(m) 0-F3 1 - m, -, 1; 



v / ^2 m - 1 6 m+1 r m + - 



1 (k + iy\ z z 



16b 2 



(7) 
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where C denotes the Euler's constant. 

Proof: Follows by differentiating (4) with respect to z and using properties of the 0-^3 hypergeo- 
metric function. ■ 

Using special properties of the 0-^3 hypergeometric function, one can derive simpler forms for 
the distribution of | XY | when m takes half integer values. This is illustrated in the corollary 
below. 

Corollary 1 If m = 3/2,5/2,7/2,9/2, 11/2 then (4) can be expressed as 

00 

F z (z) = 2^(-l) fc F m , fc (z), 

fc=o 

where 

*3/2,fc(*) = -V(%){ " % " 4/o (2y) y - 3/ (2y) y 3 C + 2/ (2y) y 3 - 4J (2y) y - 3J (y) y 3 C 
+2 J (2y) y 3 + 8 J x (2y) + 6/! (2y) y 2 C - 4/ x (2y) y 2 + 8 J x (2y) 
+6J 1 (2y)y 2 C-4J 1 (2y)y 2 }, 

Fs/2,k(z) = -l/(96y){ - 96y - 80/ (2y) y - 45/ (2y) y 3 C + 30/ (2y) y 3 - 80 J (2y) y 

-45 Jo (2y) y 3 C + 30J (2y) y 3 + 128/i (2y) + 72/i (2y) y 2 C - 32/i (2y) y 2 
+9/i (2y) y 4 C - 6/1 (2y) y 4 + 128 Ji (2y) + 72 Ji (2y) y 2 C - 64 Ji (2y) y 2 

-9J 1 (2y)y 4 C + 6J 1 (2y)y 4 }, 

^7/2,fc(«) = -V(960y) { - 960y - 1056/ (2y) y - 495/ (2y) y 3 C + 298/ (2y) y 3 

-15/o (2y) y 5 C + 10/o (2y) y 5 - 1056 J (2y) y - 495 J (2y) y 3 C + 362 J (2y) y 3 
+ 15 J (2y) y 5 C - 10J (2y) y 5 + 1536/i (2y) + 720/i (2y) y 2 C - I6O/1 (2y) y 2 
+150/i (2y) y 4 C - 100/i (2y) y 4 + 1536Ji (2y) + 720 Ji (2y) y 2 C - 800 Ji (2y) y 2 
-150Ji(2y)y 4 C+100Ji(2y)y 4 }, 

F 9 / 2 ,k( z ) = -V(53760y){ - 1120 J (2y) y 5 + 23626J (2y) y 3 + 15434/ (2y) y 3 

-512/i (2y) y 2 - 6954/i (2y) y 2 - 53248J X (2y) y 2 + 7466Ji (2y) y 4 
-70/i (2y) y 6 - 70 Ji (2y) y 6 - 71424/ (2y) y - 71424 J (2y) y 
-29295/ (2y) y 3 - 1680/ (2y) y 5 C - 29295 J (2y) y 3 C + 1680 J (2y) y 5 C 
+105/i (2y) y 6 C - 10815 Ji (2y) y 4 C + 105 Ji (2y) y 6 C + 40320/i (2y) y 2 C 
+40320 Ji (2y) y 2 C + 10815/i (2y) y A C + 1120/ (2y) y 5 + 98304/i (2y) 
-53760y + 98304Ji(2y)|, 

Fn/2,k(z) = -l/(967680y){ 1966080/i (2y) + 1966080 Ji (2y) - 967680y + 483042 J (2y) y 3 

-29618 J (2y) y 5 + 126J (2y) y 7 + 227934/ (2y) y 4 C + 4536/i (2y) y 6 C 
-227934 Ji (2y) y 4 C + 4536 Ji (2y) y 6 C + 725760/i (2y) y 2 C 
+725760 Ji (2y) y 2 C - 547155/ (2y) y 3 C - 43659/ (2y) y 5 C - 189/ (2y) y 7 C 
-547155 J (2y) y 3 C + 43659J (2y) y 5 C - 189 J (2y) y 7 C + 28594/ (2y) y 5 
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-1101312 Ji (2y) y 2 + 164244 J x (2y) y 4 + 246498/ (2y) y 3 + 126/ (2y) y 7 
-3024/i (2y) y 6 - 1482240/ (2y) y - 3024 Ji (2y) y 6 - 1482240 J (2y) y 
+133632/i (2y) y 2 - 139668/ (2y) y 4 |, 

where y = \/(k + l)\z/b and C denotes the Euler's constant. 

3 Exact Distribution of X/Y 

Theorem 3 derives an explicit expression for the cdf of | X/Y | in terms of the Gauss hypergeometric 
function. The corresponding expression for the pdf of | X/Y | is given by Theorem 4. 

Theorem 3 Suppose X and Y are independent random variables distributed according to (1) and 
(2), respectively. The cdf of Z =| X/Y \ can be expressed as: 

Fz{z) - ! |l-4- +1/2 r(2,n + 1 ) f 2 



V^2 im+ T (m + 1/2) r (m + 3/2) f^ Q k + l\k 

2 F\ ( -,l;m+ -;1 - — n _ -^ 



(fc+l)A6z-c ^V 2 2 ' {( k + 1 ) X bz-c} 

1/13 1 

+ t tt-; 2-F1 -,l;m+ -;1 

(k + l)Xbz + c V2 2' {(^ + i)A6z + c} 



Proof: Using the relationship (3), one can write 

Pr(\X/Y\<z) = f2-^-(~^)pT(\X k /Y\<z), (9) 

where X^ are Laplace random variables with parameter \{k + 1). The cdf F m ^{z) = Pr(| X^/Y \< 
z) can be expressed as 



■r m,k\Z) 



I _ 2p+V 2 



V^2 m 6 m+ T (m + 1/2) 

x£ {F(z\y\)-F(-z\y |)} | y \ m exp (-|) i^ m (|||) dy, (10) 



where i ?1 (-) inside the integral denotes the cdf - corresponding to a Laplace random variable with 
parameters (A(fc + 1), 9) - given by 



F(x / 

1 - 
2 

Substituting (11) for F(-), one can rewrite (10) as 



( 1 

exp {{k + l)Ax} , if x < 0, 

1 - -exp{-(fc + l)Ax} , ifx>0. 



2 : - ' (ii) 



F mfc (z) = —J ^J 1 / [l-exp{(A; + l)Azy}] I y | m expf-^W n 

,v; v^2 m 5 m+1 r (m + 1/2) I 7_oo L u ; y/Ji^i ^v 6/ 



dy 
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+ /" [1 - exp{-(fc + l)\zy}] | y \ m exp (-^) K„ 



dy 



1-c 



2 ito+1/2 



v^r"2 m 6 m+ T (m + 1/2) 



//'" ( xp j -(fe + l)Azy + ^} K m (f ) ,/// 



+ 



| °y-exp{-(A ; +l)Azy-|}if m (|)dy 



I 2im+l/2 , , 

1 — c | 1 (2m + 1) 

Vvr2 2m+1 r (m + 1/2) T (m + 3/2) 

x s t ; 2-^1 I -, 1; m H — ; 1 f 

1(fc+l)Ate-c 2 V2' 2' {( fc + i)A6z- c }^ 



1 



+ 



1 



(/c + l)A6z + c 



2 Fi I -,l;m+-;l 



1 



{(/c + l)A6z + c} z 



(12) 



where the last step follows by direct application of equation (2.16.6.3) in Prudnikov et al. (1986, 
volume 2). The result of the theorem follows by using the convention Ylh=o^~ ^) k = V^ a ft er 
combining (9) and (12). ■ 

Theorem 4 Suppose X and Y are independent random variables distributed according to (1) and 
(2), respectively. The pdf of Z =\ X/Y \ can be expressed as 



fz(z) 



1 



6A |l- c 2 f +1/2 r(2m + 2) ~ 
v^2 2m+1 r (m + 1/2) r (m + 5/2) ^ 



1 



{(fc + l)A6z-c} z 



+ 



1 



{{k+l)\bz + c} 



, 3 5 

2.F1 l,-;m + -;l 



. 3 5 

2 2-fi ( 1, o? m + o? 1 



1 



{(fc + l)Afe-c} 2 

1 

2'" {(A; + l)A6z + c} 2 



,(13) 



Proof: Follows by differentiating (8) with respect to z and using properties of the Gauss hyperge- 
ometric function. ■ 



Using special properties of the Gauss hypergeometric function (see, for example, Section 7.3 of 
Prudnikov et al. (1986, volume 3)), one can derive elementary forms for the distribution of | X/Y \ 
when m takes integer or half integer values. This is illustrated in the corollaries below. 

Corollary 2 // m > 2 is an integer then (8) reduces to 



Fz{z) 



I 2 \m+l/2 , , 

1 — C | 1 (2m + 1) 

V^2 2m+1 r (m + 1/2) r (m + 3/2) 



^ 2 /-2 
^fc + 1 



1 
(k + l)\bz-c 



-hi 1 



fc=0 

1 



{{k + l)\bz- c y 



1 



(fc + l)A6z + c 



M 1 



1 



{(yfc + l)A6z + c} z 
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where 



Hz) 



(1,2WJ - Ir ^-M + E||(^ 



m\z m+1 



k=i 



Corollary 3 If m > 3/2 is a half-integer then (8) reduces to 

2ira+l/2 



Fz(z) 



1 



\l-c z 



r(2m+l) 



^ 2 /-2 

V^2 2m+1 r (m + 1/2) r (m + 3/2J ^ ^TT 



1 



(fe + l)A6z-c 



M 1 



1 



{(& + l)A6z - c}' 



+ 



1 



(fc + l)A6z + c 



hi 1 



1 



{(Jfe+l)Afcs + c}' 



where 



h(z) 



(z-1) 



m+1/2 



(-l/2) m+3/2 ^ 



{m+l/2 



z-1 



-fc 



4 Exact Distribution of X + Y 



li Z = X + Y then its pdf can be written as 
fz(z) 



|l-c 2 f +1/2 A 

^ 2 m b m+1 T (m + 1/2) 7_ c 
|l _ c2r+ i/2 A 



y I exp 



V I exp 



V^r2 m & m+1 r (m + 1/2) 

xexp{-A(fc + 1) | z-y |}dy 

i _ 2| m + 1 / 2 , oo 

I 1 c I A Vf-i) fc ffc + 1 

V^2 m b m+l T (m + 1/2) £^ V 

xexp{-A(fc + 1) | z-y |}dy. 



cy 
' 6 

cy 



Kn 



K r , 



exp{-A(z- y)} 
b\) [i + eX p{-A(z-y)}] 2 

oo 

£(-l)*(fc+l) 



r/y 



fc=o 



oy 



7 |™exp(-^] /v„ 



(14) 



Unfortunately, the integral in (14) cannot be reduced to an analytical form even for the particular 
case c = 0. Thus, the pdf and the cdf of Z = X + Y will have to be obtained by numerical means. 



5 Moment Properties of XY, X/Y and X + Y 

The moment properties of XY, X/Y and X + Y can be derived by knowing the same for X and 
Y. It is well known (see, for example, Johnson et al. (1995)) that 



00 f-bi fe 

E(\Xn = 2A-«n!£A-i y 

fc=o v ' 
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and 



E(\Y 



(2b) n T (m + (n + l)/2) T ((n + l)/2) 



V^r (m + 1/2) 
provided that c = in (2). Thus, the nth moment of Z =\ XY | is 



E{Z n ) 



In particular, 



n\2 n+1 b n F (m + (n+ l)/2) T ((n + l)/2) ^ (_i)fc 



A n V^r (m + 1/2) 



E(Z) 



4bT (m + 1) 
Ay^r (m + 1/ 



1) f^(-l)* 



E Z 2 



00 f—i^ 



Ete J 



96frT (m + 2) 
A 3 v^r(3 + l/2) ^ (1 + k) 



f> (-1) 
f-^(l + / 



and 



'- u - 1 r2/» + :iU2/» + llV-^- 

^ (! + fc ) 



£(Z 4 ) = 1446 4 A- 4 (2m + 3)(2m + l)^^ 



-r 



Moments of | X/Y" | do not exist because moments of negative order are undefined for Y. The nth 
moment of Z = X + Y is 



where 



and 



In particular, 



E(Z n ) = ^{ n \E(x k \E(Y n ~ k 
fc=o ^ ' 



EX 



E \ X 



E Y 



rn—k 



o, 



if A: odd, 
if k even 



if n — k odd, 



\n—k 



E[\Y \ n - K , if n - fc even. 



E(Z) = 0, 



£(Z 2 ) = b\2m + l) + 4X^±±^, 



fc=0 
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E(Z 3 ) 
and 



(-l) k 



Jf" (_-l\K "^ / 

£(Z 4 ) = 48A- 4 ^ 7 |-^- I +36 4 (2m + 3)(2m + l)+246 2 A^(2m + l)^ 7 | , 

fc =o v 1 + k ) k =o ^ + k > 

The factorial moments, skewness and the kurtosis can be calculated by using the relationships that 

E[{Z) n ) = E[Z(Z-l)---(Z-n+l)}, 

E (Z 3 ) - 3E(Z)E (Z 2 ) + 2E 3 (Z) 



Skewness(Z) 



,3/2 



{E (Z 2 ) - E 2 (Z)Y 
and 

E (Z 4 ) - 4E(Z)E (Z 3 ) + 6E (Z 2 ) E 2 (Z) - 3£ 4 (Z) 

{e (z 2 ) - e 2 (zyy 

Finally, using the facts that the characteristic functions (chfs) of X and Y are 



Kurtosis(Z) 



and 



E\vxp(jlX)] - B[1 + j,1-j 



E[exp{itY)] = (l + b 2 t 2 Y m - l/2 



where i = \J— 1 denotes the complex unit and B(a, b) denotes the beta function defined by 

»i 

i.a— 1/1 4.\b-l. 



B(a,b) = / t a - l {l-tf- L dt, 
Jo 

the chfs of XY, X/Y and X + Y can be expressed as 

1 f 00 f ity ity 

^ 2 m b m+l Y (m + 1/2) 7^00 V 1 + "A"' X ~ "A 



E[eMitXY)] = 7 =— — x- - — - / S l + f-i-f l»r^ 



£ [expM/Y)] = — - T 1 !°° B ( 1 + ^-, 1 - ^ ) | y | m K m 

L V 7 ;J 0F2 m 6 m+1 r (m + 1/2) loo V Ay' Ay ' 



dy, 

dy 



and 



i: [cxp(,7(.A- + V- ) )] Z? ( 1 + p 1 - | J (1 + b 2 t 2 y m - 1/2 



respectively The two integrals do not appear to have tractable analytical solutions. 

6 Percentiles of XY, X/Y and X + Y 

In this section, we provide tabulations of percentage points associated with the distributions of 
| XY |, | X/Y | and X + Y. These values are obtained numerically by solving the equation 
J_ p fz(w)dw = p when fz(-) is given by (7), (13) and (14), respectively. Evidently, this involves 
computation of the hypergeometric functions and routines for this are widely available. We used 
the function hypergeom (• • •) in the algebraic manipulation package, MAPLE. Tables 1, 2 and 3 
provide the numerical values of z p for m = 2, 3, . . . , 50. We have assumed that 6 = 1 and A = 1. 
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Table 1. Percentage points of Z =| XY 



m 


p = 0.6 


j9 = 0.7 


p = 0.8 


p = 0.9 


p = 0.95 


p = 0.99 


2 


1.723 


2.474 


3.648 


5.937 


8.549 


15.768 


3 


2.103 


3.005 


4.407 


7.109 


10.161 


18.489 


4 


2.426 


3.458 


5.055 


8.116 


11.552 


20.852 


5 


2.711 


3.860 


5.630 


9.013 


12.794 


22.971 


6 


2.969 


4.223 


6.153 


9.829 


13.926 


24.910 


7 


3.207 


4.558 


6.635 


10.582 


14.973 


26.707 


8 


3.428 


4.870 


7.084 


11.286 


15.952 


28.391 


9 


3.636 


5.163 


7.506 


11.948 


16.874 


29.980 


10 


3.833 


5.441 


7.906 


12.576 


17.749 


31.489 


11 


4.020 


5.705 


8.287 


13.174 


18.582 


32.929 


12 


4.199 


5.957 


8.651 


13.746 


19.380 


34.308 


13 


4.370 


6.200 


9.001 


14.295 


20.146 


35.634 


14 


4.536 


6.433 


9.337 


14.824 


20.884 


36.912 


15 


4.695 


6.658 


9.662 


15.335 


21.597 


38.147 


16 


4.849 


6.875 


9.976 


15.829 


22.287 


39.344 


17 


4.998 


7.086 


10.280 


16.308 


22.956 


40.505 


18 


5.143 


7.291 


10.576 


16.774 


23.607 


41.634 


19 


5.284 


7.490 


10.864 


17.227 


24.240 


42.733 


20 


5.421 


7.684 


11.144 


17.668 


24.856 


43.805 


21 


5.555 


7.874 


11.418 


18.099 


25.458 


44.851 


22 


5.686 


8.059 


11.685 


18.520 


26.046 


45.873 


23 


5.814 


8.239 


11.946 


18.931 


26.622 


46.873 


24 


5.939 


8.416 


12.201 


19.334 


27.184 


47.851 


25 


6.062 


8.589 


12.452 


19.728 


27.736 


48.811 


26 


6.182 


8.759 


12.697 


20.115 


28.277 


49.754 


27 


6.299 


8.926 


12.938 


20.494 


28.778 


50.675 


28 


6.415 


9.089 


13.174 


20.866 


29.328 


51.582 


29 


6.529 


9.250 


13.406 


21.232 


29.840 


52.473 


30 


6.640 


9.408 


13.634 


21.592 


30.344 


53.349 


31 


6.750 


9.563 


13.859 


21.946 


30.839 


54.211 


32 


6.858 


9.716 


14.080 


22.294 


31.326 


55.059 


33 


6.965 


9.866 


14.297 


22.637 


31.806 


55.895 


34 


7.069 


10.014 


14.511 


22.975 


32.278 


56.718 


35 


7.173 


10.160 


14.723 


23.308 


32.744 


57.530 


36 


7.274 


10.304 


14.931 


23.636 


33.203 


58.330 


37 


7.375 


10.446 


15.136 


23.959 


33.656 


59.120 


38 


7.474 


10.586 


15.338 


24.279 


34.104 


59.899 


39 


7.571 


10.725 


15.538 


24.594 


34.545 


60.668 


40 


7.668 


10.861 


15.735 


24.905 


34.980 


61.427 


41 


7.763 


10.996 


15.930 


25.213 


35.411 


62.177 


42 


7.857 


11.129 


16.123 


25.516 


35.836 


62.919 


43 


7.950 


11.261 


16.313 


25.816 


36.256 


63.651 


44 


8.042 


11.391 


16.501 


26.113 


36.671 


64.375 


45 


8.133 


11.519 


16.687 


26.406 


37.082 


65.092 


46 


8.223 


11.646 


16.871 


26.697 


37.488 


65.800 
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47 


8.312 


11.772 


17.053 


26.984 


37.890 


66.501 


48 


8.400 


11.897 


17.233 


27.267 


38.288 


67.194 


49 


8.487 


12.020 


17.411 


27.549 


38.681 


67.881 


50 


8.573 


12.142 


17.587 


27.827 


39.071 


68.560 



Table 1. Percentage points of Z =| XY 



m 


p = 0.6 


j9 = 0.7 


p = 0.8 


p = 0.9 


p = 0.95 


p = 0.99 


2 


1.723 


2.474 


3.648 


5.937 


8.549 


15.768 


3 


2.103 


3.005 


4.407 


7.109 


10.161 


18.489 


4 


2.426 


3.458 


5.055 


8.116 


11.552 


20.852 


5 


2.711 


3.860 


5.630 


9.013 


12.794 


22.971 


6 


2.969 


4.223 


6.153 


9.829 


13.926 


24.910 


7 


3.207 


4.558 


6.635 


10.582 


14.973 


26.707 


8 


3.428 


4.870 


7.084 


11.286 


15.952 


28.391 


9 


3.636 


5.163 


7.506 


11.948 


16.874 


29.980 


10 


3.833 


5.441 


7.906 


12.576 


17.749 


31.489 


11 


4.020 


5.705 


8.287 


13.174 


18.582 


32.929 


12 


4.199 


5.957 


8.651 


13.746 


19.380 


34.308 


13 


4.370 


6.200 


9.001 


14.295 


20.146 


35.634 


14 


4.536 


6.433 


9.337 


14.824 


20.884 


36.912 


15 


4.695 


6.658 


9.662 


15.335 


21.597 


38.147 


16 


4.849 


6.875 


9.976 


15.829 


22.287 


39.344 


17 


4.998 


7.086 


10.280 


16.308 


22.956 


40.505 


18 


5.143 


7.291 


10.576 


16.774 


23.607 


41.634 


19 


5.284 


7.490 


10.864 


17.227 


24.240 


42.733 


20 


5.421 


7.684 


11.144 


17.668 


24.856 


43.805 


21 


5.555 


7.874 


11.418 


18.099 


25.458 


44.851 


22 


5.686 


8.059 


11.685 


18.520 


26.046 


45.873 


23 


5.814 


8.239 


11.946 


18.931 


26.622 


46.873 


24 


5.939 


8.416 


12.201 


19.334 


27.184 


47.851 


25 


6.062 


8.589 


12.452 


19.728 


27.736 


48.811 


26 


6.182 


8.759 


12.697 


20.115 


28.277 


49.754 


27 


6.299 


8.926 


12.938 


20.494 


28.778 


50.675 


28 


6.415 


9.089 


13.174 


20.866 


29.328 


51.582 


29 


6.529 


9.250 


13.406 


21.232 


29.840 


52.473 


30 


6.640 


9.408 


13.634 


21.592 


30.344 


53.349 


31 


6.750 


9.563 


13.859 


21.946 


30.839 


54.211 


32 


6.858 


9.716 


14.080 


22.294 


31.326 


55.059 


33 


6.965 


9.866 


14.297 


22.637 


31.806 


55.895 


34 


7.069 


10.014 


14.511 


22.975 


32.278 


56.718 


35 


7.173 


10.160 


14.723 


23.308 


32.744 


57.530 


36 


7.274 


10.304 


14.931 


23.636 


33.203 


58.330 


37 


7.375 


10.446 


15.136 


23.959 


33.656 


59.120 


38 


7.474 


10.586 


15.338 


24.279 


34.104 


59.899 


39 


7.571 


10.725 


15.538 


24.594 


34.545 


60.668 
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40 


7.668 


10.861 


15.735 


24.905 


34.980 


61.427 


41 


7.763 


10.996 


15.930 


25.213 


35.411 


62.177 


42 


7.857 


11.129 


16.123 


25.516 


35.836 


62.919 


43 


7.950 


11.261 


16.313 


25.816 


36.256 


63.651 


44 


8.042 


11.391 


16.501 


26.113 


36.671 


64.375 


45 


8.133 


11.519 


16.687 


26.406 


37.082 


65.092 


46 


8.223 


11.646 


16.871 


26.697 


37.488 


65.800 


47 


8.312 


11.772 


17.053 


26.984 


37.890 


66.501 


48 


8.400 


11.897 


17.233 


27.267 


38.288 


67.194 


49 


8.487 


12.020 


17.411 


27.549 


38.681 


67.881 


50 


8.573 


12.142 


17.587 


27.827 


39.071 


68.560 



Table 2. Percentage points of Z 



m 


p = 0.6 


p = 0.7 


p = 0.8 


p = 0.9 


2 


1.169 


1.715 


2.761 


5.783 


3 


0.954 


1.392 


2.228 


4.640 


4 


0.825 


1.201 


1.916 


3.982 


5 


0.737 


1.071 


1.707 


3.542 


6 


0.673 


0.976 


1.554 


3.221 


7 


0.623 


0.902 


1.435 


2.974 


8 


0.582 


0.843 


1.340 


2.776 


9 


0.549 


0.794 


1.262 


2.613 


10 


0.520 


0.753 


1.196 


2.476 


11 


0.496 


0.718 


1.140 


2.358 


12 


0.475 


0.687 


1.090 


2.256 


13 


0.456 


0.660 


1.047 


2.166 


14 


0.439 


0.635 


1.008 


2.086 


15 


0.424 


0.614 


0.974 


2.014 


16 


0.411 


0.594 


0.942 


1.949 


17 


0.399 


0.576 


0.914 


1.890 


18 


0.387 


0.560 


0.888 


1.836 


19 


0.377 


0.545 


0.864 


1.786 


20 


0.367 


0.531 


0.842 


1.741 


21 


0.358 


0.518 


0.821 


1.698 


22 


0.350 


0.506 


0.802 


1.659 


23 


0.342 


0.495 


0.785 


1.622 


24 


0.335 


0.484 


0.768 


1.587 


25 


0.328 


0.475 


0.752 


1.555 


26 


0.322 


0.465 


0.738 


1.525 


27 


0.316 


0.457 


0.724 


1.496 


28 


0.310 


0.448 


0.711 


1.469 


29 


0.305 


0.440 


0.698 


1.443 


30 


0.300 


0.433 


0.686 


1.418 


31 


0.295 


0.426 


0.675 


1.395 


32 


0.290 


0.419 


0.664 


1.373 



= 1 X / Y 1- 




p = 0.95 


p = 0.99 


11.714 


58.825 


9.380 


47.062 


8.042 


40.339 


7.150 


35.858 


6.500 


32.598 


6.001 


30.090 


5.601 


28.084 


5.272 


26.432 


4.994 


25.041 


4.757 


23.849 


4.550 


22.812 


4.368 


21.900 


4.206 


21.088 


4.061 


20.361 


3.930 


19.704 


3.811 


19.107 


3.702 


18.561 


3.602 


18.060 


3.510 


17.597 


3.424 


17.168 


3.345 


16.768 


3.270 


16.396 


3.201 


16.049 


3.136 


15.719 


3.074 


15.411 


3.016 


15.120 


2.961 


14.845 


2.909 


14.585 


2.860 


14.338 


2.813 


14.103 


2.769 


13.879 
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33 


0.286 


0.413 


0.654 


1.352 


2.726 


13.665 


34 


0.282 


0.407 


0.644 


1.332 


2.685 


13.461 


35 


0.278 


0.401 


0.635 


1.312 


2.646 


13.266 


36 


0.274 


0.395 


0.626 


1.294 


2.609 


13.079 


37 


0.270 


0.390 


0.618 


1.276 


2.573 


12.900 


38 


0.266 


0.385 


0.609 


1.259 


2.539 


12.728 


39 


0.263 


0.380 


0.602 


1.243 


2.506 


12.563 


40 


0.260 


0.375 


0.594 


1.227 


2.474 


12.404 


41 


0.256 


0.370 


0.587 


1.212 


2.444 


12.251 


42 


0.253 


0.366 


0.580 


1.197 


2.414 


12.103 


43 


0.250 


0.361 


0.573 


1.183 


2.386 


11.961 


44 


0.247 


0.357 


0.566 


1.170 


2.359 


11.823 


45 


0.245 


0.353 


0.560 


1.157 


2.332 


11.691 


46 


0.242 


0.349 


0.554 


1.144 


2.306 


11.562 


47 


0.239 


0.346 


0.548 


1.132 


2.282 


11.438 


48 


0.237 


0.342 


0.542 


1.120 


2.258 


11.317 


49 


0.234 


0.339 


0.536 


1.108 


2.234 


11.201 


50 


0.232 


0.335 


0.531 


1.097 


2.212 


11.088 





Table 3. Percentage points of Z 


' = X + Y. 




m 


p = 0.6 


p = 0.7 


p = 0.8 


p = 0.9 


p = 0.95 


p = 0.99 


2 


0.675 


1.407 


2.288 


3.575 


4.712 


7.068 


3 


0.762 


1.586 


2.572 


4.002 


5.254 


7.814 


4 


0.840 


1.747 


2.830 


4.390 


5.745 


8.489 


5 


0.913 


1.896 


3.068 


4.747 


6.197 


9.112 


6 


0.980 


2.035 


3.288 


5.079 


6.619 


9.693 


7 


1.043 


2.165 


3.496 


5.391 


7.015 


10.240 


8 


1.102 


2.288 


3.692 


5.687 


7.390 


10.759 


9 


1.159 


2.404 


3.878 


5.968 


7.747 


11.253 


10 


1.213 


2.515 


4.056 


6.236 


8.088 


11.726 


11 


1.264 


2.622 


4.226 


6.494 


8.416 


12.181 


12 


1.314 


2.725 


4.390 


6.741 


8.731 


12.618 


13 


1.362 


2.824 


4.549 


6.980 


9.035 


13.041 


14 


1.408 


2.919 


4.701 


7.211 


9.330 


13.451 


15 


1.453 


3.012 


4.849 


7.435 


9.615 


13.848 


16 


1.496 


3.102 


4.993 


7.653 


9.892 


14.234 


17 


1.538 


3.189 


5.133 


7.864 


10.162 


14.610 


18 


1.580 


3.274 


5.269 


8.070 


10.425 


14.976 


19 


1.620 


3.357 


5.401 


8.271 


10.681 


15.334 


20 


1.659 


3.438 


5.531 


8.467 


10.931 


15.683 


21 


1.697 


3.517 


5.657 


8.659 


11.176 


16.025 


22 


1.734 


3.594 


5.781 


8.846 


11.415 


16.360 


23 


1.771 


3.670 


5.902 


9.030 


11.650 


16.687 


24 


1.807 


3.744 


6.021 


9.210 


11.880 


17.009 


25 


1.842 


3.816 


6.137 


9.386 


12.105 


17.324 
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26 


1.876 


3.888 


6.252 


9.559 


12.327 


17.634 


27 


1.910 


3.958 


6.364 


9.730 


12.544 


17.939 


28 


1.944 


4.027 


6.474 


9.897 


12.758 


18.238 


29 


1.976 


4.094 


6.583 


10.061 


12.968 


18.533 


30 


2.009 


4.161 


6.689 


10.223 


13.175 


18.823 


31 


2.040 


4.226 


6.794 


10.383 


13.379 


19.108 


32 


2.071 


4.291 


6.898 


10.540 


13.580 


19.389 


33 


2.102 


4.355 


7.000 


10.694 


13.777 


19.667 


34 


2.132 


4.417 


7.100 


10.847 


13.972 


19.940 


35 


2.162 


4.479 


7.199 


10.997 


14.165 


20.210 


36 


2.192 


4.540 


7.297 


11.145 


14.354 


20.476 


37 


2.221 


4.600 


7.393 


11.292 


14.542 


20.739 


38 


2.250 


4.660 


7.488 


11.436 


14.726 


20.998 


39 


2.278 


4.718 


7.582 


11.579 


14.909 


21.254 


40 


2.306 


4.776 


7.675 


11.720 


15.089 


21.507 


41 


2.334 


4.833 


7.767 


11.859 


15.268 


21.758 


42 


2.361 


4.890 


7.858 


11.997 


15.444 


22.005 


43 


2.388 


4.946 


7.947 


12.133 


15.618 


22.250 


44 


2.415 


5.001 


8.036 


12.267 


15.790 


22.492 


45 


2.441 


5.056 


8.123 


12.401 


15.961 


22.731 


46 


2.467 


5.110 


8.210 


12.532 


16.129 


22.968 


47 


2.493 


5.163 


8.296 


12.663 


16.296 


23.202 


48 


2.519 


5.216 


8.381 


12.792 


16.461 


23.435 


49 


2.544 


5.269 


8.465 


12.919 


16.625 


23.664 


50 


2.569 


5.321 


8.548 


13.046 


16.787 


23.892 



We expect these numbers could be of use to the practitioners mentioned in Section 1. Similar 
tabulations could be easily derived for other values of m, b, A and p by using the hypergeom (• • •) 
function in MAPLE. 
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Abstract: Explicit expressions are derived for the moments and the moment generating function 
of the B distribution introduced by Bousquet et al. (2006). 
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1 Introduction 

The recent paper by Bousquet et al. (2006) introduced the B distribution specified by the cumu- 
lative distribution function (cdf) 

Fx(x) = 1 — exp (— ax r — sx) (1) 

for x > 0, a > 0, — oo < r < oo and s > 0. The paper discussed various properties of (1) with 
applications. However, little was presented in terms of basic mathematical properties. The only 
mathematical properties of substance discussed in Bousquet et al. (2006) were the expected value 
(E(X)), variance (Var{X)) and the moment generating function (mgf) (M(t) = E[exp(tX)]) all 
for the particular case r = 2. Here, I would like to point out that much more general expressions 
can be derived for the moments and the mgf associated with (1). The main results are presented 
in Section 2. The calculations involve the generalized hypergeometric function defined by 

P ( h h \ - \^ ( Q l)fc Mfc • • • (Op) k X k 

^ q{ a 1 ,...,a p ;b 1 ,...,b q ;x) - ^ (6l ) fc (fc )fc . . . (6 4 ) fc fcI ' 

where (c)^ = c(c+l) • • • (c+k — 1) denotes the ascending factorial. The properties of the generalized 
hypergeometric function can be found in Prudnikov et al. (1986) and Gradshteyn and Ryzhik 
(2000). 

2 Main Results 

Theorem 1 derives explicit expressions for E{X' 1 ) associated with (1), where r and 7 can be any real 
numbers. The corresponding mgf is given by Theorem 2. An essential assumption of the theorems 
is that the parameter r is a rational number. 
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Theorem 1 Suppose a random variable X has the cdf (1). Then, the 'jth moment of X is given by 

E t x i\ _ ( T^fl.r.s), ifr > and 7 > 0, 
'' ' 1 jJ(7,a,-r,s), ifr<0 

for a > and s > 0, where /(■ • •) and «/(• • •) are given by Lemmas 1 and 2, respectively. 
Proof: The result follows by writing 

/>oo 

E {X 1 ) = 7 / x 7_ exp (— ax r — sx) dx 
Jo 

and using the results of Lemmas 1 and 2. ■ 

Theorem 2 Suppose a random variable X has the cdf (1). Then, the mgf of X is given by 



M(t) 



arl(r, a,r,s — t) + sl(l, a,r,s — t), if r > 0, 

arJ(r, a, — r, s — t) + sJ(l, a, — r, s — £), if r < 



/or a > and s > t, where /(• • •) and J(- • •) are given by Lemmas 1 and 2, respectively. 
Proof: The probability density function (pdf) corresponding to (1) is: 

fx(x) = (arx r ~ + s) exp(— ax r — sx) . 

Thus, the mgf can be expressed as 

M(t) = ar x r ~ exp{— ax r — (s — t)x} dx + s / exp{— ax r — (s — t)x} dx. 
Jo Jo 

The result follows by Lemmas 1 and 2. ■ 



Appendix 

The proofs of Theorems 1 and 2 require the following technical lemmas. 

Lemma 1 (Equation (2.3.1.13), Prudnikov et al., 1986, volume 1) For r>0, 7>0, a > and 
s>0, 



/•oo 

/ x y ~ exp (— ax r — sx) dx = L(-y,a,r,s) 
Jo 



where 



jlg-l+rj 



jT (7 + rj) p+1 F q (1, A (p, 7 + rj) ; A(q, 1 + j); (-l) q z) , 



9-1 

E 

3=0 
p-1 

f^rhla^ +h ^ r ^ V r 

h=0 

r(7) 

(a + s) 



"" rri^^F^LALl^VAtai + ^t^ 



i/0 < r < 1, 

if r > 1, 
if r = 1 



provided that r = p/q, where p > 1 and </ > 1 are co-prime integers, where z = p p a q /{s p q q } and 
A(k, a) = (a/k, (a + l)//c, . . . , (a + k - l)/k). 
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Lemma 2 (Equation (2.3.1.14), Prudnikov et al., 1986, volume 1) For r > 0, a > and s > 0, 

x y ~ exp (— ax~ r — sx) dx = J (7, a,r, s), 



'0 
where 



ql <— V 



3=0 hS 



+ £<=^^rf-l±*) 1 ^f li Af„, + l±»),A fcl + *) i , 



r/i! 

h=0 

provided that r = p/q, where p > 1 and o > 1 are co-prime integers, where z = (— l) p+(? s p a <7 /{p p g 9 } 
and A(fc, a) = (a/fc, (a + l)/fc, . . . , (a + A; - l)/fe). 
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Abstract. Motivated by the recent work of Eugene et al. [3] and Gupta and 
Nadarajah [5], we introduce the beta Laplace distribution generated from the 
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1 Introduction 

Every cumulative distribution function (c.d.f.) G generates a generalized class of distributions 

with c.d.f.'s 

„ , , B G(x){a,b) 

F g( x ) = p/ .X » x£R, a,b>0, (1) 

B{a,b) 



where 



B y (a,b) =■- \ V w a ~ l {l-w) b ~ l dw (2) 



'v 
is the incomplete beta function and 

r(a)r(6) 



B(a,b) =Bi(a,b) 



T(a + b)' 
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Note that if a random variable X has the c.d.f. given by (1) then it admits the representation 

X = G~ l (W), (3) 

where W has the beta distribution with parameters a > 0, b > 0, denoted by Be(a, b). In the 
special case a = b = 1 the variable W is standard uniform, and (3) becomes the probability 
integral transformation. 

Eugene et al. [3] introduced what is known as the beta normal distribution by taking 
G to be the c.d.f. of the normal distribution with parameters \x and a. The properties of 
this distribution have been studied in more detail in [5]. In this paper, we introduce the beta 
Laplace (BL) distribution by taking G in (1) to be the c.d.f. of the Laplace distribution. 
Thus, the c.d.f. of the BL distribution is given by (1), where 

{- exp ( ) , if x < 9, 

1 W-x\ < 4 ) 

!-2 ex p( — — )' ^x>e, 

and — oo < 9 < oo and a > 0. The corresponding probability density function (p.d.f.) and 
the hazard rate function are 

I f \x-9\\ -, a _i, x ri ri/^wb-i 



and 



fa,bfi,M = o W M exp \ ~ L )G a -'{x){l-G{x)Y-' (5) 



1 / I x-9\\ G a ' l (x){l-G(x)} b ' 1 

2a[B(a,b)} 2 \ <f> ) B x ^ G{x) {b,a) 

respectively. We shall denote this distribution by BL(a,b,0,o~). Since 9 and a are location 
and scale parameters, we shall restrict attention to the standard case with 9 = and a = 1, 
denoted by BL(a,b). In this case the p.d.f. (5) takes the form 

, , , fiy^-'Tia + b) \ e ax {2-e x f-\ if x < 0, 

fa,b{x) = - — ■ \ (7) 

\2J r(o)r(6) y e - bx {2-e- x ) a -\ ifx>0. 

Note that X ~ BL(a,b,9,a) if and only if —X ~ BL(b,a,—9,a). In particular, for the 
standard variable we have X ~ BL(a, b) if and only if —X ~ BL(b, a). 
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The standard Laplace distribution is contained as the particular case of (1) for a = 1 
and 6 = 1. Another special case is 



n I 

n 



F a (x) = £ J )G i (x){l-G(x)Y 



i 

i=a \ 



for b = n — a + 1 and integer values of a. This is the distribution of the ath order statistic 
connected with a random sample of size n = a + b — 1 from the Laplace distribution with 
c.d.f. G, see [2]. Basic properties of this distribution can be found in Section 2.5 of [7]. Other 
special cases include 



Fg{x) ~ l — W^h m G ( 



for integer values of a, 



b 



™ ^ T$±*Ur 1 *-™r i 



i=i 



for integer values of b, and 



x. / n 2 G(x) 

rG\ x ) = — arctan - ' 



■K V 1 ~ G ( X ) 

for a = 1/2 and b = 1/2. 

In this paper we derive basic theoretical properties of (5), deferring practical issues 
of estimation and testing to future work. In particular, in Section 2 we derive stochastic 
representations of the corresponding random variables, which aid in simulation from this 
distribution, characterize the corresponding densities in terms of modality and concavity in 
Section 3, and provide expressions for the moments and related characteristics in Section 4. 
Proofs and technical lemmas are collected in Section 5. 

2 Representations 

Note that if X ~ BL{a, b), then the distribution of X\X > (the distribution of X truncated 
below at zero) is given by the p.d.f. 

ga,b(x) = ( ^ /2) "^" 1 e- to (2-e- :r r 1 , x>0,a,6>0, (8) 

B 1/2 (b,a) 
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where S 1 / 2 (6, a) is the incomplete beta function given by (2). This "one-sided" beta-Laplace 
distribution is a generalization of the standard exponential distribution, similar in spirit to 
the generalized exponential distribution introduced in [4]. The latter can be defined through 
the representation (3), where W has the power function distribution with the c.d.f. w a , 
< w < 1, a > 0, while G{x) = 1 — e~ x , < x < 1, is the c.d.f. of the standard exponential 
distribution (so it reduces to the exponential when a = 1). Similarly, a variable with p.d.f. 
(8) admits such a representation with the same G and W having the p.d.f. 

w a , b (x) = ( */ 2) ° (1 - x) b -\l + x)"- 1 , 0<x<l,a,6>0. (9) 

B 1/2 (b,a) 

The distribution with density (9) is a special case of Gauss hypergeometric distribution studied 
in [1] (see also [6], p. 253). For this reason we shall refer to the distribution with density (8) 
as the Gauss hypergeometric exponential distribution with parameters a, b > 0, denoted by 
GHE(a, b). Note that when a = b = 1 this distribution reduces to the standard exponential 
as in this case W is standard uniform. 

Similarly, when we truncate X ~ BL(a, b) above at zero, we obtain a distribution on 
(— cx),0) corresponding to a r.v. —Y, where Y has a GHE(b,a) distribution on (0,oo). This 
leads to the following representation of X in terms of its "one-sided" counterparts. 

Proposition 1 If X ~ BL(a, b) then we have 

x = m + (/ - i)y 2 , (io) 

where Y\ ~ GHE(a,b), Yi ~ GHE(b,a), I takes on the values and 1 with probabilities 

Qa,b{x) = Y{a]T(b) Bl,2 ^ a,h ^ "^ Pa ' b = l ~ qa ' b ^ = T(a)T(b) Bl/2<yb,a ^ ^ 

respectively, and all the variables on the right-hand-side of (10) are mutually independent. 

As we stated before, the r.v.'s Y\ and Yi in the above representation have the same distribu- 
tions as F~ 1 (W\) and F~ 1 (W2), respectively, where F is the standard exponential c.d.f. and 
W\ and W2 have densities given by w a b and wt, a , respectively. Further, W\ and W2 have the 
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same distributions as 2V\ — 1 and 1 — 2V-2, respectively, where V\ and V 2 have truncated beta 
distributions, that is 

V 1 = W\W > 1/2, and V 2 = W\W < 1/2 (12) 

with W ~ Be(a,b). Moreover, the quantities q a ,b and p a f, in (11) are the probabilities 
P(W < 1/2) and P{W > 1/2), respectively. This result admits a generalization, where X is 
still given by (3) but G and W are not necessarily the Laplace c.d.f. and the beta variable, 
respectively. Indeed, let V have a continuous distribution on (0, 00) with density / and c.d.f. 
F, and let Y be the corresponding "symmetrization" with p.d.f. g(x) = f(\x\), x G R, and 
c.d.f. 

( I(l-F(-x)), ifx<0, 
G(x) = 2 ( i3) 

[ 1 - - (1 - F(x)) , ifx>0. 

[If V is standard exponential then Y is standard Laplace (4) with 6 = and cr = 1.] Further, 
define a r.v. X via (3) where W has some continuous distribution on (0,1). Then the 
following representation holds. 

Proposition 2 The r.v. X ~ G^ 1 {W) admits the representation (10), where 

Yi £ F- 1 (2V 1 - 1) and Y 2 = F _1 (l - 2F 2 ) (14) 

«n£/t Vi, V2 given by (12), I takes on the values and 1 with probabilities P(W < 1/2) and 
P(W > 1/2), respectively, and all the variables on the right-hand-side of (10) are mutually 
independent. 

3 Characterization of the density 

Before we describe the density (7) of the standard beta-Laplace distribution in terms of 
modality and concavity, we start with one-sided distributions given by (8). Thus, we consider 
the function 

h ab (x) = e- bx {2 - e- x ) a -\ x>0,a,b>0, (15) 
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which appears in the expression for the density. The relevant properties of h a b are as follows. 

Proposition 3 The function h a ^ given by (15) admits the following properties: 
(i) The function h a b is continuous on [0, oo) and differentiable on (0, oo) with h a ^{0) = 1, 
linia^oo h a: b(x) = 0, and linL r .^ + h' a b( x ) = a — b — 1. 

(ii) The function h a b is monotonically decreasing on (0, oo) whenever a > and b > a — 1, 
and is monotonically increasing on (0,x a ^b) and decreasing on (x ai 5,oo) whenever a > 1 and 
b < a — 1, where 

Xa > b = ln< ^~l>b > 0<6<a - L ( 16 ) 



Moreover, in the latter case the maximum value of h a b is 

K,b{ Xa , b ) = 2a+b - \Xl- r ir^-^ ° < b < a ~ L (17) 



(Hi) If either a > 3 and b (a) < b < b + (a) or 1 < a < 3 and b < b + (a) then h a j> is concave 
down on (0,x^ h ) and concave up on (x^~ b ,oo). Here, 



and 



where 



b ± (a) = a-l± J2(a- 1) (18) 



< fe = ln^^, (19) 



, _ (a - 1)(1 + 26) ± V(a - 1)^(1 + 26)^ - 4b*(a - l)(a - 2) 



(wj If a > 3 and b < b (a) i/jen /i a 6 is concave down on (x ab ,x^ b ) and concave up on 

(0,x~ b ) and (x+ b ,oo). 

(v) If either 1 < a and b > b + (a) or a < 1 then h a ,b is concave up on (0, oo). 

Using the results above we obtain the following four distinct cases of the one-sided BL density 
9a,b given by (8): 

• If either 0<a<lora>l but b > b + (a) then g a ,b{x) is concave up and decreasing in 
x on (0, oo). 
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• If a > 1 and a — 1 < b < b + (a) [note that b + (a) > a — 1 whenever a > 1] then g a ,b( x ) 
is decreasing in x on (0, oo). Moreover, it is concave down on (0,x+ 6 ) and concave up 
on (x* b , oo) with x^ b as in (19). 

• If either 1 < a < 3 and < b < a — 1 or a > 3 and b~(a) < b < a — 1 [note that 
b~(a) < a — 1 whenever a > 3] then g a ,b{ x ) 1S increasing in x on (0, x a fc), decreasing in 
x on (x 0j 6, oo), concave down on (0, x^ b ), and concave up on (x^ b , oo), with < x a fi < 

x tb < °°- 

• If 3 < a and b < b~{a) then g a ,b( x ) is increasing in x on (0,x a ;>)j decreasing in x on 
(x a fi,oo), concave down on (x~ b ,x^ b ), and concave up on (0,x~ b ) and (x„ b ,oo), with 

< X a,b < X a,b < X+ b < OO. 

Using the above proposition and the fact that the BL(a, b) density is related to the 
function (15) via 

, ,, fl\ a+b - l T(a + b) f h, a (\x\), ifx<0, 

fa,b(x) = hr r(n\r(h\ ' 1 ( 2l > 

\2) T(a)T(b) I ^ fe(x)) ifx>0. 

we obtain the following result. 

Proposition 4 For any a,b > the BL(a, b) distribution is unimodal and we have the 
following three distinct cases: 

(i) If a — 1 < b < a + 1 then the density (21) is monotonically increasing on (-co, 0) and 
decreasing on (0, oo) (so that the mode occurs at x = 0). 

(ii) If < b < a — 1 then the density (21) is monotonically increasing on (—oo,x a ^b) and 
decreasing on (x a b, oo) (so that the mode occurs at x = x a ^ > given by (16)). 
(Hi) If < a < b — 1 then the density (21) is monotonically increasing on (— oo, —x b>a ) and 
decreasing on (— £& ia ,oo) (so that the mode occurs at x = —Xb )U < 0), where 

, a + b — 1 , , 

x b ,a = ln , 0<o<6-l. 22 

2a 
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Moreover, in cases (ii) and (Hi) the maximum values of f a ^ are 

T(a + b) (a-l)^b b r(a + b) (b - 1)*~V 

/aM^.fej - r(a)r(6) (a + ft _ 1)a+b _i . ^a M x b , a ) - r(a)r(6) (a + b _ 1)a+6 _i , l^J 

respectively. 

Remark 1. Note that by Part (i) of Proposition 3 the BL density is continuous on R but 
differentiable only at x ^ (regardless of whether the mode is at zero or not). 

Remark 2. Note that, in contrast, the beta normal distribution introduced in [3] is not always 
unimodal. 

Remark 3. Combining Propositions 3 and 4 and using the representation (21) one can derive 
a number of distinct cases of the density f a b in terms of its modality and concavity 



4 Moments and related measures 

We start with the moment generating function (m.g.f.) corresponding to the BL(a, b) distri- 
bution. By (7) we have 

{roo p -(a+t)x / p-x\ b ~ l roo p -(b-t)x / p -x\ a - 1 

'(24) 

where C = T{a + 6)/[r(a)r(fe)]. Both integrals above are convergent whenever —a < t < b. 
Since e~ x /2 £ (0, 1/2) when x £ (0, oo), using the binomial expansion 

oo 

(1 + z) p = 5>jV, \z\<l, P €R, (25) 

0=0 

we can write (24) as 

C [r t ^ - Ije-^^dx + f ± t^-a - Ije'^^dxl . (26) 
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Since the quantities under the summations are absolutely integrable (when —a<t<b), 
interchanging the order of integration and summation leads to 

{°° (— IV 1 °° (— IV 1 I 

f^ Q 2"+J a + t + j ^2^ J b- t + jy y ' 

If a = k + 1 and b = m + 1, where fc and m are nonnegative integers, then 

b — lj = for j > m and a — lj = for j > k (28) 

so that the series above have only finite number of terms and we have 

M(t) = c\y^-mj- + ySz^L kj 1 l (29) 

w I f-i 2 fc + x +^ J A; + 1 + i + 7 f-£ 2 m +^ m + l-t + j \ v 7 

for —A; — 1 < £ < m + 1. Note that when k = m = (so that a = b = 1) the above 
expression simplifies to (1 — £ 2 ) -1 , which is the m.g.f. corresponding to the standard Laplace 
distribution. 

Similar derivations lead to the characteristic function (ch.f.), which is of the form 

4>(t) = Ee itx = c\y^-b-lj + y^Z±ta-lj- 1, t € R. (30) 

Differentiating either the m.g.f. or the ch.f. n times and evaluating at t = we obtain the 
following expression for the nth moment jj, n = EX n of X ~ BL(a, b), where n= 1,2,..., 

T(a + b) J^ (-lV'+n ^ ^ 1 ^ (-l)J 1 | 

Mn " r(o)r(6) n " 1 tj 2«+^' J (a + j)-+i + ^ 2*+J ° " J (b + j)-+i j • (3 } 

As before, if a = k + 1 and 6 = m + 1, where fc and m are nonnegative integers, the series 
above have only finite number of terms and we have 

/l\ r rlnl (A (-i)n+m-j 2 j k f_ 1 \k-j 2 p\ 
Mn = [~ 2 ) 7^ {g^'lr-7 — + E^(7— pi} > ( 32 ) 

where r = k + m + 1 . 
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5 Proofs 

Proof of Proposition 1. This is a special case of Proposition 2. 

Proof of Proposition 2. We proceed by showing that for each x £ R the c.d.f. of G~ 1 (W) 
coincides with the c.d.f. of the right-hand-side of (10) with Y\, Y 2 , and / as stated above. 
Assume first that x > 0. Since 

o-'w - J-^'o-*)- "^ WW. (33) 

(F- 1 (2p-i), if P e [1/2,1), 

and G(0) = 1/2, we have 

P{G~ l (W) >x)= P{W > 1/2 and F~ 1 (2W - 1) > x) = P{W > 1/2 and 2W - 1 > F(x)) 

= P(W > 1/2 and W > (1 + F(x))/2) = P(VF > (1 + F[x))/2) 
as M^ > (1 + F{x))/2 implies M^ > 1/2. On the other hand, we have 

P(IYi + (/ - 1)Y 2 >x)= P(IF~ 1 (2V 1 - 1) > x and / = 1) = P(2Vi - 1 > F{x))P{I = 1) 

= P(Vi > (1 + F{x))/2)P{I = 1) = P(VF > (1 + F(x))/2|W > 1/2)P(W > 1/2), 

which also simplifies to P(W > (1 + F{x))/2). We thus established the equality of the c.d.f. 's 
when x > 0. The case x < is analogous. This concludes the proof. 

The following lemma is needed to prove Proposition 3. 

Lemma 1 Consider the function 

u(t) = b 2 t 2 - (a - 1)(1 + 26)* + (a - l)(a - 2), t e P, (34) 

where a > 1 and 6 > 0. T/ien 

(%) T7ie function u is decreasing on (—oo,v a b) and increasing on (v a &>°°); where 

(a -!)(! + 26) 

U «.& = ^2 > °- ( 35 ) 
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Moreover, the minimum value of u on (—00,00) is equal to 



u(v a ,b) = ~(a- 1)1 (a- 1) 



l + 26 x2 



26 



1 



+ 1 \ < 0. (36) 



(ii) We have u(0) = (a — l)(a — 2), so that u(0) < when a < 2, u(0) = when a = 2, and 

u(0) > when a > 2. 

(Hi) The equation u(i) = admits the roots t ab given by (20). 

(iv) For any fixed a > 1, as a function of b the larger root, tf b> is continuous and decreasing 

on (0,oo) with lim b _ +0 + *a h = °° an d ^ Ym b—>oo'tt,b = ^- Moreover, £~j~. = 1 when b = b + {a) 

with b + {a) given by (18). 

(v) For any fixed a > 2, as a function ofb the smaller root, t~ b , is continuous and decreasing 

on (0, 00) with lim 6 _ +0 + t~ b = t~ = a — 2 and lim^^oo t~ b = 0. Moreover, t~ b = 1 when 

b = b~(a) with b~(a) given by (18). 

Proof. Calculations needed to prove Parts (i) - (iii) are elementary. To establish Part (iv), 
write 



2» + i) + y^-^{\ 



t: t = («-l)(^ + Tl + ^/(«-l) 2 (T + 2) -4(a-l)(«-2) (37) 



to see that it is decreasing in b on (0, oo) and the limits are as stated. With some tedious 
albeit routine algebra one can check that the solution of the equation tt b = 1 is given by 
b + (a) in (18). Similarly, straightforward algebra leads to 

t - 2(q-l)(o-2) 

a ' b (a - 1)(1 + 26) + y/(a - 1) {(a - 1)(1 + 46) + 46^} ' l ' 

which shows that this is a decreasing function of 6 on (0, oo) with limits as stated. Further 

routine calculations show that the solution of the equation t~ b = 1 is given by 6~(a) in (18). 

This concludes Part (v). 

Proof of Proposition 3. The continuity and differentiability of h a b, as well as the values at 
zero and infinity, are clear. To check the limit of the derivative, write h a j,(x) = exp(s a fi(x)), 
where 

s ab (x) = lnh ab (x) = -bx+(a-l)ln(2-e- x ), xG[0,oo), (39) 
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so that for x > we have h' ab {x) = h a ^{x)s' ab {x) with 

s'aA x ) = ~b+ "~ 7 , x G (0, oo). (40) 

ze 3 ^ — 1 

Since s a> b(x) and s' afe (x) converge to and a — b — 1, respectively, as x — ► + , we conclude 

that the corresponding limit of h' ab (x) is a — b — 1. This concludes Part (i). 

To study the monotonicity of the function h a> b we look at the derivate (40) since the 

signs of s' a b (x) and h' a b (x) coincide. It is clear that s' a b {x) < for all x > whenever a < 1, 

in which case h a ^ is monotonically decreasing on (0,oo). Further, if a > 1, simple algebra 

shows that the derivative is negative if and only if 

a + b-1 
6 > —a*—- ( 41 ) 

This inequality is always true whenever b > a — 1, while for 6 < a — 1 (and a > 1) its solution 
is x > x a b, where x a ^ given by (16). Moreover, routine calculations show that in the latter 
case the maximum value of h a ,b is given by (17). This concludes Part (ii). 
Next, we study the concavity of h a b- Observe that 

K,b(x) = h a ,b(x){s'a b (x) + K j6 (x)] 2 ), x G (0, oo), (42) 

so that b!' a b (x) > if and only if 

s", b (x) + K, 6 (x)] 2 > 0. (43) 

Since 

4,b( x ) = ~( 2e "-l)2 ' X G (0 ' °°)' (44) 

the inequality (43) holds for all x G (0, oo) whenever a < 1, in which case the function h a ^ 
is concave up on this interval. We thus established the second part of (v). In the sequel, we 
shall study the inequality (43) assuming that a > 1. Utilizing the expressions for the first 
and the second derivatives of s a ^, given by (40) and (44), respectively, after some routine 
algebra we find that this inequality is equivalent to 

u(2e x - 1) > 0, (45) 
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where u(-) is the quadratic function defined in Lemma 1. Since for any x > we have 
2e x — 1 > 1, we need to check how the roots of the equation u{t) = 0, which by Part (iii) of 
Lemma 1 are given by (20), relate to t = 1. Observe that by Part (iv) of Lemma 1 the larger 
root (denoted by tt b in (20)) is less than or equal to 1 whenever b > b + (a), where b + (a) is 
given by (18). Consequently, for these values of b we have u{t) > for all t > 1, so that the 
inequality (45) is satisfied by all x > 0. This shows that whenever a > 1 and b > b + {a) the 
function h a \, is concave up on the interval (0, oo), which is the first part of (v). To establish 
Parts (iii) and (iv) we shall proceed by separately considering the cases 1 < a < 3 and a > 3. 
Case 1: 1 < a < 3. If a < 2, then by Parts (i) and (ii) of Lemma 1, we conclude that the 
smaller root of the equation u{t) = 0, denoted by t~ b in (20), is less than or equal to zero. 
Thus, when b < b + (a), in which case we have t^ b > 1 by Part (iv) of Lemma 1, the function u 
is negative for t 6 (0,£^ 6 ) and positive for t G {t^ b , oo). In turn, the inequality (45) holds for 
all x > x^ b with x^ b defined in (19). The same conclusion is reached when 2 < a < 3, since 
in this case a — 2 < 1 so that by Part (v) of Lemma 1 we have t~ b < 1. We thus obtained 
the second part of (iii). 

Case 2: 3 < a. We shall restrict attention to the case b < b + (a) (so that the larger root 
of the equation u(t) = is greater than one), as otherwise we get the case t^ b < 1 already 
considered (where the function h a ^ is concave up on (0, oo)). By Part (v) of Lemma 1 we 
have t~ b > 1 if and only if b < b~(a) with b~(a) given by (18). Consequently, with these 
values of b the equation (45) holds whenever 1 < 2e x — 1 < t~ b (a) or t^ b (a) < 2e x — 1 < oo. 
Equivalently, the function h a ^ is concave up on the intervals (0,x~\) and (x^ b ,oo), and is 
concave down on the interval (x~ b , x~^ b ), where x b are given by (19). This is Part (iv) of our 
result. In turn, when b~(a) < b < b + (a) then t~ b < 1 and we similarly conclude that now 
the function h a> b is concave up on the interval {x^ b , oo) and concave down on the interval 
(0,i^), which the first part of (iii). This concludes the proof. 
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ABSTRACT 

Let E 1 and E 2 be linear spaces. In this paper we extend a classical quadratic functional 
equation to more general equations of two types. In addition we solve the generalized 
Hyers-Ulam-Rassias stability problem for the functional equations, and thus obtain asymp- 
totic properties of quadratic mappings as an application. 
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1 Introduction 

In 1960 and in 1964 S.M. Ulam [24] proposed the general Ulam stability problem: "When is it 
true that by slightly changing the hypotheses of a theorem one can still assert that the thesis 
of the theorem remains true or approximately true?" The concept of stability for a functional 
equation arises when we replace the functional equation by an inequality which acts as a 
perturbation of the equation. Thus one can ask the following question for general functional 
equations: If we replace a given functional equation by a functional inequality, when can one 
assert that the solutions of the inequality must be close to the solutions of the given equation? 
If the answer is affirmative, we would say that a given functional equation is stable. In 1978 
P.M. Gruber [8] remarked that Ulam's problem is of particular interest in probability theory and 
in the case of functional equations of different types. We wish to note that stability properties 
of different functional equations can have applications to unrelated fields. For instance, Zhou 
[25] used a stability property of the functional equation f(x -y) + f(x + y) = 2/(x) to prove a 
conjecture of Z. Ditzian about the relationship between the smoothness of a mapping and the 
degree of its approximation by the associated Bernstein polynomials. 
The Ulam's problem for e-additive mappings / : E\ — ► E 2 between Banach spaces i.e., \\f(x + 
y) - f{x) - f(y)\\ < e for all x,y e Ei, was solved by D.H. Hyers [9] and then generalized by 
D.G. Bourgin [4], Th.M. Rassias [17] and P. Gavruta [7] who permitted the Cauchy difference 
to become unbounded. 

Now, a square norm on an inner product space satisfies the important parallelogram equality 
\\ x + v\\ 2 + \\ x - v\\ 2 = 2 (IMI 2 + IMI 2 ) f° r a " vectors x,y. If AABC is a triangle in a finite 
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dimensional Euclidean space and I is the center of the side BC, then the following identity 

|| AB\\ 2 + lllcf = 2(|| AI\\ 2 + ||C/|| 2 ) holds for all vectors A, B and C. The following functional 
equation which was motivated by these equations 

Q(x + y) + Q(x-y) = 2Q(x) + 2Q(y) (1.1) 

is called a quadratic functional equation, and every solution of the equation (1.1) is said to be 
a quadratic mapping. The quadratic functional equation and several other functional equations 
are useful to characterize inner product spaces [1 ,2, 18, 22]. A Hyers-Ulam stability theorem 
for the quadratic functional equation was proved by a lot of authors [5, 19]. C. Borelli and G.L. 
Forti [3] generalized the stability result as follows: Let G be an abelian group, and E a Banach 
space. Assume that a mapping / : G — ► E satisfies the functional inequality 

||/(x + y) + f(x -y)- 2/(s) - 2f(y) \\ < <p(x, y) 

for all x,y eG, and <p : G x G — ► [0, oo) is a function such that 

oo 1 

$(3, y) := Y, 4i+lV( 2 ^. ^ l y) < °o 

i=0 

for all x,y eG. Then there exists a unique quadratic mapping Q ■. G — > E 1 satisfying 

||/(3) -M-Q(3)||< $(3,3) 

for all x e G. In 1983 F. Skof [23] was the first author to solve the Ulam problem for additive 
mappings on a restricted domain. In 1998 S. Jung [12] and in 2004 J.M. Rassias [16] inves- 
tigated the Hyers-Ulam stability for additive and quadratic mappings on restricted domains. 
The stability problems of several functional equations have been extensively investigated by a 
number of authors and there are many interesting results concerning this problem [10, 11, 14, 
15,20,21]. 

Now we are going to extend the equation (1.1) to more generalized equations with (d + 1)- 
variables. For this purpose, we employ the operator \S X2 fi x i), which is defined in [13] as 
follows 

|+J/(x 1 ) = /(x 1 + x 2 ) + /(x 1 -3 2 ) 

for a given mapping / : E x -*■ E 2 between vector spaces. Similarly, we define [+1^ /(xi) = 
l+U ([+U f(xi)) and inductively 

d d-1 



l+J /(*l) = l+J l+J /(*1 



X2, ■" ,%d+l x d+l X 2 ,-- ,X d 

\d 



for all natural number d. Then it is easy to see that the operation [+r „ f(xi) can be 
expressed in the form 

d d / 

l+J /( X l) = X] X] /(-3J! - X i2 ■ ■ ■ - 

X2,-" ,Xd+l k=0 \2<i 1 <i 2 <--<ik<d+l 
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Thus it follows from definition that 

2 2 d k 

(+J f{xi) = l+J f(xi), l+J f(x 1 ) = 2 d - k l+J f( Xl ), (1.2) 

X2,x 3 x 3 ,x 2 X2,-,x fc+ i,0, ■ ■ ■ ,0 a;2,-,Xfc+i 

d-fc 

and l+J /(xi + xd+i)+ l+J f(x 1 -x d+1 )= [+J /(xi). 

X2,— ,Xd X2,-,X d X2,— ,X d+ l 

In [13], the author introduced and determined the general solution of the equation 

d d+l 



(J / ( Xl )+2 d (d-l)^/(x i )=2 rf - 1 £ n+J/(x,;] 
aJ2,-",Xd+i i=l l<*<i<rf+l V x j 



and then investigated the generalized Hyers-Ulam-Rassias stability problem for the equations. 
Now, we consider the following new functional equation, 

d I \ d+l 

l+J f(xi)+ E l+J/o*) =( 2d + 2 <oE /(**)' d ^ 1 - ( 1 - 3 ) 

^2,— ,a;d+i i<*<j<^+i y^j / j=i 

d / \ d+l 

l+J /(^)= E l+M**) +(2 d - 2(0 e /(**). d ^ 2 {1 - 4) 

a:2,-",Xd+l l<i<i<d+l \^j / i=l 

for all (d + l)-variables xi, • • • , x^+i e Si, where d is a natural number. As a special case, the 
equation (1.3) reduces to the equation (1.1) in the case d= 1. In this paper, it will be verified that 
the general solutions of the above functional equations (1 .3) and (1 .4) are quadratic mappings 
in the class of functions between vector spaces. Besides we establish new theorems about 
the Ulam stability for the general equations and apply our results on restricted domains to the 
asymptotic behavior of functional equations. 

2 Generalized quadratic mappings 

Let Ei and E 2 be vector spaces. First, we present the general solutions of the functional 
equations (1 .3) and (1 .4). 

Lemma 2.1 . If a mapping / : E\ — ► E 2 satisfies the functional equation (1 .3) or (1 .4), then the 
mapping / is quadratic. 

Proof. Let / be a solution of the functional equation (1.3). Set Xi ■— in (1.3) for all i = 
1, ■ ■ ■ , d + 1 to get /(0) = 0. Putting Xi ■- in (1 .3) for all t = 3, • • • , d + 1, by (1 .2) we get 
(2 d - 1 + 1) [/(xi + x 2 ) + /(xi - x 2 )\ = (2 d + 2) [/(xi) + /(x 2 )] for all x 1 ,x 2 eE 1 . So the mapping 
/ is quadratic. 

Now if a mapping / is a solution of the functional equation (1 .4), then we get /(0) = by setting 
xi := in (1 .4) for all i = 1, • • • , d + 1. Putting Xi := in (1 .4) for all t = 3, • • • , d + 1, by (1 .2) 
we get {2 d ~ 1 - l)[/(xi + x 2 ) + /(xi - x 2 )] = {2 d - 2)[/(xi) + /(x 2 )] for all x 1 ,x 2 eE 1 . So the 
mapping / is quadratic. □ 

We now investigate the generalized Hyers-Ulam-Rassias stability problem for the equation 
(1 .3). Thus we give conditions in order for a true mapping near an approximate mapping of the 
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equation (1 .3) to exist. From now on, let X be a normed linear space and Y a Banach space 
unless we give any specific reference. Let R+ denote the set of all nonnegative real numbers. 
Now before taking up the main subject, given a mapping / : X ^ y, we define the difference 
operator Df : X d+1 -> Y by 



Df(xi,x 2 ,--- ,x d +i) 



352,— ,Xd+l l<*<i<d+l \ x 3 

d+l 

-(2 d + 2d)J2f(xi), d>\ 



i=i 



for all (d + l)-variables xi, ■ ■ ■ , x^+i g X, which acts as a perturbation of the equation (1 .3). 
Theorem 2.2. Suppose that a mapping / : X — ► y satisfies 

||-D/(xi,x 2 ,-- ,aJd+i)|| < e(^ir-- .^d+i) (2.1) 

R+ is a mapping such that the 



for all (d + l)-variables xi, ■ ■ ■ , x d +i G X, and that e : X d+1 
series 



E 

i=0 



£(2^1,- •• j*gd+i) 

2 2i 



(2.2) 



converges for all xi, ■ ■ ■ , xd+i g X. Then there exists a unique quadratic mapping Q ■. X — ► Y 
which satisfies the equation (1 .3) and the inequality 



/(x) + 2 " 1(2d -l:|l +d - 3) /(o)-o(x; 



< 



3(2 fl! - 1 + l) 

(2*x,2*x) 
4 1 



(2.3) 



4(2^1 + 1) E 
for all x e X, where the mapping 4> ■. X 2 — ► y is given by 

0(x,y) := mm< e^x,0, ••• ,0, y ,(),■•■ ,0j 



2 < » <d+l 



(2.4) 



The mapping Q is defined by 



Q(x) = lim 



/(2 n x) 



n— »oo 4 n 

for all x G X Moreover, if / is measurable or /(tx) is continuous in t g R for each fixed x g X, 
then the mapping Q is homogeneous of degree 2 over R. 



Proof. If we take f x,0,- • ,0, y ,(),••• ,0] instead of (xi,--- ,xd+i) in (2.1), we obtain by 
virtue of (1.2) 

" (2*" 1 + l)[/(x + y) + /(x - i/)] - 2(2 d ~ 1 + l)[/(x) + /(y)] 

-(d-m d + d + 2)f(0) 



<e x,0,-- ,0,y ,(),••• ,0 
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for all x,y e X, and all % with 2 < % < d + 1, which can be written in the form 

1 



(x + y) + q(x -y)~ 2[q(x) + q(y)] - q(0)\\ < 



2 d ~ l + 1 



4>(x,y) 



(2.5) 



for all x, y e X, where a mapping g : X -> Y is defined by q(x) := /(x) + 2 " - (2 3 d ( 2d-t |f ) +d ~ 3) / (0) 
and a mapping : X 2 — ► Y is given by (2.4). Taking y := x in (2.5), we get 



g(2x) 



q(x) 



< 



1 



4(2^-1 + 1) 



(x, x) 



(2.6) 



for all x € X. Hence 



<?(2 n x) g(2 m x) 



4" 



< 



4(2 d -! + 



1 n— 1 



< />(2 i x,2 i x) 



(2.7) 



for all nonnegative integers m and n with n > m and all x e X It follows from (2.2) and (2.7) 
that the sequence j 9 ^"^ | is a Cauchy sequence for all x e X. So one can define a mapping 
Q : X ->■ Y by 



Q(x) 

for all x g X 

Now by (2.1) and (2.2), we have 



Hm ^ - Urn «**> 

n^oo 4 n 



n— >oo 4 r 



||DQ(xi,x 2 ,--- ,^d+l 



= lim -p/(2"xi,---,2"x d+1 )|| 

n— >oo 4 

< lim i- £ (2"x!,--- ,2"x d+1 ) = 



for all (d + l)-variables xi, ■ • ■ , x d+1 e X. Hence by Lemma 2.1 , the mapping Q is a quadratic 
mapping satisfying the equation (1 .3). Moreover, letting m = and passing the limit n — ► oo in 
(2.7), we get the desired inequality (2.3). 

To prove the afore-mentioned uniqueness, let e\ : X 3 -* M+ be a mapping such that a func- 
tional inequality 

||Af(xi,x 2 ,--- ,X d+ i)|| <£l(xi,--- ,X d +l) 

holds for all xi, • • • , x d+1 e X and the series 

y^ gl(2 t X i ,--- ,2^+1) 

Z_> 44 

j=0 

converges for all xi, ■ ■ ■ ,xd+i e X, and assume that there exists a quadratic mapping Qi : 
X — ► Y which satisfies the equation (1 .3) and the inequality 



f(.) /" (M ..!:!' +i - 3) f(o)-w.) 



< 



4(2 d - 



2 v^ 01 

; i=0 



3(2^-1 + 1) 

2 i x,2 i x) 



(2.8) 
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for all x e X, where a mapping </>i : X 2 -»■ F is given by 



4>i{x,y) := mm < £i(x,0, ••• ,0, y , • • • , j 



2 < i < d+1 > . 



Since Q and Q x are quadratic, we see the identities Q(x) = 2~ 2n Q(2 n x), Qi(x) = 2- 2 ™Qi(2 n x) 
hold for all x e X and all n e N. Thus it follows from inequalities (2.3) and (2.8) that 

1 



\\Q(x)-Qi(x 
1 



2 2n 



||Q(2"x)-Qi(2 n x) 



< 



2 2n 



Qirx) _ /(2 n x) _ ^'(M-aji + trf' + j-a) 



+ 



f(2 n x) + 



3(2^-! + 1) 
2 d - 1 (2d-3) + {d 2 + d-3) 



3(2 d ~ 1 + 1) 



< 



4 ( 2 d-l + 



1 °° 



(2 l x,2*x) 



+ 



4(2 af - 1 + 



1 °° 



/(0)-Qi(2"x) 

>i(2*x,2'x) 
4 1 



for all x e X and all n e N. Therefore letting n — *• oo, one has Q(x) - Qi(x) = for all x e X, 
which completes the proof of uniqueness. 

The last assertion of homogeneous of degree two of Q in the theorem follows by the same 
reasoning as the proof of [6]. The proof is complete. □ 

Theorem 2.3. Suppose that a mapping / : X — >• Y satisfies 

\\Df(x!,x 2 ,--- ,x d+1 )\\ < e(xi,--- ,x d+1 ) 



for all (d + l)-variables xi, ■ ■ ■ , x d+1 e X, and that e : X d+l 
series 



is a mapping such that the 



£ 4 * 



Xl 



2 l J 



converges for all xi, ■ • • , x d +i e X. Then there exists a unique quadratic mapping Q •. X ->■ Y 
which satisfies the equation (1 .3) and the inequality 



||/(x)-Q(x)||< 



4(2 d " 



l °° 

- V4* 

■ 1 + 1 >S 



x x 
2*' 2* 



for all x g X, where the mapping : X 2 — >■ F is given by (2.4). The mapping Q is defined by 

Q(x) = lim 4 n / 

n— »oo 

for all x e X Moreover, if / is measurable or f(tx) is continuous in t e R for each fixed x e X, 
then the mapping Q is homogeneous of degree 2 over R. 

Note that one has /(0) = in the above theorem because e(0, ■■■ , 0) = by the convergence 
of the series. 
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Corollary 2.4. Suppose that there exist a real number e > and a positive real p / 2 such that 
a mapping / : X — >• Y satisfies 

||D/(xi,x 2 , • • • , x d+ i)|| < e(||xi|| p + • • • + ||x d+1 || p ) 

for all (d + l)-variables xi,--- ,xd+i e -X"- Then there exists a unique quadratic mapping Q -. 
X — > Y which satisfies the equation (1 .3) and the inequality 

2/=- II T IIP 

||/(x) - Q(x)|| < , . -, " ; r 

iuv ; ^v ;n - (2 d ~ 1 + 1)|4 -2p| 

for all x e X. The mapping Q is defined by 

^ (lim^oo i^ , if < P < 2, 

[lim^oo 4"/(#r ) , if P > 2, 

for all iel 

Corollary 2.5. Suppose that there exists a nonnegative real number e for which a mapping 
/ : X — ► y satisfies 

for all (d + l)-variables xi, ■ ■ ■ , x^+i e X. Then there exists a unique quadratic mapping Q -. 
X — ► y which satisfies the equation (1 .3) and the inequality 



w ^'^tl.^'" *-^ 



< 



3(2«*-i + 1) 



for all x g X. 

For a given mapping / : X — ► y, we define the difference operator £/ : X d+1 — > y by 

/ 

Ef(x 1 ,x 2 ,--- ,Xd+i) ■= l+J /(xi)- ^Z ll+J/O^ 

12,— ,Xd+l l<i<j<d+l \Xj 

d+1 

-(2 d -2d)^/(x,), d>2 

i=l 

for all (d + l)-variables xi, • • ■ , x^+i e X. 

We are going to investigate the generalized Hyers-Ulam-Rassias stability problem for the equa- 
tion (1 .4). The proof of the following theorems goes through by the same way as that of Theo- 
rem 2.2. 

Theorem 2.6. Suppose that a mapping / : X — ► Y satisfies 

\\Ef(xi,x 2 ,--- ,Xd+i)\\ < e(xi,--- ,x d+1 ) (2.9) 

for all (d + l)-variables xi, ■ ■ ■ , x d+ i e X, and that e : X d+1 — ► R+ is a mapping such that the 
series 

f '<*'■•- ■**«»> (2.10) 
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converges for all xi, ■ ■ ■ , xd+i e X. Then there exists a unique quadratic mapping Q -. X — > y 
which satisfies the equation (1 .4) and the inequality 



/w + ^ (M 3 ^7iy"- 3) /(o)-Q(»; 

N ,(2*x,2*x) 



(2.11) 



4(2<*-i - 1) ^ 4* 

for all xel, where the mapping </> ■. X 2 — ► y is given by (2.4). The mapping Q is defined by 

Q( x ) = i im I^lA 

n— »oo 4 ra 

for all iel Moreover, if / is measurable or /(tx) is continuous in t e M for each fixed iel, 
then the mapping Q is homogeneous of degree 2 over R. 

Theorem 2.7. Suppose that a mapping / : X — ► y satisfies 

||-E/(»i,a;2,--- ,#d+i)|| < eO^i,-" ,£d+i) 

for all (d + l)-variables xi, • • • , x^+1 e X, and that e : X d+1 — ► R+ is a mapping such that the 
series 



EA(|,.,^) 



i=l 



2* ) 



converges for all xi, ■ ■ ■ , x d+ i e X. Then there exists a unique quadratic mapping Q : X — ► y 
which satisfies the equation (1 .4) and the inequality 

1 oo 

||/(x)-Q( a; )||< 4(2d _ 1 _ 1) ^4V(g,| 

for all iel, where the mapping </> : X 2 — ► y is given by (2.4). The mapping Q is defined by 

Q(x) = lim 4 n f (£ 

for all x e X Moreover, if / is measurable or /(£x) is continuous in t e R for each fixed iel, 
then the mapping Q is homogeneous of degree 2 over R. 



3 Approximately quadratic mappings on restricted domains 

In this section we are going to investigate the Hyers-Ulam stability problem for the equations 
(1 .3) and (1 .4) on an unbounded restricted domain. As results we have corollaries concerning 
an asymptotic property of the equation (1 .3). 

Theorem 3.1. Let r > be fixed. Suppose that there exists a nonnegative real number e for 
which a mapping / : X —>Y satisfies 

||D/(xi,x 2 ,--- ,x d+1 )\\<e (3.1) 
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for all (d + l)-variables xi,--- ,x<i+i & x with X)f=i ll x *ll - r - Then there exists a unique 
quadratic mapping Q : X — ► y which satisfies the equation (1 .3) and the inequality 



(d-l)(2 d + d+2)/(0) ^ 3e 

-2(2^-1 + 1) ^ 



/w + v n V +2 ~ Q{x 



for all x g X. 

Proof. Taking (xi,-- • ,x d+i ) as (x, y,0, ••• ,0) in (3.1) with ||x|| + ||y|| > r, we obtain by (2.5) 

\\q(x + y)+ q{x -y)- 2[q(x) + q{y)} \\ < ^ - - (3.3) 

where a mapping g : X -» y is defined by g(x) := /(x) + (d ~ 1)(2 2 d d y 2 +2)/(0) for all x, y e X with 
Ikll + lli/ll > r. Specially, we have ||g(0)|| < 2(2d f 1+1) by setting y -.= and x := i with ||t|| > r 
in (3.3). Now, assume ||x|| + \\y\\ < r. And choose at e X with ||t|| > 2r. Then it holds clearly 

||x ± t|| > r, 1 1 2/ ± t\\ > r, and ||x ± t\\ + ||y ± t\\ > r. 

Therefore from (3.3) and the following functional identity 

2 [q(x + y) + q(x - y) - 2q{x) - 2q{y) - q{0)] 

= [q(x + y + 2t) + q(x - y) - 2q{x + t) - 2q(y + t)] 

+ [q(x + y-2t)+ q(x - y) - 2q{x - t) - 2q{y - t)] 

+ [ - q(x + y + 2t) - q(x + y - 2t) + 2q{x + y) + 2q{2t)] 

+ [2q(x + t) + 2q(x - t) - Aq{x) - Aq{t)] 

+ [2q(y + t) + 2q(y - t) - 4q(y) - 4q(t)} 

+ [-2q(2t)-2q(0)+4q(t)+4q(t)], 



we get 



9e 

(x + y)+ q(x -y)- 2q(x) - 2q{y) - g(0) || < ^ - (3.4) 



for all x,y e X with ||x|| + ||y|| < r. Consequently, the last functional inequality holds for all 
x,y £ X \r\ view of (3.3) and (3.4) because of ||g(0)|| < 2(2d f 1+1) . Now letting y -.= x in (3.4), 
we obtain 

9e 

||g(2x)-4(/(x)||< 



2(2 d - 1 + l)' 

Now applying a standard procedure of direct method [9] to the last inequality, we see that 
there exists a unique quadratic mapping Q ■. X — >• Y which satisfies the equation (1 .3) and the 
inequality 

||g(x)-Q(x)||< :L 



2(2 fl! - 1 + l) 

for all x g X. □ 

The proof of the following theorem is verified by the same way as that of Theorem 3.1 . 
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Theorem 3.2. Let r > and e > be fixed. Suppose that there exists a nonnegative real 
number e for which a mapping f : X ^Y satisfies 

||£?/(ari,X2,---,x d+ i)||<e (3.5) 

for all (d + l)-variables xi,--- , x^+i g X with Yntl \\x%\\ > r. Then there exists a unique 
quadratic mapping Q -. X ^Y which satisfies the equation (1 .4) and the inequality 

3e 



m + v-w-j-vm .^ 



< ^pr-fy (3-6) 



for all x G X. 

We note that if we define 5 d +i = {(xi,--- ,x d+1 ) G X d+1 : ||#i|| < r,Vi = 1,-- ■ ,rf+l} for some 
fixed r > 0, then we have 



(xi,--- ,x d+ 



d+l \ 

G X d+1 : ^ ||xi|| > (d + l)r [ C X d+1 \ S d+1 . 
i=i J 



Thus the following corollaries are immediate consequences of Theorem 3.1 and Theorem 3.2. 

Corollary 3.3. If a mapping / : X — ► y satisfies the functional inequality (3.1) for all vectors 
(xi, • • • ,xd+i) G X^ 1 \ Sd+i, then there exists a unique quadratic mapping Q ■. X — ► Y which 
satisfies the equation (1 .3) and the inequality (3.2) 

Corollary 3.4. If a mapping / : X — ► y satisfies the functional inequality (3.5) for all vectors 
(xi, • • • ,Xd+i) g X d+1 \ Sd+i, then there exists a unique quadratic mapping Q ■. X — ► y which 
satisfies the equation (1 .4) and the inequality (3.6) 

From Theorem 3.1 and Theorem 3.2, we have the following corollaries concerning asymptotic 
properties of quadratic mappings. 

Corollary 3.5. A mapping / : X — ► Y with /(0) = is quadratic if and only if either 

||£>/(xi,--- ,x d+1 )\\^0 
or 

||S/(xi,---,x d+1 )||^0 

__ v^o'+l II II 

as }^i=i \\ x i\\ — ► °°- 

Proof. According to our asymptotic condition, there is a sequence (e m ) decreasing to zero such 
that \\Df(xi,-- ■ ,Xd+i)|| < e m for all (d+ l)-variables xi,--- ,x d +i G X with Ya=i \\ x i\\ - m - 
Hence, it follows from Theorem 3.1 that there exists a unique quadratic mapping Q m : X — ► Y 
which satisfies the equation (1 .3) and the inequality 

||/(x)-Q m (x)||< 2(2( f_ £ - +1) 

for all x £ X. Let m and / be positive integers with m> I. Then, we obtain 

ii/(x)-Q m (x)n< o j_ £ r, - < :V:i 



2(2 d " 1 + 1) ~ 2(2 d ~ 1 + 1) 
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for all x g X. The uniqueness of Qi implies that Q m = Qi for all m > I, and so 

2(2 fl! - 1 + l) 



ll/(x)-g,(x)|| < o , 0(/ _, 



for all x e X. By letting m — >■ oo, we conclude that / is itself quadratic. 

The reverse assertion is trivial. □ 

Corollary 3.6. A mapping / : X — >• Y with /(0) = is quadratic if and only if there exists a 
positive real r > such that either 



sup < \\Df(x 1 ,x 2 , ■■■ ,x d+1 )\\ : y^Hxill > r > 

xi,-,x d+1 I . =1 J 



or 



sup < ||£ , /(xi,x 2 ,--- ,Xd+l) 

Xl,"',X d+1 



d+1 } 

■ ^2 \\xi\\ > r > 
i=i J 



is bounded for all d > 1. 



Proof. Let sup xij ... jX \\Df(xi,x 2 ,--- ,x<i+i)\\ < M < oo for all d > 1. Then for each d > 1, 
there exists a unique quadratic mapping Qd : X — >■ F which satisfies the equation (1.3) and 
the inequality 

||/(x)-g„(x)||< :L1/ 



2(2 d - 1 + 1) 

for all x g X by Theorem 3.1 . Let m be a positive integer with m> d. Then, we obtain 

„ ,/ x ^ / mi 3M 3M 

||/(^)-Qm(x)||<— — T— TT< 



2(2^-1 + 1) - 2(2 d - 1 + l) 
for all x e X. The uniqueness of Qd implies that Q m = Qd for all m with m> d, and so 

M 



||/(x)-g d (ar)||< 



3 ( 2 m-l + !) 



for all i e I. By letting m — »■ oo, we conclude that / is itself quadratic. 

The reverse assertion is trivial. □ 
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ON STATISTICAL FUZZY TRIGONOMETRIC 
KOROVKIN THEORY 

OKTAY DUMAN AND GEORGE A. ANASTASSIOU 



Abstract. In this study, we use regular matrix transformations in the ap- 
proximation by fuzzy positive linear operators, where the test functions are 
trigonometric. So we prove a trigonometric fuzzy Korovkin theorem by means 
of A-statistical convergence, where A is a non-negative regular summability 
matrix. We also study rates of ^-statistical convergence of a sequence of fuzzy 
positive linear operators in the trigonometric environment. 

1. Introduction 

The study of the Korovkin type approximation theory is an area of active re- 
search, which deals with the problem of approximating a function by means of a 
sequence of positive linear operators. In recent years, this theory has been improved 
with the help of two different ways. The first one, statistical approximation, is to 
use the notion of statistical convergence in the approximation by operators. Earlier 
studies show that the statistical approximation enables us to obtain more powerful 
results than the classical aspects (see, for instance, [1, 2, 3, 4, 5]). The second one 
is to obtain fuzzy approximation by fuzzy positive linear operators via the concept 
of fuzzy set theory (see, [6, 7, 8, 9, 10]). Our primary interest of the present paper 
is to combine these ways: statistical approximation and fuzzy approximation. So, 
we obtain a statistical fuzzy Korovkin-type approximation theorem and compute 
its statistical rates in the approximation. Here the test functions are trigonometric. 
We should note that, as a rule, neither limits nor statistical limits can be calculated 
or measured with absolute precision. To reflect this imprecision several approaches 
in mathematics have been developed: fuzzy set theory, fuzzy logic, interval analysis, 
set valued analysis, etc. 

We first collect some basic definitions and results used in the paper. 

A fuzzy number is a function fi : R — > [0, 1], which is normal, convex, upper 
semi-continuous and the closure of the set supp(/i) is compact, where supp(/i) :— 
jiel: fi(x) > 0}. The set of all fuzzy numbers are denoted by M.^. Let 



[/i] u := {iel: fi(x) > 0} and [/i] r :={i£l: n{x) > r}, (0 < r < 1). 

Then, it is well-known [11] that, for each r € [0,1], the set [fi] r is a closed and 
bounded interval of R. For any u, v <E R.y and A e 1, it is possible to define 
uniquely the sum u © v and the product uQ v as follows: 

[u © v] r = [u] r + [v] r and [A v} r = \[u] r , (0 < r < 1). 



Key words and phrases. Statistical convergence, statistical rates, fuzzy positive linear opera- 
tors, trigonometric functions, trigonometric fuzzy Korovkin theory, fuzzy modulus of continuity. 
2000 Mathematics Subject Classification. 26E50, 41A25, 41A36. 
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Now denote the interval [u] r by [u^ r \u^ ], where u^ < u^' and u^ r \uf' <G R for 
r <G [0, 1]. Then, for u,v € Rjr, define 

u < v <&■ u {r) < v (r) and u^ < v { + ] for all < r < 1. 



Define also the following metric I? : Rjr x Rjr — ► R + by 
D(u, v) — sup max < 



re[0,l] 



W (r) 



(r) (r) 



In this case, (M.j?,D) is a complete metric space (see [12]). Let /, g : R — > R^r be 
fuzzy number valued functions. Then, the distance between / and g on R is given 

by " 

£>*(/,£) = sup sup maxf /M- 3 M , /| r) - 5 <_ r) }. 

i€lr€[0,l] L " J 

In this article we consider that j — > oo. Let if be a subset of N. Then, the 
(asymptotic) density of K is defined by 

J(jQ:=]im # < W ^. ! " € *> 

provided the limit exists, where the symbol # {i?} denotes the cardinality of a set 
B. Using this density Fast [13] introduced the notion of statistical convergence of 
number sequences as follows: {x n ) ne ^ is statistically convergent to a number L if, 
for every e > 0, the set {neN: \x n — L\ > s} has density zero, i.e., 

5({neN:\ Xn -L\>e}) = \im # {n ^ j:lXn - L ^ £} =0. 

3 J 

Now let A = (a,j n ) be an infinite summability matrix. Then, the ^-transform of 
x, denoted Ax :— ((Ax)j), is given by (Ax)j = Y^=i a jn x n, provided the series 
converges for each j. We say that A is regular if lim.j(Ax)j — L whenever linij Xj — 
L [14]. Assume now that A is a nonnegative regular summability matrix and K is 
a subset of N. The A-density of K is defined by 



S A (K) :=lim^ a 



3 n£K 

provided the limit exists. Observe that if we take A = C\ = (Cj n ), the Cesaro 
matrix of order one, defined by 

j -, if l<n< j 

I 0, otherwise 

then Sc 1 (K) = S(K) for any subset K of N. With the help of the A-density, 
Freedman and Sember [16] introduced the notion of A-statistical convergence, 
which is a more general method of statistical convergence. Recall that the se- 
quence (x n ) ne fi is said to be A-statistically convergent to L if, for every e > 0, 
SaIti € N : \x n — L\ > e} — 0; or equivalently 

lim 2_. a jn = 0. 

n: \x n — L\>e 

This limit is denoted by stA — hm„ x n = L. It is not hard to see that if we take 
A = C\, then C\ -statistical convergence coincides with the statistical convergence 
mentioned above. If A is replaced by the identity matrix, then we get the ordinary 
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convergence of number sequences. We also note that if A = (a,j n ) is any nonnega- 
tive regular summability matrix for which liim, max n {aj n } = 0, then A— statistical 
convergence is stronger than convergence (see [17]). Actually, every convergent 
sequence is ^-statistically convergent to the same value for any non-negative reg- 
ular matrix A, but its converse is not always true. Some other results regarding 
statistical and A-statistical convergences may be found in the papers [18, 19]. 

Now let (/x n ) ng N be a fuzzy number valued sequence. Then, Nuray and Sava§ [20] 
introduced the fuzzy analog of statistical convergence by using the fuzzy metric D* 
instead of the classical absolute value in the above definition. So, by a similar idea, 
one can obtain the following definition of ^4-statistical convergence of fuzzy valued 
sequences. We say that (/U„)neN is ^-statistically convergent to fx € Ry, which is de- 
noted by stj^ — lim„ D(/j, n , n) = 0, if for every e > 0, 5a {{n € N : D(jj, n ,n) > e}) — 
0, i.e., 

lim \ a,j n = 

holds. Of course, the case of A = C\ immediately reduces to the statistical conver- 
gence of fuzzy valued sequences. Also, replacing A with the identity matrix, we get 
the classical fuzzy convergence introduced by Matloka [21]. 

2. Statistical Fuzzy Trigonometric Korovkin Theory 



In this section we prove a fuzzy trigonometric Korovkin-type approximation 
theorem by means of A-statistical convergence. In order to show that our result 
is stronger than its classical case we display an example of fuzzy positive linear 
operators by using fuzzy Fejer operators. 

Let / : R — ► Ry be fuzzy number valued functions. Then / is said to be fuzzy 
continuous at Xo g R provided that whenever x n — > xo, then D (/(x n ), /(xo)) — ► oo 
as in oo. Also, we say that / is fuzzy continuous on M. if it is fuzzy continuous 
at every point i£l. The set of all fuzzy continuous functions on M. is denoted by 
Cy(R) (see, for instance, [7, 9]). Notice that Cy(M) is only a cone not a vector space. 
By C\ v (R) we mean the space of all fuzzy continuous and 27r-periodic functions on 
R. Also the space of all real valued continuous and 27r-periodic functions is denoted 
byCW(K). 

Assume that / : [a, b] — * My is a fuzzy number valued function. Then, / is said 
to be fuzzy-Riemann integrable (or, i^_R-intcgrable) to J € Ry if, for given e > 0, 
there exists a 6 > such that, for any partition P = {[m,v];£} of [a, b] with the 
norms A(P) < 6, we have 

Df0(t,- U )0/(O,/J <e. 

In this case, we write 

b 

I := (FR) ff(x)dx. 

a 

By Corollary 13.2 of [10, p. 644], we conclude that if / G Cyr[a, b] (fuzzy continuous 
on [a, b]), then / is _Fi?-integrable on [a, b]. 
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Now let L : Cjf(R) — > Cyr(M.) be an operator. Then L is said to be fuzzy linear 
if, for every Ai, A 2 € R, /i, /2 € C^-(K), and a; G K, 

i (Ai A A 2 / 2 ; x) = Ai L(/i; a;) © A 2 L(/ 2 ; a;) 

holds. Also L is called fuzzy positive linear operator if it is fuzzy linear and, the 
condition L(f;x) < L(g;x) is satisfied for any f,g <E (7y(R) and all x G R with 
/(«)=< ff(x). 

Throughout the paper we use the test functions /, (i = 0, 1, 2) defined by 

fo(x) = 1, /i(x) = cosx, / 2 (x) = sinx. 

Then, we get the following result. 

Theorem 2.1. Let A — (aj„) be a non-negative regular summability matrix and let 
{in}neN be a sequence of fuzzy positive linear operators defined on C 2 „. (R). As- 
sume that there exists a corresponding sequence {L n } ne ?j of positive linear operators 
defined on C 27r (R) with the property 



(2.1) 



{i„(/;a;)}M=Z„(/i r) ;x 



for all x G [a, b], r G [0, 1], n G N and f e C^iR). Assume further that 



(2.2) 



stA — lim 



L n \fi) fi 



— /or each i = 0, 1, 2, 



t/ie symbol \\g\\ denotes the usual supremum norm of g G C 27r (lR). Then, for all 
/eC^'fl), we /iave 

s^-limD* (£„(/), /)=0. 



Proof. Suppose that / is a closed bounded interval with length 2ir of R. Now let 



/ G c£ } (R), .x G 7 and r G [0,1]. Taking [/(a;)]« = [/«(z), /j r) (aO 
/± G C 27r (R). Hence, for every e > 0, there exists a <5 > such that 



we get 



(2.3) 



f£\y)-fi r \x) 



< £ 



for all y satisfying \y — x\ < S. On the other hand, by the boundedness of f± 



(r) 



(2.4) 



f(r) 



/i"(y)-/i"(x) 



M, 



< 2 



(r) 



holds for all y G R. Now consider the subinterval (x — (5, 27r + x — S] with length 
2-7T. Then, by (2.3) and (2.4), it is not hard to see that 



(2.5) 



/£>(»)- /£>(*) 



< e + 2MJT> ^ 



sm 



2 ,5 



holds for all y G (a; - S, 2-n + x — S], where ip(y) := sin 2 ( IL 2 £ ) and Mj! 



M ._ 



fi r) 



Observe that inequality (2.5) also holds for all y G R because of the periodicity 
of f±' (see, for instance, [15]). Now using the linearity and the positivity of the 
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operators L n and considering inequality (2.5), we may write, for each n € N, that 



L 



n (fP;x)-f£\x) 



< L n 



+M£ r) 



f£\y)-f£\x) 
L n {fo;x) - fo(x) 



< £■ 



M. 



(r) 



L„(fo;x) - fo(x) 



2M. 



(r) 



sin 



2 S 



L n (<p;x) 



Hence, we obtain that 



(fP;x)-f£\x) < e 



e + M { ± ] 



2M<£ ] \ - 

L„(fo;x) - fo(x) 



2M { 1 ] 
+ ^n T J 

2M { ± ] 



sin 2 I 

L n (fi;x) -/i(. 
L n (f2;x) - fi{x 



x 



'M/ 



Setting ^(e) := e + M± 
see that 



(r) 



2..U 



(r) 



and taking supremum over x G R, we easily 



(2.6) 



/£> 



/i r) 



+ L n {.h)-h 



L n (/o) - fa 

Ln(f 2 )-f2 } 



Now it follows from (2.6) that 



D*(L n (f),f) = sup D (L n (f- x) J (x)) 



sup sup max] L n ( / (r) ; x ) - f {r) {x) 

i€lr€[0,l] L V ~ ' 



sup 

r€[0 



L n (fl r) :x)-tt\x)\} 
p max {|Z„ (/M) -/M|,|L„ (/«)-/«!}. 



Therefore, combining the above equality with (2.6), we have 



(2.7) 



D*(L n (f),f) < e + K(e){ L n (f )-fo + Z„ (/i) - /i 
+ L n (f 2 )-f 2 }, 



338 



OKTAY DUMAN AND GEORGE A. ANASTASSIOU 

where K(e) :— sup max< K( r \e),K+'(e) >. Now, for a given e' > 0, chose e > 

re[o,i] *• ' 

such that < e < e', and consider the following sets 

= {n€N:D*(L n (f)J)>s'}, 



U 
U : = i n £ N 

U x : = \ n £ N 

U 2 : ={,,£ K 
Then inequality (2.4) gives 



L n (/o) — /o 

in (A) - Si 
Ln (h) - h 



> 



> 



> 



3K(e) 
e'-s 
3K(e) 
e'-e 
3K(e) 



UCUoU^U U 2 , 
which guarantees that, for each j £ N, 



/ j a jn — / j a jn "r / , a jn 



n£U 



neUo 



neUi 



n£U 2 



If we take limit as j — > oo on the both sides of inequality (2.6) and use the hypothesis 
(2.2), we immediately see that 



lim Y^ o,j 



0. 



neu 



whence the result. 



□ 



Concluding Remarks. 

1. If we replace the matrix A in Theorem 2.1 by the Cesaro matrix C'i, we 
immediately get the following statistical fuzzy Korovkin result in the trigonometric 
case. 

Corollary 2.2. Let {L n } ne m be a sequence of fuzzy positive linear operators de- 
fined on C\ v (K), and let {L„}„ s n be a corresponding sequence of positive linear 
operators defined on C^-n-^) with the property (2.1). Assume that 



st — lim 



L n \fi) — fi 



for each i = 0, 1, 2. 



Then, for all f £ C 27T (K) , we have 

st-limD*(L n (f),f) = 0. 

n 

2. Replacing the matrix A by the identity matrix, one can obtain the classical 
fuzzy Korovkin result which was introduced by Anastassiou and Gal [9]. 

Corollary 2.3 ([9]). Let {L n } ne jq be a sequence of fuzzy positive linear operators 
defined on C\ v (R), and let {L n } ne ^ be a corresponding sequence of positive lin- 
ear operators defined on C^QR) with the property (2.1). Assume that the sequence 
{L n (fi)} n £fi is uniformly convergent to fi on the whole real line (in the ordinary 
sense). Then, for all f £ C 27T (K), the sequence {i ra (/)}neN is uniformly conver- 
gent to f on the whole real line (in the fuzzy sense). 
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3. Now the following application shows that our A-statistical fuzzy Korovkin- 
type approximation theorem in the trigonometric case (Theorem 2.1) is a non-trivial 
generalization of its classical case (Corollary 2.3) given by Anastassiou and Gal [9]. 

Let A = {a,j n ) be any non-negative regular summability matrix. Assume that K 
is any subset of N satisfying 5a{K) = 0. Then define a sequence («„) n gN by: 

(2 8) u -{ ^' if U G K 

(Z - b > Un ~ \ 0, iineN\K. 

In this case, observe that (u n ) n eN is non-convergent (in the ordinary sense). How- 
ever, since for every e > 

lim ^2 a jn = lim ^ a yn = Sa(K) = 0, 

n:\u n \>e n£K 

we have 

(2.9) stA — limu„ = 0, 

n 

although the sequence (it„)„ e N is unbounded from above. Now define the fuzzy 
Fejer operators F n as follows: 

(2-io) F n «; x) = 1 | (FR)jm ^[(^] dy > ■ 

where n € N, / € C^ (K) and x <G R. Then observe that the operators F n are 
fuzzy positive linear. Also, the corresponding real Fejer operators have the following 
form: 

— 7T 

where f^ e C 27r (IR) and re [0,1]. Then, we obtain that (see [15]) 

F n {fo]x) = 1, 

~ ?7, — 1 

F n (f 1 ]x) = cos a;, 

n 

~ 7Z — 1 

F n {h;x) = sin a;. 

n 

Now using the sequence (w re ) n£ N given by (2.8) we introduce the following fuzzy 
positive linear operators defined on the space Cv^ (R) : 

(2.11) T n (f;x) = (l + u n )QF n (f;x), 

where n G N, / € C^ (K) and x <G R. So, the corresponding real positive linear 
operators are given by 

,(r). \ ._ l + Un [ f f A sin 2 (§(y-a;)) 



r " ( y " ' : ''') = ^^~ ' /±(y) 2sin 2 [(^)] ^' 
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f(r) 



where f ± ' G C 27r (K). Then we get, for all n e N and x e K, that 



T n (A) - /o 




= 


^n? 




f n (A) - A 




< 


. 1 + M« 

u n + 

n 


r„ (A) - A 

t 




< 


. 1 + u n 
u n + 

n 


si^ — lim 

n 


J- n 


(A) 


-A 


= 0. 



It follows from (2.9) that 

(2.12) 

Also, by the definition of (w„)„ e N we have 

lim = 0, 

n n 

which yields, for any non-negative regular matrix A = (aj n ), that 



stA — hm = 0. 

n n 



(2.13) 

Now by (2.9) and (2.13) we easily see that, for every e > 0, 



lim 

3 



y a,j n < lim 2_. a jn + hm / 



n:||T' n (/i)-/i||>e n:|«„|>| 

So we get 

(2.14) st A -lim f n (A)-A 

n 

By a similar idea, one can obtain that 



(2.15) 



stA — lim 



Tn (A) - A 



= 0. 



= 0. 



Now, with the help of (2.12), (2.14), (2.15), all hypotheses of Theorem 2.1 hold. 
Then, we conclude, for all / e C\^ (ffi), that 

st A - lim D*(T n (f) J) = 0. 

n 

However, since the sequence (u„)„ e pj is non-convergent and also unbounded from 
above, the sequence {7 n „(/)}„ eN is not fuzzy convergent to /. Hence, Corollary 2.3 
does not work for the operators T n defined by (2.11). 

3. Statistical Fuzzy Rates 

In the classical summability settings rates of summation have been introduced 
in several ways (see for instance, [22, 23, 24]). The concept of statistical rates of 
convergence, for nonvanishing two null sequences, is studied in [23]. Furthermore, 
various ways of defining rates of convergence in the A-statistical sense have been 
introduced in [3] as the following way. 

Let A = {aj n ) be a non-negative regular summability matrix and let (p rl )„ e N be 
a positive non-increasing sequence of real numbers. Then 
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(a) A sequence x — (x n ) is ^-statistically convergent to the number L with the 
rate of o(p n ) if for every e > 0, 

lim — > a,„ = 0. 

i Pi 

n:\x n —L\>e 

In this case we write x n — L = stA — °{Pn) as n ~ * oo. 
(6) If for every e > 0, 

sup — 2_^ a jn < °°7 
j Pj n:\x n \>s 

then (x n ) ra6 N is A— statistically bounded with the rate of 0(p n ) and it is 
denoted by x n = stA — 0(p n ) as n — > oo. 
(c) (x„)„ e N is -4-statistically convergent to L with the rate of o m (p n ), denoted 
by X n — L = siyi — o m (p n ) asm oo, if for every e > 0, 



lim >_, a jn = 0- 



n:\x n — L\>ep n 

(d) (x n ) rlG N is A-statistically bounded with the rate of O m (p n ) provided that 
there is a positive number M satisfying 

lim y^ aj n = 0, 

n:\xn\>Mp n 

which is denoted by x n — stA — O m (p n ) as n — > oo. 

Notice that, in definitions (a) and (6), the "rate" is more controlled by the entries 
of the summability method rather than the terms of the sequence (x n )neti- But, in 
order to see the effect on the terms of the sequence we need the definitions (c) and 
(d), respectively. We should also remark that, for the convergence of fuzzy number 
valued sequences or fuzzy number valued function sequences, we have to use the 
metrics D and D* instead of the absolute value metric in all definitions mentioned 
above. 

Let / € C^. (R) . Then the (first) fuzzy modulus of continuity of /, which is 
introduced by [10] (see also [7, 9]), is defined by 

wf\f,S):= sup D(f(x)J(y)) 

i,i/el; \x-y\<5 

for any S > 0. With this terminology, we have the following result. 

Theorem 3.1. Let A — (a jn ) be a non-negative regular summability matrix and let 
{L„}„ G N be a sequence of fuzzy positive linear operators defined on C\^ (M). Assume 
that there exists a corresponding sequence {L„}„ s n of positive linear operators on 
C27r(K) with the property (2.1). Suppose that (a„)„ e N and (b n ) n en are positive non- 
increasing sequences and also that the operators L n satisfy the following conditions: 

(i) L n (f )-fo = stA-o{a n ) asn->oo, 



(ii) w\ (/, n n ) — stA — o(b n ) as n — ► oo, where \i n — */ L n (ip) and <p(y) 



sin 2 ( l ^2^) for each x <G 
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Then, for all f <G C 2t . (R) , we have 

D* (£„(/),/) = st A - o(c n ) as n — > oo, 

where c n :— max{a„,6„} for each n e N. Furthermore, similar results hold when 
little "o" is replaced by big "O" . 

Proof. Let / G C^ (IR). Then, using the property (2.1) and applying Theorem 4 
of [9], we immediately see, for each n £ N, that 

D* (L„(/), /) < M |X„ (/ ) - / || + |L„ (/o) + /o|| wf } (/,M n ), 

where M := £>* (/, X{o} ) an d X{o} denotes the neutral element for ©. It follows 

from the above inequality that 

(3.1) 

D* (£„(/),/) < M \l n (/„) - /o|| + \l n (/„) - / || wf\f^ n ) + 2wf\f^ n ) 
holds for each n € N. Now, for a given e > 0, consider the following sets: 
V : ={neN:J}*(L„(/),/)> £ }, 
= jneN 



Vo 
Vi 

V 2 
V 3 



>— 1 

- 3MJ 



= <n€N 



Ln (/o) - /o 
L n (/o) - /o 

= {neN:w[ :F \f, f i n )> £ -}. 



Hence, inequality (3.1) implies that V C Vo U V\ U V2 U V3. Then we may write, for 
each j e N, that 

(3- 2 ) — Yl a i n - ~ Y a i n + ~ Y a i n + ~~ Y a i n + ~ Y "J"' 

C"i L") L"} ^-"7 *~"7 

J n£V ■> neVa J neV{ J nEV{' J n£V 2 

Also using the fact Cj — max{aj,&j}, we obtain from (3.2) that 



(3.3) 



1 ^ — A 1 ^ — A 1 ^ — "V 1 ^ — "V 1 ^ — "V 

77 Z^ a i n — 77 Z^ a i n + 777" Z^ a i n + 777 Z^ a i n + 777 Z^ a -?"' 



nev 



1 neVa 



n£V' 



nSV/' 



J nev 2 



Therefore, letting j — > 00 on the both sides of inequality (3.3) and using the hy- 
potheses (z) and (iz), we conclude that 



lim — 2_. 



3 c 



0, 



nev 



which means that 



st A -limD*(L n (f),f)=0 

n 

for all / e C^QR). 

The above proof can easily be modified to prove the following analog. 



□ 
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Theorem 3.2. Let A — (cij n ) be a non-negative regular summability matrix and 
let {i n } ra6 pj be a sequence of fuzzy positive linear operators on C\ v (R). Assume 
that there exists a corresponding sequence {L n } ne m of positive linear operators on 
C2tt(K) with the property (2.1). Suppose that (a„)„ 6 N and (6 n )neN are positive non- 
increasing sequences and also that the operators L n satisfy the following conditions: 

(i) L n (f ) - /o = st A - o m (a n ) as n —> oo, 

(m) w\ (/, jj, n ) — stA — o m (b n ) as n — > oo, where \i n is given as in Theorem 
3.1. 

Then, for all f £ C 27T (K) , we have 

D* (L n (f),f) = stA - o(dn) as n^ oo. 

where d n := max{a„, b n , a n b n } for each n G N. Furthermore, similar results hold 
when little "o m " is replaced by big "O m " ■ 
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THE LAGRANGE - POINCARE EQUATIONS FOR A 
REFINEMENT OF A PRINCIPAL GP{n; R) - BUNDLE 

GHEORGHE IVAN, MIHAI IVAN and DUMITRU OPRI§ 

ABSTRACT. In this paper the geometric structures defined on the refinement of a principal 
bundle determined by the factorization of the projective group are studied. For this refinement 
the Poisson structure, the Lagrange - Poincare and Wong equations are written. 

Introduction 

The paper consists of three sections. In the first section we present some definitions and 
results developed in [2] concerning the geometry of the manifold TQ/G. The manifold 
TQ/G is isomorphic with T(Q/G) © Q by the isomorphism a A o associated to a 
connection A . The brackets on the vector fields of X(Q/G) © Sect{Q ) and the 
Poisson structure on T*(Q) © Q G are presented. We associate the reduced of a G - 
invariant Lagrangian for which the Lagrange - Poincare equations are written. 

The second section deals with refinements of a differentiable principal bundle defined 
by closed subgroups of the structure group. Also, we define the reduced bundles associated 
to a refinement of a principal bundle. In the Section 3 is used the theory of reduction 
described in the first section for the fibre bundles which constitute a refinement of a 
principal bundle having the projective group as structure group. 

Throughout the paper all manifolds are of finite dimension and whitout boundary. All 
maps are differentiable of C°° - class. We use the definitions and results about the fibre 
bundles and connections defined on manifolds given in [1], [4] and [5]. Notations used are 
the same as those in [2] and [6]. 

1. The reduced bundle of a principal G - bundle and the reduced 

Lagrangian. 

We assume that we have the following set up: a manifold Q and an action of the Lie 
group G on Q, say p : G x Q — ► Q. 

If ttq '■ Q — ► Q/G is a left principal bundle and the Lie group G acts differentiably 
on the manifold F on the left, then the associated fibre bundle with standard fibre F 
is, by definition, Q Xg F = {Q x F)/G, where the action of G on Q x F is given by 
a(q, y) = (aq, ay), (V) q £ Q,y £ F,a £ G. Also, Tip : Q Xq F — ► Q/G is a ( left ) fibre 
bundle with structure group G. 

Let Q the Lie algebra of the Lie group G. The associated bundle with standard fibre 
Q, where the action of G on Q is the adjoint action is called the adjoint bundle ( here 
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F = g, p g = Ad g ,g G G ) and it is denoted by Q G = Ad G {Q)^ We let n G : Q -► Q/G 
denote the projection given by 7Tg([(7>£]g = [<?]g- Each fibre ^ of £? G carries a natural 
Lie algebra structure defined by [ [<?, £]g, [q, v]g ] = [ q, [£, v\g ]■ 

Let TQ be the tangent bundle on Q. An element of T q Q will be denoted by 
v q , u q , ... or by (q, q). The tangent lift of the action of G on Q defines an action of G 
on TQ and we can form the quotient (TQ)/G =: TQ/G. There is a well defined map 
tq : TQ/G — ► Q/G induced by the tangent of the projection map n G '■ Q — ► Q/G 
and given by [v q ] G -»■ [g]G- The rules [u g ] + [u q ]G = [v q + u q ]o and A[v ? ]g = [Av ? ]g, 
where A E R, v 9 ,it g G T^Q and [v<j]g and [u q ] G are their equivalence classes in the 
quotient TQ/G define a vector bundle structure on TQ/G having the base Q/G. The 
fibre (TQ/G) X is isomorphic, as vector space, to T q Q, for each x = [q] G - 

Let a connection A on Q given by one form A : TQ — ► £ with the properties: 

(1) ^ G (^) = £, for all e e a; 

(2) A (T q pg ■ v) = Ad g (A (v)), where A<i 9 is the adjoint action of G on Q. 

The restriction of a connection to T g Q is denoted A G and the vertical and horizontal 
space defined at q G Q is Ver^ = KerT q 7r G , Hor q = A G 

The curvature of A , denoted by J5 is a Lie algebra valued two form on Q 
given by: 

B AG {u q ,v q ) = dA G {Hor q {uq),Hor q {vq)). 

We assume that we have a connection A on the bundle ir G '■ Q - ► Q/G. The map 
a A a : TQ/G -► T(Q/G) £ G defined by 

«Ac([g, ?]g) = Tir G (q, q) © [g, A G (q, q)] G 

is a well defined vector bundle isomorphism. 

Let TQ = Hor{TQ) © Ver{TQ) be the decomposition into horizontal and ver- 
tical parts. Since the bundles Hor(TQ) and Ver(TQ) are G- invariant we have 
TQ/G = Hor(TQ)/G ®Ver(TQ)/G. We have that 

a AG (Ver(TQ)/G) = T(Q/G) and a A a{Ver{TQ)/G) = Q G . 

Let lq{TQ) : Iq{TQ) — ► Q/G be the vector bundle whose fibre (i G (TQ)) ~ 1 (x) at 
an element x = [q] G E Q/G is the vector space of all invariant vector fields on Q along 
n G . That is, an element of I G {TQ) is a vector field, say, Z, defined only at points 
g£f G (x), that is Z(q) E TQ for all q G tt g (x) such that gZ = Z, (V) g G G. 

We also let t G {TQ) v : Jg(TQ) -► Q/G ( resp., l g {TQ) h : /f ( T( 5) ^ Q/ G 
) be the vector bundle whose fibre (^(TQ^) -1 ^) ( resp., (ic;(TQ)^)~ 1 (x) ) at an 
element x = [§]g G Q/G is the vector space of all vertical ( resp., horizontal ) invariant 
vector fields on ir G . That is, an element of Iq{TQ) ( resp., Iq(TQ) ) is a vector 
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field, say, Y ( resp., X ) on the manifold ir G (x) such that gY = Y, (V) g G G 
( resp., gX = X, (V) g G G ). We call l g (TQ) v : /£(TQ) -► Q/G ( resp., 
lq(TQ) : I~(TQ) — ► Q/G ) the vertical ( resp., horizontal ) invariant bundle. 

Let Sect(lQ (TQ)) and Sect(I(y(TQ)) the Lie algebra of sections of the horizontal 
and vertical invariant bundle, respectively. The map T^g establishes a well defined iso- 
morphism between Sect(lQ (TQ)) and X(Q/G). We can deduce that there are natural 
identification 

Sect(T(Q/G) © g G ) = ^(Q/G) Sect(g G ). 

Given the basis {e a \ a = l,p } for the Lie algebra Q for which {C^ c } are the 

d 

structure constants, we obtain the local basis { j—^,e a } for txq : TQ/G — ► Q/G and 

{e a } for l£(TQ) -► Q/G such that [e a , e 6 ] = X G^e c . 

Let { Af(x) } the local functions on Q/G for the connection A defined for 
ttg '■ Q ~^ Q/G. The corresponding covariant derivative V £ of a section £ = £ a e a 
of 4(TQ) reads V A ° £ : Q/G -► T*(Q/G) ® I%(TQ), 

v AG e =(^ + G fe a c Af fe r)^®e a 
and if le X(Q/G), then V^ G £ is given by 



VfC =^(|g + G^f 6 a 



In particular, we have 

(1.1) Vfe a = C c ba A Gb e c . 

The curvature B is given by B = -B^dx 1 A dx- 7 <8> e a , where 

~ cL4 Ga 4 Ga 

(1.2) Bg" = -^f'i^ + ^AtAf. 

Let Xi © ^ € Sect(T(Q/G) ®Q G ), i = l,2 be given two sections. Then 

[*i ©£i,* 2 ©&] = [^1,^2] © v£& - v^6 - b aG (x 1 ,x 2 ) + &,&]. 

3 

For { — — © e a , i = l.n, a = l.p } we have 
ox 1 






Let (x l , x l , £ a ) the local coordinates of TQ © Q G and (x i ,Pi,/j, a ) the local coordi- 
nates of T*Q © Q* . The structure Poisson on T*Q © G* is given by 
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(L4) A =w A dpr B ^ ^w, A wr 

-CL» d A? c Wi A — + C^ c — A — . 

Let L : TQ — ► R be an invariant Lagrangian, that is L(g(q,q)) = L(q,q), 
for all (g, g) G TQ, g & G. Because holds this invariance, we get a well defined reduced 
Lagrangian l G :TQ/G — ► R satisfying the relation Z G ([g, g]c) = L(g, g). 

We will consider / as a function defined on T(Q/G) © i? or TQ/G interchange- 
ably, using the isomorphism a A a. Also, we will write l G \qc , <7g > > to emphasize the 
dependence of / G on (qG,QG) € T(Q/G) and £ £ G G . 

The vertical resp., horizontal Lagrange-Poincare equation for Z G is given by (1.5.1) 
resp., (1.5.2): 

D A °dl G . . ^dl G 

~Df^O, qG ,0 = ad^ 

di G . ., d aG az G 



(1.5.1) ^-^-(9G,9G,0 = adl^—(q G ,q G ,0, t £ G G 



( L5 - 2 ) ^r(9 9 ,9G,0 — ^r^r(<iG,qG,0 



dl G ~ g ~ 

=< ^r{qGAG,i,H G B A (qa)>, £ e £ G 

In local coordinates the equation (1.5.1) resp., (1.5.2) becomes : 

<L6 - 1) Jt { W' ] = % {cte ~ clA?v) 

Let ji a metric G - invariant on Q and m the metric on Q/G given by : 

(1.7) m G (u qG ,v qG ) = fi(u q ,v q ), q G G G/G, q G Q, 

where u q ,v q are the horizontal vectors for the connection A . 

Let k g the bi-invariant Riemannian on G and the Lagrangian 
L : TQ — ► R given by: 

(1.8) L G (g, g) = K G (,4 G (g, g), ,4 G (g, g) + -/i((g, g), (g, g))). 

This Lagrangian is G -invariant. An element of Q has the form (g, £)g, where q€Q 
and £, £ Q. since k is bi-invariant follows that its restriction to G is Ad -invariant 
and so we can define the fiber metric k g on G by « (((/, £)<?> (QiV)g) = K G (£,,r]). 

The reduced bundle is T(Q/G) © <? G and a typical element of it is denoted (x, x, £). 
The reduced Lagrangian is given by: 

(1.9) Z G (x, x, = ^ G (£, + ^(x)(x, x). 
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The vertical resp., horizontal Lagrange- Poincare equation is (1.10.1) resp., (1.10.2): 

;i.io.i) ^ G (£,e) = o 

F)1 G D f)l G f)I G ~ 

;i.l0.2) °^(x,x,0 - —?L( x ,x,0 =< ™-(x,x,0,i±B G (x) > 
ox Dt ox ot, 

The equations (1.10.1) and (1.10.2) are the first and the second Wong's equation. 
Locally, the expression of the Lagrangian I is the following: 



XIX x J . 



The local expression of the vertical resp., horizontal Lagrange-Poincare equation is 
given by (1.12.1) resp., (1.12.2): 

(1.12.1) ^ = -p a C a db Af d ±\ where Pa = ?j^ = Kab ? 
(1-12.2) —£■ = -paBffx 3 - --Q-r-pjPk, where pi = gijX 3 . 

2. The reduced bundles associated to a refinement of a principal G - bundle. 

Let G be a Lie group and J\f q = (G = Hq D Hi D . . . D H q _\ D H q = {e}) ( e is 
the identity element of G ) a sequence of Lie groups such that Hj is a closed subgroup 
of Hj-i for 1 < j < q. Let (£,A/"g) be a structure consisting of a differentiable principal 
G - bundle £ = (E,p, B, G) and J\f q a sequence of closed subgroups of G. 

Let Ej = E/Hj, j = 07^, H{ = Hj/H k and G j k = Hj/N jk for < j < k < q, 
where Nj k is the largest normal subgroup of Kj included in H k and Hj/Nj k is the 
factor group of Hj by Njk- Finally, let pj k : zH k e E k — ► zHj £ Ej, (Y)z € E for 
< i < j < 2, the canonical map. 

The pair (£,A/" g ) defines the fibre bundles ( see [6], MR 53 # 4058 ): 
Zjk = (E k ,p jk ,Ej,Hl,G{) ,0<j<k<q. 

The triplet (£;£oj,£jg), where £oj = (Ej,p 0j , B, rfj,G?j), £ jq = (E,p jq , Ej, Hj) is 
called the refinement of £ defined by Hj. We have that £jg is a principal -ffj - bundle 
for all < j < q. 

When q = 2 and H\ = H, the refinement of £ defined by H is the triple 
(6 £01,62) with d 01 = (E/H,p 01 ,B,G/H,G/N) and £12 = (E,p 12 ,E/H,H), where 
TV is the largest normal subgroup of G included in i^. This structure can be find in [4] . 

EXAMPLE 2.1. ([6]) Let f = (L n M,p = ir L , M, GL{n; R) be the principal bundle 
of tangent linear frames to n - manifold M. We consider the sequence A/J = (G = 
GL{n;K) D H = GT(n; R) D {e}), where GT{n; R) = { (a)) G GL{n; R) | a* = 
for i > j } is the subgroup of upper triangular matrices. 
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The refinement of £* denned by GT(n; R) is (£*;£oii£i2)j where £qi = 
(V n M,p 01 ,M,GL(n;R)/GT(n;'R),GP(n - 1;R)) is the fibre bundle of tangent flags 
to M and Q 2 = (L n M,p 12 ,V n M, GT(n; R)). Here V n M = L n M/GT(n;R) is the 
manifold of tangent flags to M and GP{n — 1;R)) = GL(n; R)/.D(n; R) is the real 
projective group of order n — 1, since the largest subgroup normal subgroup of GL(n; R) 
included in GT(n; R) is £>(n;R) = { (A(5j) | (V) A G R }. □ 

REMARK 2.1. (i) If # is a closed subgroup of G such that A = {e}, then 
the refinement of £ = (E,p, B,G) defined by i7 is (£;£oi>£i2), where £oi = 
(E/H,p 01 ,B,G/H,G) and £ 12 = (E,p 12 ,E/H,H). 

(ii) If i? is a normal closed subgroup of G, then the refinement of £ = (E,p, B, G) 
defined by H is a refinement (£;£oi>£i2)j where £oi = (E/H,poi,B,G/H) and 
£12 = (E,pi2,E/H, H) are principal bundles .□ 

EXAMPLE 2.2. Let M be a n - manifold and (T(M),vr T , M, R n , GL(n; R)) be the 
fibre bundle of tangent vectors on M. 

By affine frame at x G M we mean a triple u = (x,y,z), where (y,z) G 7r^ (x) x 
7r^ (x). We denote by A n M the set of affine frames on M endowed with the differentiable 
structure canonically induced from the differentiable structure of M. In a local chart of 
M, an affine frame at x G M is given by: 

(2.1) y = f(^U *i = *}(^).> **(*})* o _ 

and the local coordinates of u = (x,y,z) G „4 n M are (x l ,y l ,z l j), i,j = l,n. 

Let be the affine group GA(n; R) = { f \ ° ) G GL(n + 1;R) | det(g)) / }. 

The action of the Lie group G = GA(n; R) on the manifold A n M is defined by the 
right translations Tt a ,g) '■ G x A n M — ► A n M, (V) (a, g) G G with a = (a 1 ) G R n , g = 
(<7J) G GL(n; R) where: 

(2.2) ((a,#),u) -► (T( 0)g )(u) = (x,y + za,z#) for all u = (x,y, z) G A n M. 

Let 7/ = (A n M,pA,M, GA(n;R)) be the principal bundle of affine frames to an 
n - manifold M, where pa '■ AnM — > M is the canonical projection given by 
7?a("u) = x, (V) u = (x,y,z) G ^l n M. We consider the sequence J\f 2 = (GA(n; R) D 

T(n; R) D {e}), where T(n;R) = {( j ™ ) }• Since T(n; R) is normal in G, apply- 
ing Remark 2.1. (ii), the refinement of 77 defined by T(n; R) is (77; 7701,7712), where 7/01 = 
(A t M/T(n;R),jj 01 ,M,GA(n;R)/T(n;R)) and 7712 = (A n M, pj 2 , A n M/T(n; R),T(n; R)). □ 

Let G; be a manifold and G a Lie group which acts differentiably on G;. We oonsider 
vrc : G — > G/G the principal bundle with the structure group G. We assume that is 
given a sequence A/2 = (G D A D {e}) of closed subgroups of G. 

If we denote 77 = (Q,ttg,Q/G,G), then the pair (77; A/2) determines a refinement 
(7757701,7/12) of 7/ defined by A, where 
r]oi = (Q/K,tt GKi Q/G,G/K,G/N) and r] 12 = (Q,ir K ,Q/K, K), and A is the largest 
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normal subgroup of G included in K. 

Let A G and A K two connections on Q given by the forms A G : TQ — ► Q, A K : 
TQ — ► /C, where ^ resp., /C is the Lie algebra of G resp., K. 

Let the adjoint bundles Q = AcIg(Q), fc = AoIk(Q) and the isomorphisms a^G : 
TQ/G -► T(Q/G)©g G , a AK :TQ/K -► T(Q/K)®1C K . 

The vector bundles T(Q/G)eg G -► Q/G and T(Q/K)®tC K -► Q/K are called 
the reduced bundles associated to refinement defined by (77; A/2). 

3. Geometric structures on the fibre bundles of a refinement of a principal 

G?(n; R) - bundle. 

Let us we apply the above considerations in the case the group G is the projective 
group GP(n; R) and if is the affine group G^4(n;R). 

Let G = GL{n + 1, R)/Z)(n + 1, R) the projective group of order n. The class [a l A 
determined by the matrix (a*) is denoted by a. The subgroup K of G is determined 
by all classes [a*] for which the matrix (a*) satisfy the condition a^ + =0, h = l,n 
and it may be identified of the affine group of order n. We obtain thus a sequence A/2 = 
(GD KD {e}), where G = G?(n; R) and K = GA(n; R). 

A base for the Lie algebra Q of G is { £*-,£*, £j } and we have 

H>4] = <4' [4 £ *] = fe [e},e fc ] = -^, [eV] = 0. k, £j ] =0, 
[e\^ = -^, where <^ = %%% - 8) d$, 7J = *§*? + W 

A base for the Lie algebra /C of if is { £*■ , £j } and we have 

H' 41 = Op> 14' £fc ] = fe [ £i ' ^ = °- 

Let 7Tg : Q — ► Q/G the principal bundle having the projective group G as structure 
group. Let h™+](U™+l , Xn+l) the local charts of Q with the coordinates (q\xpX l ,Xj). 
The base of sections of the vector bundle Q —► Q/G is 
i _ h ® ® __ h ® ( h ® h 9 d i _ h d d 

e j ~ x jQ^ + x idx~> e i ~ x ^^x~h~ Xj{Xk dxJ + x dx^ + Xk dx~ k h e ~ X dx} + dx~' 

Let A a connection on the principal bundle itg '■ Q ~ ► Q/G given by the functions 
(P%,P{,Pjl) on Q/G. The following relations hold: 
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(3.1) 



v d e k 

dq l 

A G J 



rips 



M pp. 



<^^ r Prel + ^ k P[e q + P ki e l 



V 



d_ 
dq l 



J — pi p h , Is pk p ni G p, — pJ p . _ V" 2 P pP 
e — r hi e ' lvk r i e si v Pi e k — ^ki e 3 7r>k r 1i e s 



A G 



d_ 
dq % 



ipk* g*°s 



B A ° = -B l ki Aq { A dq> (g> ef + -B Hj dq i A dg j ®e'+ ^B^dq 1 A dg j (g) e;. 



Let {q l ,q l ,Ck^k,C l ) the local coordinates on TQ ® Q G and (q l ,Pi, n k , /U fc , /U/) the 
local coordinates on T*Q@Q ■ The structure Poisson is given by the following relations: 

(3.2.1) {czW} = 0, {g i J p J -} = 5J-, {q i ,fi l k } = 0, {q\n l } = 0, {q i ,m} = 0; 

(3.2.2) {p i)Pj -} = -B l kij rf - B Hj n l - B\ jlM ; {&,£} = ^ - ^ p (5fP qk + 5 q P kt ); 

(3.2.3) {pi, n 1 } = 4(6 p k Pl + 8{Pf) + fi h P l M - {/xj, mU = 4/4 - <5j4; 

(3.2.4) 1^.,^} = -^, 04,Mi} = <fe V,M = -(<$£<*? + <*$>?; 

(3.2.5) {//',/} = 0, {w,M = 0. 



Let re the bi-invariant Riemannian metric on G and the Lagrangian L : TQ 
given by (1.8). The reduced Lagrangian l G on T(Q/G) © Q G is given by : 



1 



1 



j [ titk 



(3.3) i G ((z*,g*,fl,^,r) = -/%ee j + Q ^eKf + ^w+ 



ji 



i<-h 



K j a en + <&$ + o««»^ + «&? + ^v ■ 



p 



(3.4) 



«Uj ft + ^ h + «& 



R 



and we have 

^77 = 4^f + 4£ h + « lfc &, ft = -q-[ = 9vQ J - 

The Lagrange-Poincare equation and Wong's equations for the projective group are 
given by the relations (3.5.1)-(3.5.4): 

(3.5.1) M = -[(p^jPtk - 6? P{ k + {$F{ + ^)p h + P ik pP] ■ q k 

(3.5.2) ^ = -[^, - (fe fe + S l k P hi )pf] ■ q k 



(3.5.3) 



dp 1 
lit 



i r>l \^k] -h 



(3.5.4) 



dt 



[PkhPk + iSkPl + SlPLMJq 



(piB^+pijB^+p'BujW 



ldg jl __ 



LAGRANGE-POINCARE EQUATIONS 



353 



Let ttk : Q — ► Q/-^ the principal bundle having the affine group K as structure 
group and the local coordinates (q l ,i]i) on Q/K. The base of sections of the vector 



bundle K K -^Q/K is e) 







3 j dx h> 



c h — 
3 g x h 



Let A K a connection on the principal bundle 7Tr- '■ Q — ► Q/-K" given by the functions 
(A% r ,A hr ,A% r ,A>?) on Q/K. The following relations (3.6) hold: 

i = (AlA ~ 4AK - AW, V AK d e{ = (AfS q - Apl)el - A»e k 



(3.6) 



V 



A K J 



dq r 
,A K 

_0_ 

0~q r 



V A g e k = A{ r ei, V A q e k = (A k r ei 



dr] r 



B J 



tlhj„i 



dr] r 



ylhi. 



1 



-(B kij dq l A dq 3 + Bjgdq* A dr] h + B k M dr] h A c%) <g> ef + 



^{B^dq 1 A d^' + £fd^ A c% + 5 /w d % A d^) ® e,. 

Let {q t ,Tji^q l J f}i J ^ k ^ 1 ) the local coordinates on TQ (B JC K and {q l ,rji,pi, X 1 , fi l k , m) 
the local coordinates on T*Q © AC^*. The structure Poisson is given by the relations: 

{q\Pj} = %, {Vi, A j } = Sl { Pi , Pj } = --(B l kij rf + Bljfjti); 

{Pi, A^} = -\{B l k {tf + B^), {X\ \i] = -\{Bftf + B&n); 

{jH, n{} = ^(Al/ q - A l qt 5 p k ) - ix k A\- {\r, ^} = n$(Af5 q - A$F k ) - n k A 1 '; 

{p r ,Vk} = A{ r m, {X r , fi k } = A%ia; {n),n{} = -Slfi] + S^nl, {fi%, Pj} = fe- 

Let k k the bi-invariant Riemannian metric on K and the Lagrangian L : TQ 
given by (1.8). The reduced Lagrangian I on T(Q/K) ©AC is given by: 

(3.7) i K {J,m,?,m,%,?) = \Ka£ a ? +\4*e&+ 



R 



-2<fecd + ^V + -$<tm + ^rnrn- 



and we have 



(3.8) 



Pa 



01 



K 



oq 



K ad^c ~r K acS i Pa 



01 



K 



g)q j +g ij Vj, 



0l K 



P; 



K adSc + K abC, 



9ijQ J +9iVj- 



The Lagrange-Poincare equations and Wong's equations for the affine group are given 
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by the relations (3.9.1)-(3.9.4): 

(3-9.1) ^ = ~[P q M% 5P q ~ A *%W ~ AW + ^Ma^ ~ A %%) ■ * ~ AU PaVi] 

(3-9.2) d ^ = -\ pb A b ai q*+p b A%] 

(3.9.3) ^ = -(pjBfti + W + p a B ahi f Ih +p b a B™q h )- 

ldg jl dgj , 1 <% • , 

-7,^,—PjPl ~ -W^PjP ~ 7,XrP 

2 % dr]i 2 % 



^ = -tfaBfcqi+tiBgni+paBZtf+paBFi 



ldgi 1 dgj , 1 <% , , 

where <j^' are the elements of the inverse of matrix (gij). 
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Abstract. In this paper, we give an explicit p-adic expansion of 

np 



np (-i)j 



0',p)=i 



3 = 1 - q 



as a power series in n. The coefficients are values of p-adic (/-^-function for q-Euler 
numbers. 



§1. Introduction 

Let p be a fixed prime. Throughout this paper Z p , Q p , C and C p will, respectively, 
denote the ring of p-adic rational integers, the field of p-adic rational numbers, the 
complex number field and the completion of algebraic closure of Q p , cf.[l, 4, 6, 14]. Let 
v p be the normalized exponential valuation of C p with \p\ p = p~ v pyP> = p~ x . When one 
talks of (/-extension, q is variously considered as an indeterminate, a complex number 
q G C, or a p-adic number q <E C p . If q E C, one normally assumes \q\ < 1. If q G C p , 
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then we assume \q — l\ p < p - ^ 1 , so that q x = exp(xlogq) for \x\ p < 1. Kubota 
and Leopoldt proved the existence of meromorphic functions, L p (s,x), defined over 
the p-adic number field, that serve as p-adic equivalents of the Dirichlet L-series, cf.[l, 
14,15,16]. These p-adic L-functions interpolate the values 

L p (l - n, X ) = -Ux ~ X n(p)p n - 1 )B n , Xn , forn e N = {1, 2, • • • , } , 

where -B n ,x denote the nth generalized Bernoulli numbers associated with the primitive 
Dirichlet character x, and Xn = X w ~"i with w the Teichmuller character, cf.[8,14]. In 
[14,15], L. C. Washington have proved the following interesting formula: 

^ 1 ~ /_ r \ _ _ /_ r \ 

V^ — = — } I I (pn) k L p (r + k, w 1 k r ), where I ) is binomial coefficient. 

~{ jr t^i \ k ) V k ) 

(i,p)=i 

To give the (/-extension of the above Washington result, the author derived the sums 
of powers of consecutive (/-integers as follows: 

n— 1 _. m— 1 / n 1 

(*) E^wr 1 = - E ( TjrtNr' + -(<r n - ^ see ^ , 

where f3 m are (/-Bernoulli numbers. By using (*), we gave an explicit p-adic expansion 

np j oo , s 

E jy =-E(7JH g %> + ^^- r - fc ) 



j=i 9 fc=j 
(i,p)=i 



OO • s P-1 

- (q ~ 1) E (7) HX,(r + fc, ^ 1 " r " fc ) - (« - 1) E B ^ ( r ' a : F )' 

where L P;g (s,x) is p-adic (/-L-function (see [7,12] ). Indeed, this is a (/-extension result 
due to Washington, corresponding to the case q = 1, see [14]. Recently, the second 
author described algorithms to deal with nested symbolic sums over combinations of 
harmonic sum, binomial coefficients and denominators [13]. In addition, he treated 
Mellin transforms and the inverse Mellin transformation for functions that are encoun- 
tered in Feynman diagram calculations. Together with results for the values of the 
higher harmonic sum at infinity the presented algorithm can be used for the symbolic 
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evaluation of whole classes of integrals that were thus far intractable [13]. The com- 
putation of Feynman diagrams has confronted physicists with classes of integrals that 
usually hard to be evaluated, both analytically and numerically. In [10], Rim and 
Kim treated explicit p-integral alternating harmonic sums. Harmonic sum is critical 
to explain the resonating phenomenon in a nature. It is also important as a solution 
of simple harmonic oscillating system in classical mechanics and quantum mechanics 
(see [17]). p-adic harmonic sum can be applied to these physical phenomena. With 
this application, p-adic harmonic sum also can be used for quantum statistical physics 
or quantum transportation theory( see [17]). Euler numbers and polynomials in alter- 
nating harmonic sum are used for Langevine equation of magnetism which is in the 
system with viscosity. For a fixed positive integer d with (p, d) — 1, set 



X = 


= x d 


= Hm 1 

N 


Z/dp N Z, 






Xt 


= Z p . 


,X* = 


U " 

0<a<dp 

(a,p) = l 


+ dpZp, 




a + dp Z p = { 


X G X\x : 


= a (mod 


P N )} 



where a G Z satisfies the condition < a < dp N , (cf. [1,3, 4, 9, 16]). We say that / is 
a uniformly differentiable function at a point a G Z p , and write / G UD(Z P ), if the 
difference quotients Ff(x,y) = ( _ (y) have a limit f'(a) as (x, y) — ► {a, a), cf.[3]. 
For / G UD(Z P ), let us begin with the expression 

t4t E ^fU)= E f(J)N(3+P N Zp), cf.[3,4,6,7,8,9,10], 

q 0<j<p N 0<j<p N 

which represents a g-analogue of Riemann sums for /. The integral of / on Z p is defined 
as the limit of those sums(as n — » oo) if this limit exists. The g-Volkenborn integral of 
a function / G UD(Z p ) is defined by 

r r 1 dpJV_1 

(!) W) = / f{x)dn q (x) = / f{x)dn q {x) = lim ^ V /(x)q x , cf. [6,7] . 
^x Jx d N ^°° [dp \q ~ 

It is well known that the familiar Euler polynomials E n (z) are defined by means of the 
following generating function: 

F(z,t) = irj - I e-* = X;S„(z)^,cf.[3,ll]. 

n=0 
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We note that, by substituting z = 0, E n (0) = E n are the familiar n-th Euler numbers. 
Over five decades ago, Carlitz defined (/-extension of Euler numbers and polynomials, 
cf.[l, 4, 5]. Recently, author gave another construction of (/-Euler numbers and polyno- 
mials (see [1, 5, 9]). By using author's (/-Euler numbers and polynomials, we gave the 
alternating sums of powers of consecutive (/-integers as follows: For m > 1, we have 



n— 1 m—1 s \ 

2 £(-i)^C = (-!) n+1 E n)q nl EiM7~ l + ((-i) n+ V m + 1) E r , 



2=0 1=0 

where E\^ q are (/-Euler numbers (see [3] ). From this result, we can study the p- 
adic interpolating function for (/-Euler numbers and sums of powers due to author [7] . 
Throughout this paper, we use the following notation: 

1 — q x 1 — (—q) x 
[x] q = —— — , and [x]- q = — — cf.[3,ll,5,9]. 

Note that when p is prime [p] q is an irreducible polynomial in Q[q\. Furthermore, this 
means that <?[<?] /[p] g is a field and consequently rational functions r(q)/s(q) are well 
defined mod \p] q if (r(q),s(q)) — 1. In a recent paper [3] the author constructed 
the new (/-extensions of Euler numbers and polynomials. In Section 2, we introduce 
the g-extension of Euler numbers and polynomials. In Section 3 we construct a new 
g-extension of Dirichlet's type /-function which interpolates the g-extension of general- 
ized Euler numbers attached to x a t negative integers. The values of this function at 
negative integers are algebraic, hence may be regarded as lying in an extension of Q p . 
We therefore look for a p-adic function which agrees with at negative integers. The 
purpose of this paper is to construct the new g-extension of generalized Euler numbers 
attached to x due to author and prove the existence of a specific p-adic interpolat- 
ing function which interpolate the g-extension of generalized Bernoulli polynomials at 
negative integer. Finally, we give an explicit p-adic g-expansion 

"" (-iy 



E 



3 = 1 Ui * 

(i,p)=i 

as a power series in n. The coefficients are values of p-adic g-Z-function for g-Euler 
numbers. 
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p-adic ^-expansion for the alternating sums of powers 

2. Preliminaries 
For any non- negative integer m, the g-Euler numbers, E m ^ q , were represented by 



(2) 
2 



I q- x [x]?dv- q (x) = E m , q = 2 1^— J J2 (7) ( " ir TT?' ^ [3 ' 10] • 



Note that lim^^i -E mi9 = -E m . From Eq.(2), we can derive the below generating func- 
tion: 

00 1 1 /J • oo n 

By using p-adic (/-integral, we can also consider the g-Euler polynomials, E n ^ q (x), as 
follows: 

(4) 

E n , q (x) = J- / «"'[* + *]?*i_,(t) = 2(^4-)" £ (!) yx3r> cf-PWAMO]. 

Note that 



(5) K,«(*) = fl" / ([x] fl + (r B [t] g )»g- t dAi_ < ,(x) = ^f n> )^% g [. 

Wq ./z p j=0 VJ?/ 

By (4), we easily see that 

(6) I>»,,(*)^ = F q ( X ,t) = 2e^ £ AZJ_^( )i 
From (6), we derive 

oo oo , n 

(7) F,(M) = 2^(-l)V n+ ^ = ^M 



X^ 



•'•; 

n=0 n=0 



n! 
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3. ON THE g-ANALOGUE OF HURWITZ'S TYPE 
^-FUNCTION ASSOCIATED WITH Q-EULER NUMBERS 

In this section, we assume that geC with \q\ < 1. It is easy to see that 



TO— 1 



En, q {x) = [m) n q J2(-l) a E n , qm (^^), see [3,6,10] 



a=0 



where m is odd positive integer. From (7), we can easily derive the below formula: 

d k 



(8) E kt9 (x) = ^F q (x, t)\ t=0 = 2 £(-l)> + x] k q . 

n=0 

Thus, we can consider a (/-(-function which interpolates g-Euler numbers at negative 
integer as follows: 

Definition 1. For sgC, define 

(-1)» 



(E,q(s,x) =^Y1 



i [ n + X ]q 

Note that (E,q(s,x) has a meromorphic function in whole complex plane. 

By using Definition 1 and Eq.(8), we obtain the following: 

Proposition 2. For any positive integer k, we have 

( E , q (-k,x) =E kyQ (x). 

Let x De the Dirichlet character with conductor / e N. Then we define the gener- 
alized g-Euler numbers attached to x as 

oo oo ^ n 



x ' q nV 



(9) F q , x (t) = 2 J2 eW'*x(n)(-l) n = £ E n , 

n=0 n=0 

Note that 

/-i 

(10) E n , x , q = lfr q J2x(a)(-l) a E n , qf ^), where /(= odd) G N . 

a=0 •* 

By (9), we easily see that 

(11) a¥ F ^ {t)lt =° = Ek >™ = 2 E^)("l) n Nj 

n=l 
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Definition 3. For s G C, we define Dirichlet's type l-function as follows: 

X(n)(-l) n 



l q (s, X ) = 2j2 



n=l MS 

From (11) and Definition 3, we can derive the below theorem. 
Theorem 4. For k > 1, we have 

lq(-k,X) = E k, X ,q- 

In [3], it was known that 

n-l 

(12) 2^(-l)'[/]^= ((-l) n+1 q n E m Jn) + E m , q ), where m,nGN. 

1=0 

From (4) and (12), we derive 

n-l 

2£(-i)'[i]? 

(13) ' =0 

m_1 / \ 

= (-i) n+1 E m^^w - ' + ((-i) n+1 ? nm + 1)) *w 

2=0 ^ ' 

Let s be a complex variable, and let a and i ? (= odd) be the integers with < a < F. 
We now consider the partial g-zeta function as follows: 

(14) H q (s,a:F) = £ ^ = (_1) 2 Ce ^^ F ] ' 

m=a(F) q 

m>0 

For n G N, we note that H q (-n,a: F) = (-l) al -^-E ntqF (f). Let x be the Dirichlet's 
character with conductor F(— odd). Then we have 

F 

(15) l q (s, X )^2j2x(a)H q (s,a:F). 

a=l 

The function H q (s, a : F) will be called the g-extension of partial zeta function which 
interpolates g-Euler polynomials at negative integers. The values of l q (s, x) at negative 
integers are algebraic, hence may be regarded as lying in an extension of Q p . We 
therefore look for a p-adic function which agrees with l q (s,x) at the negative integers 
in Section 4. 
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§4. p-ADIC ^-/-FUNCTIONS AND SUMS OF POWERS 

We define < x >=< x : q >= ^fe, where w(x) is the Teichmuller character. 
When F(— odd) is multiple of p and (a,p) = 1, we define a p-adic analogue of (14) as 
follows: 

(16) H p , q (s, a:F) = t£l < a >- £ (~fj^ a (B 1 )' %*', ^ * e Z p . 

Thus, we note that 

(17) 

^ M (-n, a :F) = t£l < a >» £ (") <T (^) ' ^, 

= t^!«,-»(a)[^JS n>fl p(^) = uT»(a)ff,(-n,a : F), for n G N. 

We now construct the p-adic analytic function which interpolates g-Euler number at 
negative integer as follows: 

F 

(18) l p , q (s tX ) = 2 J2 x(a)H p , q (s,a:F). 

o=l 

(a,p) = l 

In [5, 9], it was known that 

E k,x,Q = T^T~ / X(x)[x]gq~ x dn- q {x), for keN. 

l 2 \qf JX 

For /(= odd) G N, we note that 

/-i 
En, x , q = [f] n q ^{a){-l) a E^ qf {-). 

a=0 J 



Thus, we have 
(18-1) 



r 2 f 

l p ,q{-n,x) = 2 V x(a)H p , q (-n,a: F) = j—- / x«'" n (^)M^" x ^-g(a ; ) 

, [ 2 \qf JX* 



. \qf JX* 
a=l 

Cp,o) = 1 

F n ,xw~ n ,q ~ [P\qX W {P)F njXW -n jqP . 
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In fact, 

(19) l Ptq (s, X ) =2^T(-ir <a>~ s X (a)Jt(~ S )q ja f^V E jtqF , for s G Z p . 

o=l j=0 V J J V Wq ' 

This is a p-adic analytic function and has the following properties for x — wt '- 

(20) / P)(? (-n,«;*) = E Ujq - \p] q E njq p, where n = t ( mod p - 1), 

(21) l p ^ q {s,i) G Z p for all s G Z p when t = 0( mod p — 1). 

If t = 0( mod p — 1), then / P)g (si,w*) = l Ptq (s2,w t )( mod p) for all 5i,S2 £ Z p , 
Ip^kjiv 1 ) = /p, g (fc + p,w t )( mod p). It is easy to see that 

1 f—r\fl — r — k\ —1 ^ — r \fk + j 

{22) 



r+k— l\k/\ j J j + k\k + j — 1/ \ j 

for all positive integers r, j, /c with j,k > 0, j + k > 0, and r 7^ 1 — fc. Thus, we note 
that 

1 f-r\ fl-r -k\ 1 /'-r + 1"\ (k + j 



r+k— l\kj\ j J r — 1\ k + j J \ j 
From (22) and (22-1), we derive 

r ( — r — 1\ ( —r — k\ ( —r \ fk + j 

(23) 



r + k\ k J \ j J \k + jj \ j 

By using (13), we see that 

(24) 

E yTTw = E(- 1 ) z (- 1 ) a M« + m«['W~ p 



-EHr (gf) r(-ir(-;)^E(;),-^,„,w 



(i-(-i) n )H g - 
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For s G Z p , we define the below T-Euler polynomials: 

(25) T n , q (s,a : F) = (-1)" < a >" s £ ( fc j^k'V* ((-^V™ " *) **,«*• 

k=i ^ ' 

Note that lim g ^i T Ujq (s, a : F) — 0, if n is even positive integer. From (23) and (24), 
we derive 



n ~ 1 ' -\Fl+a 



E 



(-i) j 






s=1 \ " / \ L-jy / - l=Q 

w~ r (ct) 
T n ^ q {r, a : F), where n is positive even integer . 

Let n be positive even integer. Then, we evaluate the right side of Eq.(26) as follows: 

(27) 

00 / _ _ \ / r 7~~n \ s / _ .«? \ n. / 1 \n s -L 



£(7K(&) <^t(0^Np- 



s=l v / \ l jy / ; =0 



It is easy to check that 

(28) ^ = £ H Mj( g - i) j = i + e ( ■) m& - i ) j - 

.7 = W 7 = 1 V - 7/ 



9 F - 



Let 

(29) 



K M (s,a:F) = -— '— <a> 



sCryfflfJ^sC)^- 1 



Note that lim g ^i K Pjq (s, a; F) = 0. For F = p, r G N, we see that 



p-ln-l , lN „i„; np 



(-) «ES-E ( - 1)5 



„-i/-o t a +^ " ~ [j] « 

0',p)=i 
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For s € Zj,, we define p-adic analytically continued function on Z p as 

p-i 
K P, q ( s iX) =2^2x(a)K p , q (s,a: F), 

(31) 

T P,q( s iX) = 2^x(a)T nig (s,a : F), where k,n>l. 

From (24)-(31), we derive 

2 E %{ = -E^(T )(-i)-w!'«(r + *,»- 



■r — k\ 



(j»=i 
oo 



Therefore we obtain the following theorem: 

Theorem 5. Let p be an odd prime and let n > 1 6e positive even integer. Then we 
have 

2 E ^ = -E^( ," )(-D-Hjl M (r + *,»-^) 

0'.p)=i 

(32) oo _ 

where r is positive integer. 

Remark. When r is non-positive integer, we can easily derive the value of the left 
side of Eq.(32) from Eq.(13). 

For q — 1 in (32), we have 

np , . • oo 



"f / -i \ j oo • 1 X 

2 E ^-Z^iTj'-""^''''^^" 



r—k\ 



(i,p)=i 



where n is positive even integer (see [10]). 
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Abstract 

The purpose of this paper is to introduce the concept of fuzzy multi- 
metric space by combining Smarandache multi-spaces with fuzzy met- 
ric space. Also some characteristics of fuzzy multi-metric space are 
obtained. Furthermore, we extend the Banach fixed point theorem to 
(fuzzy) contractive mappings in fuzzy multi-metric spaces. 
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1. Introduction 

In 1965, the concept of fuzzy set was introduced by Zadeh [13] . Many 
authors have introduced the concept of fuzzy metric space in different 
ways [1-3,5-8]. George and Veeramani [3,4] modified the concept of 
fuzzy metric space introduced by Kramosil and Michalek [8] and defined 
a Hausdorff topology on this fuzzy metric space. They also showed that 
every metric induces a fuzzy metric. 

The notion of multi-spaces is introduced by Smarandache in [10] 
under his idea of hybrid mathematics: combining different fields into 
a unifying field [11]. The definition of multi-metric space is given by 
Mao [9] , combining Smarandache multi-spaces with the classical metric 
spaces. He also give some characteristics of a multi-metric space. 

In this paper, we give the notion of fuzzy multi-metric space by com- 
bining Smarandache multi-spaces with the fuzzy metric space in the 
sense of George and Veeremani [3] . We give some theorems on cover- 
gence and continuity in fuzzy multi-metric space. Furthermore, we ex- 
tend the Banach fixed point theorem to (fuzzy) contractive mappings, 
in our sense and Grabiec's sense [5], on complete fuzzy multi- metric 
spaces (in George and Veeramani' s sense). 

2. Preliminaries 

Definition 1 ([12]). A binary operation * : [0,1] x [0,1] — ► [0,1] is 
continuous t-norm if * is satisfying the following conditions: 

(i) * is commutative and associative; 
(ii) * is continuous; 
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(iii) a * 1 = a for all a G [0, 1]; 

(iv) a*b < c* d whenever a < c and b < d, and a, b,c,d G [0, 1]. 

Definition 2 ([12]). A 3-tuple (X,M,*) is said to be a fuzzy metric 
space if X is an arbitrary set, * is a continuous t-norra and M is a 
fuzzy set on X 2 x (0, oo) satisfying the following conditions: for all x, 
y, z G X, s, t > 0, 

(i) M(x,y,t)>0, 

(ii) M(x, y, t) = 1 if and only if x = y, 

(iii) M(x,y,t) = M(y,x,t), ' 

(iv) M(x, y, t) * M(y, z, s) < M(x, z, t + s), 

(v) M(x,y,.) : (0, oo) — > [0,1] is continuous. 

Remark 1. In fuzzy metric space X, M(x,y, .) is non- decreasing for 
all x, y G X. 

Example 1. Let (X, d) be a metric space. Denote a * b = ab for all 

a,b G [0, 1] and let M d be a fuzzy set on X 2 x (0, oo) defined as follows: 

M d (x,y,t) = —— — — r 

kt n + md(x,y) 

for all k, m, n G M + . Then (X, M d , *) is a fuzzy metric space. 

Remark 2. Note the above example holds even with the t-norm a*b = 
min{a, b} and hence M is a fuzzy metric with respect to any continuous 
t-norm. In the above example by taking k = m = n = 1, we get 

M d (x, y, t) = —— 

t + d{x,y) 

We call this fuzzy metric induced by a metric d the standard fuzzy 
metric. 

Definition 3 ([3]). Let (X,M,*) be a fuzzy metric space and let r G 
(0, 1), t > and x G X . The set 

B(x, r,t) = {y G X : M{x, y,t)>l-r} 

is called the open ball with center x and radius r with respect to t. 

Theorem 1 ([3]). Every open ball B(x,r,t) is an open set. 

Remark 3. Let (X, M,*) be a fuzzy metric space. Define r = {A C 
X : for each x G X, there exist t > 0, r G (0, 1) such that B(x, r, t) C 
A}. Then r is a topology on X. 

Remark 4. 

(i) Since {B(x, -, -) : n = 1, 2, ...} is a local base at x, the topology 

r is first countable. 
(ii) Every fuzzy metric space is Hausdorff. 
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(iii) Let (X, M, *) be an fuzzy metric space and r be the topology 
on X induced by the fuzzy metric. Then for a sequence (x n ) n 
in X, x n — ► x if and only if M(x n , x, t) — ► 1 as n — ► oo. 

(iv) In a fuzzy metric space every compact set is closed and bounded. 

Definition 4 ([3]). Let {X, M, N, *, 0) be a fuzzy metric space. Then, 

(i) A sequence (x n ) n in X is said to be Cauchy if for each e > and 
each t > 0, there exist n G N such that M(x n ,x m ,t) > 1 — e 
for all n,m >uq. 
(ii) (X, M, *) is called complete if every Cauchy sequence conver- 
gent with respect to M. 

Definition 5 ([10]). A multi-metric space is a union X = U™ x Xj such 
that each X{ is a metric space with metric di for alii, 1 < i < m. When 
we say a multi-metric space X = U™ 1 Xj ; it means that a multi-metric 
space with metrics di,d 2 , ■■■,d m such that (X^di) is a metric space for 
any integer i, 1 < i < m. 

3. Main results 

Definition 6. A fuzzy multi-metric space is a union X = U™ x Xi such 
that each Xi is a fuzzy metric space with fuzzy metric Mi and t-norm 
*, for all i, 1 < i < m. 

When we say a fuzzy multi- metric space X = U™ 1 Xj, it means that 
a fuzzy multi- metric space with fuzzy metrics Mi, M^, ..., M m such that 
[Xi, Mi, *) is a fuzzy metric space for any integer i, 1 < % < m. 

Remark 5. The following two extremal cases are permitted in Defini- 
tion 6: 



'Is ) 



(i) There are integers z 1; i 2 , •••? *s such that X ix = X i2 = • • • = X, 

where ij G {1, 2, ...,m\, 1 < j < s. 
(ii) There are integers li,l2,---,l s such that M\ x = Mi 2 = ■ ■ ■ = Mi g , 
where lj G {1, 2, ...,m}, 1 < j < s. 

Definition 7. Let X = U^X be a fuzzy multi-metric space. We 
define open ball B{x,r,t) with centre x G X and radius r,rE (0, 1), 
t > as B(x,r,t) = {y G X : there exists an integer k, 1 < k < m 
such that Mk{x, y,t) > 1 — r}. 

Remark 6. Let X = U™ x Xi be a fuzzy multi-metric space. Define 
t = {A C X : for each x G X , there exist t > 0, r G (0, 1) such that 
B(x,r,t) C A}. Then r is a topology on X. 

Remark 7. Let X = U^X be a multi-metric space such that each 
(Xi, di) is a metric space for all i, 1 < i < m. We define a * b = ab 
and 

Mi(x,y,t) = r 

t + di(x,y) 
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then X is a fuzzy multi-metric space. We call those Mi as the standard 
fuzzy multi-metric induced by d{. Even if we take a*b = min(o, b), X 
will be a fuzzy multi-metric space. The metric space (X iy di) is complete 

iff the standard fuzzy metric space ( X i: M id , * J is complete for all i, 

1 < i < m. Then the multi-metric space X is complete if and only if 
the standard fuzzy multi-metric space is complete. 

Corollary 1. If Mi,M 2 , ...,M m are m fuzzy metrics on a space X, 
then M\ * M 2 * ... * M m is a fuzzy metric on X , where * is rain or 
product t-norm. 

Corollary 2. Ifdi,d 2 , ..., d m are m metrics on a space X, then 
t t t 



t + di(x,y) t + d 2 (x,y) t + d m (x,y) 

is a fuzzy metric on X where a*b = ab. 

Definition 8. Let X = U^X be a fuzzy multi-metric space and (x n ) n 
be a sequence in X. (x n ) n is said converge to a point x, x G X if for 
any e, e G (0, 1) there exist numbers no and i, 1 < i < m such that if 
n > n then Mi(x n , x, t) > 1 — e, for each t > 0. 

For (x n ) n convergence to a point x, x G X, we denote it by lim n x n = 

x or x n — > x. 

Theorem 2. X = U^Xj be a fuzzy multi-metric space and (x n ) n be 
a sequence in X . Then x n — ► x iff there exist integers i, 1 < i < m 
such that Mi(x n , x, t) — ► 1 as n — ► oo. 

Theorem 3. A sequence (x n ) n in a fuzzy multi-metric space X = 
U^jXj is convergent if and only if there exist integers n and k, 1 < 
k < m, such that the subsequence {x n : n > n } is a convergent se- 
quence in (X k ,M k ,*). 

Proof. If (x n ) n is a convergent sequence in the fuzzy multi- metric space 
X, by definition for any e, e G (0, 1), there exist a point x, x G X and 
natural numbers n (e) and k, 1 < k < m, such that if n > n (e), then 
M k (x n ,x,t) > 1 — e for all £ > 0. That is, {x n : n > n (e)} C X k and 
{x n '■ n > n o( £ )} is a convergent sequence in (X k , M k , *). 

If there exist integer uq and k, 1 < k < m, such that {x n : n > n^} 
is a convergent subsequence in (X k ,M k , *), then for any e, e G (0, 1), 
by definition there exists a positive integer p and a point x, x G X 
such that M k (x n ,x,t) > 1 — e, for all t > 0, where n > max{no,po}- 
Hence, (x n ) n is a convergent sequence in the fuzzy multi- metric space 
X. D 

Theorem 4. Let X = U^X; be a fuzzy multi-metric space, (x n ) n , 
(y n )n are sequences in X and (t n ) n C (0, oo). If x n — ► x , y n — > y , 



FUZZY MULTI-METRIC SPACES 371 



t n — ► t and there is an integer p, 1 < p < m such that xo,yo G X p , 
t > 0, then \im n M p (x n ,y n ,t n ) = M p (x ,y ,t). 

Proof. Since x n — ► x and 7/ n — ► y there exist integers n\ and n 2 
such that if n > max{n 1 ,n 2 }, then x n ,y n G X p . Fix 5 > such that 
8 < t/2. Then, there exists an integer 77,3 such that \t n — t\ < 8 for all 
n > no = max{ni, 772,^3}. Hence, 

M"p(zn, j/ n , i„) > M p (x n , x , 8) * M p (a;o, y , t - 28) * M p (j/ n , j/ , 5) 
and 

M p (x , y , t + 2S)> M p (x n , x , 8) * M p (x n , y n , t n ) * M p (y n , y , 8) 
for all n >uq. By taking limits when n — ► 00, we get 

lim M p (x n , y n , t n ) > 1 * M p (x , y , t - 28) * 1 

n 

and 

M p (x ,y ,t + 2S) > 1* lim M p (x n ,y n ,t n ) *1 

n 

respectively. So, by continuity of the function t — ► M p (x,y,t) we 
obtain 

limM p (a; n ,y n ,t n ) = M p (x ,y ,t). 

n 

D 

Theorem 5. If (x n ) n is a convergent sequence in a fuzzy raulti metric 
space X = U™ 1 Xj ; then (x n ) n has only one limit point. 

Proof. Let x n — ► xi, x n — ► X2 and X\,x% G X. Then there exist 
integer n and i, 1 < % < m such that x n G Xj for all n > Uq. Hence, 

1 > Mi(xi,X2,t) > Mi I xi,x n , - j *Mi lx n ,x 2 ,- 

By taking limits when n — ► 00, we get 

1 > M i (x 1 ,x 2 ,t) > 1*1 = 1 
which implies X\ = x 2 . □ 

Theorem 6. Any convergent sequence in a fuzzy multi metric space is 
a bounded points set. 

Proof. It is clear from Theorem 5. □ 

Definition 9. A sequence (x n ) n in a fuzzy multi-metric space X = 
U^Xi is called Cauchy sequence if for each e, e G (0, 1), t > 0, there 
exist integers no(e) and s, 1 < s < m such that M s (x n ,x m ,t) > 1 — e 
for all n,m> 77.0(e). 

Theorem 7. A Cauchy sequence (x n ) n in a fuzzy multi-metric space 
X = U^ijXj is convergent if and only if for all k , 1 < k < m, \(x n ) n n 
X k \ is finite or infinite but (x n ) n D X k is convergent in (X k , M k , *). 
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Proof. The necessity of conditions is clear from Theorem 3. 

Now, we prove the sufficiency. By definition, there exist integers s, 
1 < s < m and n\ such that x n G X s for n > n-y. If \(x n ) n n X^| 
is infinite and lin^^oo ((x n ) n nlj = re, then there must be k = s. 
Denoted by (x n ) n nX k = {x kl ,x k2 , ...,x kn , ...}. For any 5, 8 G (0,1), 
there exists an integer n 2 , n 2 > n\ such that M k (x m ,x n , |) > 1 — 5 
and M k (x kn ,x, |) > 1 — 5 for all m,n > n 2 and for all £ > 0. Since 
5 G (0, 1), we can find a e 7 e E (0, 1), such that (1 — 8) * (1 — 8) > 1 — e. 
Then, by using Theorem 4, we get that 

> (l-«J)*(l-<5)>l-e. 
Hence, lim n x n = x which completes the proof. □ 

Definition 10. A fuzzy multi-metric space is said to be complete if 
every Cauchy sequence is convergent. 

Theorem 8. Let X = U™ ± X t be a complete fuzzy multi-metric space. 
For a ball sequence (B(x n ,e n ,t)) n , where < e n < 1 for n = 1,2,..., 
the following conditions hold: 

(i) B(x 1 ,e 1 ,t) D B(x 2 ,e 2 ,t) D ... D B(x n ,e n ,t) D ... 
(ii) lim„ e n = 0. 

Then, r\™ =1 B(x n , e n , t) only has one point. 

Proof. First, we prove that the sequence (x n ) n is a Cauchy sequence 
in X. By the condition (i), we know that if m > n, then x m G 
B(x m ,e m ,t) C B(x n ,e n ,t) for all t > 0. Whence, for all i, 1 < i < m, 
Mi(x m ,x n ,t) > 1 — e n for x m ,x n G X». For any e, e G (0,1), since 
lim n £ n = 0, there exists an integer no(e) such that if n > no(e), then 
e n < e. Therefore, if x n G Xi, then lim m a; m = x n . Whence, there 
exists an integer uq such that m > no, x m G M; by Theorem 3. Take 
integers m,n> m&x{n ,no(e)}. We know that 

Mi(x m , x n , t) > 1 - e n > 1 - e. 

So, (x n ) n is a Cauchy sequence. 

By the assumption, X is complete. We know that the sequence (x n ) n 
is convergence to a point x , x G X. By conditions (i) and (ii), we have 
that Mi(xo,x n ,t) > 1 — e n as m — ► oo. Hence, x G H^ =1 B(a; n , £ n ,t). 

Now if there is a point y G fl^ =1 S(a; n , s n ,t), then there must be 
y e X t . We get that 

1 > M,(y,ar ,*) = limM,(j/,x n ,t) > lim(l - e n ) = 1 

for all t > 0, by Theorem 4. Therefore, Mi(y,xo,t) = 1 which implies 
V = x Q . D 
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Definition 11. Let X 1 and X 2 be two fuzzy multi-metric spaces and f 
be a mapping from X\ to X 2 , xq G Xi and f(xo) = x/q. For e, e G (0, 1) 
if there exists a number 8, 8 G (0, 1) such that for all x G B(x , 8, t), 
fix) = y G B(y ,e,t) C X 2 , i.e., f(B(x ,8,t)) C B(y ,e,t), for all 
t > 0, then we say f is continuous at point xq. If f is continuous at 
every point of X\, then f is said to a continuous mapping from X\ to 
%■ 

Proposition 1. Let X\ and X 2 be two fuzzy multi-metric spaces, f be 
a continuous mapping from X\ to X 2 and (x n ) n be a sequence in X\. 
Ifx n — > x, then f{x n ) — ► f{x). 

4. Fixed points for fuzzy multi-metric spaces 

Definition 12. Let X = U™ X X^ be a fuzzy multi-metric space and 
T : X — ► X be a mapping, x* G X is called a fixed point of T if 
Tx* = x* . Denote the number of fixed points of a mapping T in X by 
$t(T). 

Definition 13. Let X = U™ x Xi be a fuzzy multi-metric space. We 
will say the mapping f : X — ► X is fuzzy contractive if there exist 
k G (0, 1), 1 < i, j < m, such that 

1 , ( 1 

Kk — r -l 



Mj(f(x),f(y),t) ~ \Mi(x,y,t) 

for each x, y G X and t > 0. k G (0, 1), is called contractive constant 
off- 

Proposition 2. Let X = U^X^ be a multi-metric space where each 
(Xi, d{) is a metric space for any integer i, 1 < i < m. The mapping 
f : X — ► X is contractive (a contraction) on the multi-metric space X 
with contractive constant k iff f is fuzzy contractive, with contractive 
constant k, on the standard fuzzy multi-metric space X = U™ x Xi such 

that (X i: M id , *j standard fuzzy metric space induced by d{ for all 
1 < % < m. 

Definition 14. A sequence (x n ) n in a multi-metric space X = U™ x Xj 
is said to be contractive if there exists k G (0, 1) such that dj(x n+ i,x n+2 ) < 
kdi(x n ,x n+ i), for all n G N and 1 < i,j < m. 

Definition 15. Let X = U™ x Xi be a fuzzy multi-metric space. We 
will say that the sequence (x n ) n in X is fuzzy contractive if there exists 
k G (0, 1) such that 

1 , / 1 

Kk 



Mj(x n+1 ,x n+2 ,t) \Mi(x n ,x n+1 ,t) 

for all t > ; n G N and 1 < i,j < m. 
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Proposition 3. Let X = U™ x Xi be the standard fuzzy multi-metric 
space induced by the metric di on Xi for all 1 <i <m. The sequence 
(x n ) n in X is contractive in multi-metric space iff (x n ) n is fuzzy con- 
tractive in standard fuzzy multi-metric space. 

Next, we extend the Banach fixed point theorem to fuzzy contractive 
mappings of complete fuzzy multi-metric spaces. 

Theorem 9. Let X = U™ x Xi be a complete fuzzy multi-metric space 
in which fuzzy contractive sequences are Cauchy. Let T : X — ► X 
be a fuzzy contractive mapping being k the contractive constant. Then 
1 < $t(T) < m. 

Proof. Fix x G X. Let x n = T n (x), n G N. We have for t > 

Kki — r -l 



M l (T(x),T 2 (x),t) ~ yMfax^t) 
and by induction 

Kk -— r-l 



Mi(x n+ i,x n+ 2,t) \Mi(x n ,x n+1 ,t) 

n e N. 

Then (x n ) n is a fuzzy contractive sequence, so it is a Cauchy sequence 
and, hence, (x n ) n converges to z*, for some z* G X. We will see z* is 
a fixed point for T. By Theorem 2, we have 

-Kk(-— r-M — >0 



M t (T(y),T(x n ),t) ~ \Mi(y,x n ,t) 

as n — ► oo. Then lim. n M i (T(y),T(x n ), t) = 1 for each t > 0, and, 

therefore, lim n T(a; n ) = T(z*), i.e., lim„a; n+ i = T(z*) and then T(z*) = 

z . 

For other chosen points Uq,Vo G Xi, we can also define recursively 

u n+ \ = Tu n , v n+ \ = Tv n and get the limit points, there exists an 

integer i such that, lim„M n = lim n t> n = w* G X io , Tu* G X io . Then 

for t > we have 

1 1 

1 



M io (z*,u*,t) M io (T(z*),T(u*),t) 

1 



< k 



M io {z*,u*,t) 



= h( 1 1 

\M i0 (T(z*),T(u*),t) 

\M io (z*,u*,t) 
< ■ ■ ■ < k" ( ' 



M io (z*,u*,t) 
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as n — ► oo. 

Hence, M io (z*,u*,t) = 1 and then z* = u*. 

Similar consider the points in Xi, 2 < i < m, we get 1 < &(T) < 

m. D 

Now suppose ( X, M id , * J is a complete standard fuzzy multi-metric 

space where (Xi,M id .,*) fuzzy metric space induced by the metric di 
in Xi for all 1 <i,j < m. From Remark 7 (Xi, di) is complete, then if 
(x n ) n is a fuzzy contractive sequence, by Proposition 3 it is contractive 
in (Xi, di), hence convergent. So, from Theorem 9 we have the follow- 
ing corollary, which can be considered the fuzzy version of the classic 
Banach contraction theorem on complete metric spaces. 

Corollary 3. Let X be a complete standard fuzzy multi-metric space 
and let T : X — ► X a fuzzy contractive mapping. Then 1 < $*(T) < 

m. 
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Abstract 

The concept of statistical convergence was presented by Steinhaus 
(1951). This concept was extended to the double sequences by Mursalccn 
and Edcly (2003). In this paper, we define and study statistical analogue 
of convergence and Cauchy for double sequences on intuitionistic fuzzy 
normed spaces. Then we give a useful characterization for statistically 
convergent double sequences. Furthermore, we display an example such 
that our method of convergence is stronger than the usual convergence 
for double sequences on intuitionistic fuzzy normed spaces. 

KEY WORDS: Natural double density, statistical convergence, con- 
tinuous t— norm, continuous t— conorm, intuitionistic fuzzy normed space. 

1 Introduction 

In 1965, the concept of fuzzy sets was introduced by Zadeh [29]. Then many 
authors developed the theory of fuzzy set and applications. The fuzzy logic 
has been used many fields, like metric and topological spaces [9] , [10] , [16] , [19], 
theory of functions [4] , [18] , [28] , computer programing [17], econometrics and 
other fields [1] , [2] , [3] , [8] , [20] , [22] . Also, recently, the concepts of intuitionistic 
fuzzy metric space has been studied by Park [23] , and intuitionistic fuzzy normed 
space have been studied by Saadati and Park [25] . 

In this paper we give statistical analogues of convergence and Cauchy for 
double sequences which studied in Mursaleen and Osama [21] on intuitionis- 
tic fuzzy normed spaces. Also we display an example such that our method of 
convergence is stronger than the usual convergence for double sequences on 
intuitionistic fuzzy normed spaces. 

Now we recall some notations and definitions which we used in the paper. 

Definition 1 [26]y4 binary operation * : [0,1] x [0,1] — > [0,1] is said to be a 
continuous t—norm if it satisfies the following conditions: 
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(a) * is associative and commutative, 

(o) * is continuous, 

(c) a * 1 = a for all a € [0, 1], 

(d) a*b < c * d whenever a < c and b < d for each a, b,c,d € [0, 1]. 

Two typical examples of continuous t~norm are a * b = ab and a * b = 
min (a, 6) for all a, b € [0, 1]. 

Definition 2 [26]y4 binary operation o : [0,1] x [0,1] — > [0,1] is sozd to &e a 
continuous t— conorm if it satisfies the following conditions: 

(a) o is associative and commutative, 

(o) o is continuous, 

(c) s«0 = o for all a <= [0, 1], 

(d) aob < co d whenever a < c and b < d for each a, b,c,d G [0, 1] . 

Two typical examples of continuous t— conorm are aob = min (a + b, 1) and 
aob — max (a, 6) for all a, b <G [0, 1] . 

Now we give the concept of intuitionistic fuzzy normed space which has 
recently introduced by Saadati and Park [25] . 

Definition 3 [25] The 5— tuple (V, /i, v, *,o) is said to be an intuitionistic fuzzy 
normed space (IFNS) if V is a vector space, * is a continuous t—norm, o is a 
continuous t— conorm, and jjl, v fuzzy sets onV x (0, co) satisfying the following 
conditions for every x, y G V and s, t > : 



(o. 

(b 
(c. 
(d. 

(e 
(/ 
(.9 

(/*. 



/i(x, i) + v(x, t) < 1, 

[i(x,t) > 0, 

/i(x, t) — 1 if and only if x = 0, 

li(ax, t) — jjl I £, t|t J /or eac/i a^0, 

MOM) * Ky,s) < n{x + y,t + s), 

/i(x, •) : (0, oo) — > [0, 1] is continuous, 
lim n(x,t) — 1 and lim fi(x,t) = 0, 

v(x,t) < 1, 

j/(x, t) — if and only if x = 0, 

^(a;r, t) = f I x, pr ) /or eac/i a^0. 
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(k) v(x, t) o u(y, s) > v(x + y,t + s), 
(I) v(x, •) : (0, oo) — > [0, 1] is continuous, 
(m) Km v{x,t) — and \miv(x, t) = 0. 

t— >oo t— >0 

In this case (/i, v) is called an intuitionistic fuzzy norm. We can give an 
example as follow: 

Let (V, ||-||) be a normed space, and let a * b — ab and aob — min{a + b, 1} 
for all a, b <E [0, 1]. If we define 

fj, (x,t) := j| — j- and ^0(2;, : = 



t+\\x\\ ' uv ' y ■ *+||a:|| 

for all x £ V and every i > 0, then observe that (V, /i, v, *, o) is an intuitionistic 
fuzzy normed space. 

Before we present the new definitions and the main theorems, we shall recall 
some concepts which we need. 

By the convergence of a double sequence we mean the convergence in Pring- 
sheim's sense [24]. A double sequence x — {xjk)% =0 is called convergent in the 
Pringsheim's sense if for every e > there exists N £ N such that \xjk — L\ < e 
whenever j, k > N. L is called the Pringsheim limit of x. 

A double sequence x — (xj k ) is said to be Cauchy sequence if for every e > 
there exists JVeN such that \x pq — Xjk\ < £ for all p > j > N, q> k > N. 

A double sequence x is bounded if there exists a positive number M such 
that \xjk\ < M for all j and k. 

So we can give the (/z, v) analogue of above two definitions as follow: 

Definition 4 Let (V, /i, u, *,o) be an IFNS. Then, a double sequence x — (xjk) 
is said to be convergent to L G V with respect to the intuitionistic fuzzy norm 
(/1, v) if, for every e > and t > 0, there exists N € N such that n{xjk — L,t) > 

1 — e and v(xjk — L,t) < e for all j, k > N. It is denoted by (/i, 11)2 — lima; = L 

or Xjk — ► L as j,k — > 00. 

Definition 5 Let (V, n, v, *,o) be an IFNS. Then, a double sequence x — (xjk) 
is said to be a Cauchy sequence with respect to the intuitionistic fuzzy norm 
(/!, v) provided that, for every e > and t > 0, there exists N — N (e) and 
M = M (e) such that \i (xjk — x pq , t) > 1 — e and v (xjk — x pq , t) < e for all 
j,p>N,k,q>M 

Now we first recall statistical convergence and then in new section, we in- 
troduce basic definitions and properties which we mention above . 

2 Statistical Convergence of Double Sequence 
on IFNS 

Stcinhaus [27] introduced the idea of statistical convergence (see also Fast [11]). 
If isf is a subset of N, the set of natural numbers, then the asymptotic density 
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of K denoted by S (K) , is given by 

5 (K) :=lim- \{k < n : k e K}\ 

n n 

whenever the limit exists, when \A\ denotes the cardinality of the set A. A 
sequence x = (xk) of numbers is statistically convergent to L if 

6({keN: \x k -L\ >£}) =0 

for every s > 0. In this case we write st — lima; = L. 

Statistical convergence has been investigated in a number of paper [6] , [7] , 
[12], [13], [14], [15]. ' '" ' 

Now we recall the concept of statistical convergence of double sequences. 

Let K C N x N be a two-dimensional set of positive integers and let K (n, to) 
be the numbers of (i,j) in K such that i < n and j < to. Then the two- 
dimensional analogue of natural density can be defined as follows. 

The lower asymptotic density of a set K C N x N is defined as 

g 2 (g) = limmf Jr(w ' T " ) . 
— n,m nm 

In case the sequence (K (n, to) /nm) has a limit in Pringsheim's sense [24] 
then we say that K has a double natural density and is defined as 

lim ^ (n ' m) = S 2 (K) . 



■n, ■'ni- 



lS we consider the set of K — { (z 2 , j 2 ) :i,j^N}, then 



6 2 (K) = lim ^ (n ' m) < lim^^ = 0. 
n,m nm n,m nm 

Also, if we consider the set of {(i,2j) : i,j € N} has double natural density 1/2. 

If we set n = to, we have a two-dimensional natural density considered by 
Christopher [5]. 

Now we recall the concepts of statistically convergent and statistically Cauchy 
for double sequence as follows: 

Definition 6 [21] A real double sequence x — (xjk) is said to be statistically 
convergent the number £ provided that, for each e > 0, the set 

{(j, k) , j < n and k < to : \xjk — £\ > s} 

has double natural density zero. In this case we write st 2 — limxjfc = £. 

Definition 7 [21] A real double sequence x — {Xjk) is said to be statistically 
Cauchy provided that, for every e > there exist N = N (e) and M = M (s) 
such that for all j,p > N, k,q> M, the set 

{(j, k) , j < n and k < m : \xjk — x pq \ > e} 

has double natural density zero. 
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Now we give the analogues of these with respect to the intuitionistic fuzzy 
norm (//, v). 

Definition 8 Let (V, fj,, v, *,o) be an IFNS. A real double sequence x — (xjk) 
is statistically convergent to L <EV with respect to the intuitionistic fuzzy norm 
(/i, v) provided that, for every e > and t > 0, 

K = {(j, k) , j < n and k < m : /J.(xjk — L,t) < 1 — e or v{xjk — L,t) > e} (1) 

has double natural density zero, i.e., if K {n,m) be the numbers of(j,k) in K 

K (n,m) , . 

lim — y — — '- = 0. (2 

n,m nm 

In this case we write sti^^) — limxjfc = L, where L is said to be st^^ —limit. 

Also we denote the set of all statistically convergent double sequences with respect 
to the intuitionistic fuzzy norm (p, v) by si( Mj! /) ■ 

By using (2) and the well-known properties of the double natural density, 
we easily get the following lemma. 

Lemma 9 Let (V, n,is,*,o) be an IFNS. Then, for every e > and t > 0, the 
following statements are equivalent: 

(«) st (u.u), - hmxjfe = L 

(ii) S 2 {{j,k) , j < n and k < m : [i(x jk - L,t) < 1 - e} = 5 2 {(j,k) , j < 
n and k < m : v{xjk — L, t) > e} ~ 0. 

(iii) 62{{j,k) , j < n and k < m : fJ,(xjk — L,t) > 1 — e and v(xju — L,t) < 
e} = 1. 

(iv) 6 2 {{j,k) , j < n and k < m : \i{x jk - L,t) > 1 - e) = 5 2 {{j, k) , j < 
n and k < m : v(xj k — L, t) < s} = 1. 

(v) st 2 — lim [i(xjk — L,t) = 1 and st 2 — lim v(xjk — L,t) = 0. 

Theorem 10 Let (V, fi, v, *,o) be an IFNS. If a double sequence x — (xjk) is 
statistically convergent with respect to the intuitionistic fuzzy norms (/i, v), then 
the st(^ M ^ —limit is unique. 

Proof. Let x — (xjk) be a double sequence. Suppose that si( M ,iy) — lima; = L\ 
and si( M ,;y) — limx = L 2 . Let t > and s > 0. Choose r € (0, 1) such that 
(1 — r) * (1 — r) > 1 — £ and r o r < e. Then, we define the following sets: 



K^i{r,t) 

K vA {r,t) 
K vfl {r,t) 



= {{j,k) GNxN 
= {(j,k) GNxN 
= {(j,k) GNxN 
= {(j,k) eNxN 



(j,(xjk - Li,t) < 1-r}. 
(j,(xjk - L 2 ,t) < 1 - r} . 
v(x jk - L u t) >r}, 
v(xjk - L 2 ,t) >r}. 
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Since s£( Mj „) — lima; = L\, we have 

8 2 {K li , 1 (e,t)} = (5 2 {^ 4 (e,i)} - for all t > 0. 
Furthermore, using sti^^-s — lima; = L 2 , we get 

«2{^,2(e,*)} - M-^M)} = for all t > 0. 

Now let K^ u {e,t) ■- {K„ A (s,t) U J^, 2 (e,t)} n {K v>1 (e,t) U K Vi2 (e,t)} . Then 
observe that $ 2 {-K^,i/(M)} = which implies ^{NxN/^^^t)} = 1. If 
(j, fc) e N X N/K liyl/ (e,t), then we have two possible cases. The former is 
the case of (j,k) e N x N/{isT M) i(e, t) U ^^(e,*)}; and the letter is (j, fc) e 
NxN/ {if„,i(e, *) U K v>2 (e, t)} . We first consider that 

(j,k) e N x N/{^,i(e,t) UK Mi2 (e,t)}. 

Then we have 

li{L l -L 2 ,t) > n(x jk - Li, -) * n(x jk - L 2 , -) 

> (1-r)* (1-r) > 1-e. 

Since e > was arbitrary, we get /i(£i — L 2 ,t) = 1 for all £ > 0, which yields 
Li = 1/2- On the other hand, if (J, fc) e N x N/{K Vi i(e, t) U K v>2 (e, t)}, then we 
may write that 



-)ou(x jk -L 2 ,-] 
< r o r < e. 



u(Li-L 2 ,t) < v(xjk-L 1 ,-)ov(xjk-L 2 ,-) 



Again, since e > was arbitrary, we have v(L\ — L 2 , t) = for all i > 0, which 
implies Lj = L 2 . Therefore, in all cases, we conclude that the st(u,v) —limit is 
unique. ■ 

Theorem 11 Let (V,[a, v, *,o) fee on IFNS. If(n,v) 2 — lima; = L for a double 
sequence x — (xj k ) , then st(u,,v) ~ lima; = L. 

Proof. By hypothesis, for every e > and t > 0, there is a number JVgN such 
that 

n{xjk — £,£)> 1 — e and ^(a^-j, — L,t) < e 

for all j > N and fc > TV. This guarantees that the set 

{(j, fc) <E N x N : jti(a;jfc - L, t) < 1 - e or u(xjk - L,t) > e} 

has at most finitely many terms. Since every finite subset of the natural numbers 
has double density zero, we immediately see that 

M(aS fc) e N x N : fi(x jk - L, t) < 1 - £ or v{x jk - L,t) > e} = 0, 

whence the result. ■ 

The following example shows that the converse of Theorem 11 not hold in 
general. 
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Example 12 Let (R,|-|) denote the space of real numbers with the usual norm, 
and let a * b — ah and ao b — min{a + b, 1} for all a, b G [0, 1]. For all x G M 
and every t > 0, consider 

/i (x,t) := j — r and Vo(x,t) 



t+\x\ uv ' t+\x\ 

In this case observe that (R, /i, v, *, o) is an IFNS. Now define a double sequence 
x = (xjfc) whose terms are given by 

f 1, i/j and fc are squares , . 

J I 0, otherwise. 

Then, for every < £ < 1 and /or anj/ £ > 0, Ze£ K n (e,t) :— {(j,k) , j < 
n ana! k < m : /j, (xjk, t) < 1 — e or vo(xjk, t) > e}. Since 

K n (e, t) = < (j.k) , j < n and k < m : ; r < 1 — e or r r > £ 



{ tt „.«.-«-: W ^> 



= {(j, fc) , j < n and k < m : Xju = 1} 

= {(j, fc) , j < n and k < m : j and k are squares} 



trc 



have 



\ /n a / m 

6 2 (K n (s,t)) <lim^vl^ =0. 

n,m nm 



Hence, we get sti^ )1/Q ) 2 —lima; = 0. However, since the sequence x = (xjk) given 
by (3) is not convergent in the space (K,|-|), by Lemma 4-10 of [25], we also see 
that x is not convergent with respect to the intuitionistic fuzzy norm (h ,vq). 

Theorem 13 Let (V, /j,, z^,*,o) be an IFNS. Then s£(^,„) — limx — L if and 
only if there exists a subset K = {(j,k)} C N X N, j, k = 1,2,..., such that 
$2 (K) = 1 and (p, u) 2 — lim Xjk = L. 

j.k — >oo 

(j,k)eK 

Proof. We first assume that st^^ — lim.x = L. Now, for any t > and j G N, 
let 

K r := \ (j,k) eN xN : \i(x jk - L,t) < 1 or z/(x,- fe -£,,£)>- 

(_ r r 

and 

M r = (j,/;)eNxN: M( x ife - i, i) > 1 and z/(x,- fe - L, t) < - 

[ r r 

(r = l,2,...). 
Then <5 2 (iJT r ) = and 
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(1) Mi D M 2 D ... D M t D M i+1 D ... 
and 

(2) <5 2 (M r ) = l, r = l,2,... 

Now we have to show that for (j, A;) € M r , (aijfc) is convergent to L. Suppose 
that (xjk) is not convergent to L. Therefore there is e > such that 

{(j, fc) e N x N : (j,(xjk - L, t) < 1 - e or i/^-k - L,t)> e} 

for infinitely many terms. 
Let 

M e = {(j, fc) e N x N : n(x jk - L, t) > 1 - e and v{x jk - L,t) < e} 

ande>i (r = l,2,...). 

Then 

(3) <5 2 (M £ ) = 0, 

and by (1), M r C M e . Hence 5 2 (M r ) = which contradicts (2). Therefore 
(xjfe) is convergent to L. 

Conversely, suppose that there exists a subset K — {(j, fc)} c N x N 
such that <5 2 (K) — 1 and (/i, v) 2 — Xwaxjk — L, i.e. there exists N £ N such 

that for every e > and t > 

n{xjk — L,t) > 1 — e and ^(a;jfe — L,t) < s, \/j, k > N. 
Now 

if e = {(j, fc) e N x N : ^(xjfe - L,t) < 1 - £ or v{x jk - L,t) > e} 

C NxN-{(jjv+l,&JV+l), (jiV+2, fcAT+2) , •■•} ■ 

Therefore ^2 (^*e) < 1 — 1 = 0. Hence x is statistically convergent to L. m 

Definition 14 Let (V, /j,, v , *,<>) be an IFNS. We say that a double sequence 
x = (xjk) is statistically Cauchy with respect to the intuitionistic fuzzy norm 
(/1, v) provided that, for every e > and t > 0, there exist N — N (e) and 
M = M (e) such that for all j,p > N, k,q> M, the set 

{(j, fc) > j < n, k <m : fj, (xjk - x pq , t) < 1 - e or v (x ok - x pqi t) > e} 

has double natural density zero. 

Now using a similar technique in the proof of Theorem 13 one can get the 
following result at once. 

Theorem 15 Let (V, /j,, v, *,o) be an IFNS, and let x — (xjk) be a double se- 
quence whose terms are in the vector space V. Then, the following conditions 
are equivalent: 

(i) a; is a statistically Cauchy sequence with respect to the intuitionistic fuzzy 
norm (/j,, v). 
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(ii) There exists an increasing index sequence K = {(j,k)} C N x N, j, k — 
1, 2, ... such that S 2 (K) = 1 and the subsequence {xj k }/ „• k)eK 1S a Cauchy 
sequence with respect to the intuitionistic fuzzy norm (/x, v). 

Now we show that statistically convergence of double sequences on IFNS has 
some arithmetical properties similar to properties of the usual convergence on 



Lemma 16 Let (V,/j,, v, *,<>) be an IFNS. If st^^ — Uxaxjh =£ and st^ tV ) — 
limy ife = 77 then st( ix>v ) 2 - lim (x jk + y jk ) =£,+1]. 

Proof. Let si( M)t/ ) 2 - limx^ = £, st( M> „) 2 - limy ife = 77, t > and e G (0, 1). 
Choose r <G (0, 1) such that (1 — r) * (1 — r) > 1 — £ and r o r < e. Then we 
define the following sets: 



K^t) 
K v ,i(r,t) 
K u , 2 (r,t) 



{(j,fc)eNxN 
{(J,k) eNxN 
{(j,fc) eNxN 
{(J,k) eNxN 



M(^fc - £, t) < 1 - r} , 
KVjk - V, t) < 1 - r} , 
^Ojfc -£,*)> r} , 
^(j/jfc - r?, *) > r} . 



Since s£( M ,„) — lima^-fc = £, we have 

<5 2 {^,i(£,t)} = <J 2 {tf„,i(e,t)} - for all * > 0. 
Similarly, since st^ iV ) 2 - limy jk = 77, we get 

5 2 {K^ 2 (e,t)} = (J 2 {^,2(e,*)} - for all i > 0. 

Now let £"„,„(£,*) := {^,i(e,t) U i^, 2 (£,i)} n {lf v> i(e,t) U Jf„ i2 (e,t)} . Then 
observe that S 2 {K f _ t ^(e,t)} = which implies ^{NxN/^^t)} = 1. If 
(j, k) e N x N/Kp, v (e,i), then we have two possible cases. The former is 
the case of (j,k) e N x N/{A" M) i(£,t) U if ^ (£,£)}; and the letter is (j, fc) € 
NxN/ {^,i(e, i) U 1^,2 (e, *)} ■ We first consider that 



(j,k) €N xN/ {K^(e,t)UK^ 2 (e,t)}. 



Then we have 



t, 



t. 



+ (Vjk -V),t) > n{x ik - £, 2) * ^fe ~ ^ 2^ 
> (1 -r) * (1 -r) > 1-e. 



On the other hand, if (j, k) e N x N/{if I/; i(£, i) U K v ^ 2 (s, t)}, then we can write 
that 

Kfe*; -0 + fe -»?),<) < v{Xj k -£,, -)ov(x jk -77, -) 

< r o r < £. 



386 KARAKUS-DEMIRCI 



This show that 



so 



(J, k) e N x N : M((^fc - + fefe - »?) ,t) < 1 - e 
or u((x jk -0 + (Vjk -rf),t)>£ 

st {fJ ^ l ,) 2 -\im(x : j k +y : j k )=£ > +'q. m 



= 



Lemma 17 Let (V,[i,,v,*,o) be an IFNS. If st/^) — limxj k — £ and a <G K 
i/ien si( Mj jy) — hm axj^ = a£. 

Proof. Let st^^ — liiaxjk — £ , £ € (0, 1) and £ > 0. First of all we consider 
the case of a = 0. In this case 

fi(0x jk - 0£, t) = At(0, t) = 1 > 1 - £. 

Similarly we observe that 

u(0x jk - Of, t) = i/(0, i) = < e 

for a = 0. So we obtain (/i, i/) 2 — limOx = 0. Then from Theorem 11 we have 

Now we consider the case of a € K (a =£ 0) . From definition we can write 
M{C7'.*)eNxN:/*(a; ifc -£ ) t)<l-e or i/ (x jfc - f, t) > e}) = 0. 

So, if we define the sets: 

K^(e,t) : ={(j,k)€NxN:n(x jk -£,t)<l-£} 
K v>1 (s,t) : ={(j,k)€NxN:v(x jk -Z,t)>s} 

then we can say <5 2 {K^,! (£, t)} — £ 2 {.K^i (£,£)} = for all t > 0. Now 
let K^ v {e,t) — K /Jj ^(e,t) U K Vt i(e 1 t) then <5 2 {-K" M ^(e,i)} = which implies 
(5 2 {N x N\i^ ;i ,(£, *')} = 1. If (j, k) e N x f^K^ie, t) then for a <= R (a ^ 0) 

^(axjfc - af , i) = jufefe - f , p| ) 

> ^(aijfc - £, i) * ^(0, 7^7 - t) 

= Mfefe - f > *) > 1 - £■ 
Similarly, we observe that for act (a^0) 

v(axjh - af , t) = i/(xj fe - f , — r) 

< v(xjk-£,,t)ov{Q,y--t) 

= v(x jk - f , t) o 
= v(xj k -£,*) < £• 
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This show that 

^2 ({(.?') k) e N x N : n(aXjk — a£, t) < 1 — e or v(o.Xjk — a£, t) > e}) = 

so stu^) — \imaxjk — a£. ■ 

Lemma 18 Let (V,/j,, v, *,o) be an IFNS. If sti^ u \ — Mm.Xjk =£ and sti^ u \ — 
limy ife = r? tfien st^ tV ) 2 - lim (x jfe - y jfe ) = £ - 77. 

Proof. The proof is clear from Lemma 16 and Lemma 17. ■ 

Definition 19 Let (V,li,v,*,o) be an IFNS . We say that a double sequence 
x = (xjk) is IF-bounded if there exist t > and < r < 1 such that li (xjk, t) > 
1 — r and v (xjk, t) < r for every (j, k) € N x N. 

Definition 20 Let (V,li,v,*,o) be an IFNS . For t > 0, we define open ball 
B (x, r, t) with center x G V and radius < r < 1, as 

B (x,r,t) = {y € V : Lt, (x — y,t) > 1 — r , v(x — y,t) < r} . 

It follows from Lemma 16 Lemma 17 and Lemma 18, that the set of all 
IF-bounded statistically convergent double sequences on IFNS is a linear sub- 
space of the linear normed space i^ 2 (V) of all IF-bounded sequences on 
IFNS. 

Theorem 21 Let (V, li, v, *,o) be an IFNS and the set st {pM)2 {V) ni^ 2 (V) 
is closed linear subspace of the set lea 2 (V). 

Proof. It is clear that st ( ^ v)2 (V) n l^ 2 (V) C st^, v ) 2 ( V ) n ^'^ ( V ) ' 
Now we show that st { ^ h (V) n t^ 2 (V) C st( M ,„) 2 (V) n i^ 2 (V). Let 
y e st ip . v)2 (V) n (.t v)2 (V) . Since B (y, r, t) n («*(„,„), (V) n ^" )a (F)) ^ 

, there is a a: € 5 (y, r, t) n («t( M ,„) 2 (*0 n ^" )2 (V)) . 

Let i > Oande e (0,1). Chooser € (0,1) such that (1 - r)* (1 - r) > 1-e 
and r o r < e. Since x € B (y, r, t) D ( st( At)V ) 2 (V) fl 4» (V) ) , there is a set 
if C N x N with <5 (if) = 1 such that 

M ( 2/jfc - £jfc> 9 ) > * ~ r and ^ ( Vjk ~ ^'fe' 9 ) < r 
and 

M ( Xjk, X ) > 1 - r and ^ ( x jk, 2 ) < r 

for all (j, A;) €E K. Then we have 



M (Ujk, t) = Li (y jk - Xjfe + Xjk,t) 

> fj> ly 3 k -Xjk,-) * ll 

> (1-r)* (1-r) > 1-e 



388 



KARAKUS-DEMIRCI 



and 



v (y jk , t) = v (yjh - Xjk + Xjk,t) 



< v\y ]k -x jk ,-\ov\x jk ,^ 

< r o r < e 
for all (j, k) £ K. Hence 

6 2 ({(j, k) £ N x N : \i (y jk , t) > 1 - e and v (y jk , t) < e}) = 1 

and thus i/ € st ( „ >l0a (V) n £^'" )2 (V) . ■ 

Conclusion 22 In {/lis paper, we obtained results on statistical convergence in 
intuitionistic fuzzy normed spaces. As every ordinary norm induces a intuition- 
istic fuzzy norm, the results obtained here are more general than the correspond- 
ing of normed spaces. 
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Abstract 

In the present work, we introduce the concepts of compatible maps of type (P-l) 
and type (P-2), and prove common fixed point theorems for such maps without appeal 
to continuity in Menger spaces. 

Keywords: Menger space; t-norm; Common fixed point; Compatible maps. 

AMS Subject Classifications: 54H25, 54E70 

1 INTRODUCTION 

There have been a number of generalizations of metric space. One such generalization is 
Menger space introduced in 1942 by Menger [11] who was use distribution functions instead 
of nonnegative real numbers as values of the metric. Schweizer and Sklar [21] studied this 
concept and then the important development of Menger space theory was due to Sehgal 
and Bharucha-Reid [15]. Sessa [16] introduced weakly commuting maps in metric spaces. 
Jungck [8] enlarged this concept to compatible maps. The notion of compatible maps in 
Menger spaces has been introduced by Mishra [12]. Cho et al. [2] and Sharma [17,19] gave 
fuzzy version of compatible maps and proved common fixed point theorems for compatible 
maps. 

In this paper, we introduce the concepts of compatible maps of type (P-l) and type (P- 
2) in Menger spaces, and show that they are equivalent to compatible maps under certain 
conditions. In the sequel, we prove common fixed point theorems for compatible maps 
of type (P-l) (or type (P-2)) and weak compatible maps without continuity in Menger 
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spaces illustrating with an example which generalize, extend and fuzzify several well known 
fixed point theorems for contractive type maps on metric spaces, Menger spaces, uniform 
spaces and fuzzy metric spaces. As an application, we have applied one of our result and 
probabilistic version of Banach contraction theorem to obtain a fixed point theorem in the 
product of Menger spaces. 

2 Preliminaries 

In this section, we recall some definitions and known results in Menger space. For more 
details we refer the readers to [1,3-7,8-15,18,20-22]. 

Definition 2.1. A triangular norm * (shorty t-norm) is a binary operation on the unit 
interval [0, 1] such that for all a, b,c,d€ [0, 1] the following conditions are satisfied: 

(a) a * 1 = a; 

(b) a* b = b* a; 

(c) a* b < c* d whenever a < c and b < d; 

(d) a * (b * c) = (a * b) * c. 

Some important examples of t-norm are a*b = max {a + b — 1,0} and a*b = min {a, b}. 

Definition 2.2. A distribution function is a function F : [—00,00] — > [0,1] which is 
left continuous on R, non-decreasing and F(—oo) = 0, F(oo) = 1. 

We will denote by A the family of all distribution functions on [—00, 00]. H is a special 
element of A defined by 

r 0, t<o 
m ~ { 1, t > 0. • 

If X is a nonempty set, F : X x X — > A is called a probabilistic distance on X and F(x, y) 
is usually detoned by F x>y . 

Definition 2.3 (21) . The ordered pair (X, F) is called a probabilistic semimetric space 
(shortly PSM-space) if X is a nonempty set and F is a probabilistic distance satisfying the 
following conditions: for all x,y,z G X and t,s > 0, 

(PM-1) F XiV (t) = H(t) ^x = y; 

(PM-2) F x ,y = Fy, x . 

If, in addition, the following inequality takes place: 

(PM-3) F x , z (t) = 1, F z Js) = 1 => F Xiy (t + s) = 1, 

then (X,F) is called a probabilistic metric space (shortly PM-space). 

The ordered triple (X, F, *) is called Menger probabilistic metric space (shortly Menger 
space) if (X, F) is a PM-space, * is a t-norm and the following condition is also satisfies: 
for all x,y, z € X and t,s > 0, 

(PM-4) F x , y (t + s)> F XtZ (t) * F z>y (s). 

For every PSM-space (X, F) , we can consider the sets of the form 

U £ , x = {(x,y)eXxX: F XtV (s) > 1 - A} . 

The family {U £: \} e>Q Ae / ^ generates a semi- uniformity denoted by Uf and a topology tf 
called the F-topology or the strong topology. Namely, 

A G t f iff Vx G A 3e > and A G (0, 1) such that U e ,\(x) C A. 

Uf is also generated by the family {Va} 5>0 where V5 := Us. 5. 

In [22], it is proved that if sup t<1 (£*t) = 1, then Up is a uniformity, called F-uniformity, 
which is metrizable. 
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The F-topology is generated by the F-uniformity and is determined by the F- 
convergence: 

x n -> x o F XnjX (t) -» 1, \ft > 0. 

Proposition 2.1 (15). Let (X, d) be a metric space. Then the metric d induces a 
distribution function F defined by F x ^ y {t) = H(t — d(x,y)) for all x,y G X and t > 0. // 
t-norm * is a*b = min {a, b} for all a, b G [0, 1] then (X, F, *) is a Menger space. Further, 
(X, F, *) is a complete Menger space if (X, d) is complete. 

Definition 2.4 (12). Let (X,F,*) be a Menger space and * be a continuous t-norm. 

(a) A sequence {x n } in X is said to be converge to a point xinX (written x n — > x) if for 
every e > and A G (0, 1), there exists an integer no = no(e, A) such that F XniX (e) > 1 — A 
for all n > no- 

(b) A sequence {x n } in X is said to be Cauchy if for every e > and A G (0, 1), there 
exists an integer no = no(e, A) such that F XntXm (e) > 1 — A for all n > no and p > 0. 

(c) A Menger space in which every Cauchy sequence is convergent is said to be complete. 
Definition 2.5 (12). Self maps A and B of a Menger space (X,F,*) are said to be 

compatible if FABx n ,BAx n {t) ~^ 1 f or M £ > 0, whenever {x n } is a sequence in X such that 
Ax n , Bx n — ► z for some z in X as n — > oo. 

Lemma 2.1 (20). Let (X, F, *) be a Menger space. If there exists k G (0, 1) such that 

F xy (kt) > F xy (t) 

for all x, y E X and t > 0, then x = y. 

3 Compatible Maps of Type (P-l) and Type (P-2) 

In this section, we introduce the concept of compatible mappings of type (P-l) and type 
(P-2) in Menger spaces and show that they are equivalent to compatible mappings under 
certain conditions. 

Definition 3.1. Self maps A and B of a Menger space (X,F,*) are said to be 
compatible of type (P) if F AB x n ,BBx n (t) -> 1 and F B Ax n ,AAx n (t) -> 1 for allt > 0, whenever 
{x n } is a sequence in X such that Ax n , Bx n — ► z for some z in X as n — > oo. 

Definition 3.2. Self maps A and B of a Menger space (X,F,*) are said to be 
compatible of type (P-l) if FABx n ,BBx n (t) —> 1 for all t > 0, whenever {x n } is a sequence 
in X such that Ax n , Bx n — > z for some z in X as n — > oo. 

Definition 3.3. Self maps A and B of a Menger space (X,F,*) are said to be 
compatible of type (P-2) if FBAx„,AAx n (t) — ► 1 for all t > 0, whenever {x n } is a sequence 
in X such that Ax n , Bx n — > z for some z in X as n — > oo. 

Remark 3.1. Clearly, if a pair of mappings (A,B) is compatible of type (P-l) then the 
pair (£>, A) is compatible of type (P-2). Further, if A and B compatible mappings of type 
(P) then the pair (A, B) is compatible of type (P-l) as well as type (P-2). 

The following is an example of pair of self maps in a Menger space which are compatible 
of type (P-l) and type (P-2) but not compatible. 

Example. Let (X, d) be a metric space with the usual metric d where X = [0, 2] and 
(X, F, *) be the induced Menger space with F Xj y(i) = H(t — d(x, y)), Vrc, y G X and Vf > 0. 
Define self maps A and B as follows: 

} 2 - x, if < x < 1, , _ / x, if < x < 1, 

lr < % if 1< x < 2, and UX ~ 2, if 1< x < 2. 
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Take x n = 1-1/n. Then F AxnA (t) = H(t-(l/n)) and lim^^ F AxnA (t) = H(t) = 1. Hence 
Ax n — > 1 as n —* oo. Similarly, i?x n — ► 1 as n — > oo. Also F A B Xn ,BAx n (t) = H(t—(l — l/n)) 
and lim n ^oo F A B Xn ,BAx n (t) = H(t—1) ^ 1, Vt > 0. Hence the pair (.A, i?) is not compatible. 
But F A Bx n ,BBx n (t) = H(t - (2/n)) and lim^oo F ABXn ,BBx n {t) = H(i) = 1, Vi > 0. Hence 
the pair (A, B) is compatible of type (P-l). Similarly, the pair (A, B) is compatible of type 
(P-2). 

Next, we cite the following propositions which gives the condition under which the 
Definitions 2.5, 3.2 and 3.3 becomes equivalent. 

Proposition 3.1. Let A and B be self maps of a Menger space (X, F, *) with continuous 
t-norm * and t*t>t for all t G [0, 1]. 

(i) If B is continuous then the pair (A,B) is compatible of type (P-l) iff A and B are 
compatible. 

(ii) If A is continuous then the pair (A, B) is compatible of type (P-2) iff A and B are 
compatible. 

Proof, (i) Let {x n } be a sequence in X such that Ax n ,Bx n — > z for some z in X as 
n — > oo and let the pair (A, B) be compatible of type (P-l). Since B is continuous, we have 
BAx n — > Bz and BBx n — ► i?z. Therefore, by (PM-4), we have 

F A Bx n ,BAx n (t) > F ABXn ,BBx n (t/2) * F B Bx n ,BAx n (t/2) — ► 1 * 1 > 1 

asn-^ oo. Hence the mappings A and B are compatible. 

Now, let A and i? be compatible. Therefore, using the continuity of B, we have 

F A Bx n ,BBx n (t) > F A B Xn ,BAx n (t/2) * F B Ax n ,BBx n (t/2) — > 1 * 1 > 1 

as n — * oo. Hence the mappings A and -B are compatible of type (P-l). 

(ii) Let {x n } be a sequence in X such that Ax n , Bx n — > z for some z in X as n — > oo and 
let the pair (A, B) be compatible of type (P-2). Since A is continuous, we have AAx n — > Az 
and ABx n — ► Az. Therefore, by (PM-4), we have 

FABx n ,BAx n (t) > F ABXn ,AAx n (t/2) * F AAXn>B Ax n (t/2) — ► 1 * 1 > 1 

asn^ oo. Hence the mappings A and 5 are compatible. 

Now, let A and i? be compatible. Therefore, using the continuity of A, we have 

FBAx n ,AAx n (t) > F B Ax n ,ABx n (t/2) * F AB x n ,AAx n (t/2) — ► 1 * 1 > 1 

as n — > oo. Hence the mappings A and B are compatible of type (P-2). 

Next, we give some properties of compatible mappings of type (P-l) and type (P-2) 
which will be used in our results. 

Proposition 3.2. Let A and B be self maps of a Menger space (X,F,*). If the pair 
(A, B) is compatible of type (P-l) and Az = Bz for some z in X then ABz = BBz. 

Proof. Let {x n } be a sequence in X defined by x n = x for n G N and let Az = Bz. 
Then we have Ax n — ► Az and Bx n —+ Bz. Since the pair (A, B) is compatible of type 
(P-l), we have F ABz ,BBz(t) = F ABXn ,BBx n (t) -> 1 as n -> oo. Hence ABz = BBz. 

Proposition 3.3. Let A and B be self maps of a Menger space (X,F,*). If the pair 
(A, B) is compatible of type (P-2) and Az = Bz for some z in X then BAz = AAz. 
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Proof. Let {x n } be a sequence in X denned by x n = x for n G N and let Az = Bz. 
Then we have Ax n — > Az and Bx n — > Bz. Since the pair (A, B) is compatible of type 
(P-2), we have F B Az,AAz(t) = F B Ax n ,AAx„(t) -> 1 as n -> oo. Hence PAz = AAz. 

Proposition 3.4. Let A and B be self maps of a Menger space (X, F, *) with continuous 
t-norm * and t*t > t for all t G [0, 1]. If the pair (A, B) is compatible of type (P-l) and {x n } 
is a sequence in X such that Ax n , Bx n — > z for some z in X as n — > oo then BBx n — ► Az 
if A is continuous at z. 

Proof. Since A is continuous at z and the pair (A,B) is compatible of type (P-l), we 
have ABx n — ► Az and FABx n ,BBx n {t) — > 1 as n — > oo. Therefore 

F A z,BBx n {t) > F Az ,ABx n {t/2) * F ABXn ,BBx n (t/2) -► 1 * 1 > 1 

as n — > oo. Hence BBx n — ► Az as n — > oo. 

Proposition 3.5. Let A and P be self maps of a Menger space (X, F, *) with continuous 
t-norm * and t*t > t for all t 6 [0, 1]. If the pair (A, B) is compatible of type (P-2) and {x n } 
is a sequence in X such that Ax n , Bx n — > z for some z in X as n — > oo then AAx n — * Bz 
if B is continuous at z. 

Proof. Since B is continuous at z and the pair (A,B) is compatible of type (P-2), we 
have BAx n — ► Bz and FBAx n ,AAx„(i) -^ 1 as n -> oo. Therefore 

F B z,AAx n (t) > F B z,BAx n (t/2) * F B Ax n ,AAx n (t/2) -» 1 * 1 > 1 

as n — -> oo. Hence AAx n — > Bz as n —^ oo. 

4 Main Results 

Let .A, -B, P, Q, S and T be self maps on a Menger space (X, F, *) with continuous t-norm 
* and t*t>t, for all t £ [0, 1], satisfying: 

(a) P(X) C ST(X), Q{X) C AP(X), 

(b) there exists a constant fc 6 (0, 1) such that 

Fp x ,Qy(kt) > FABx,STy(t) * Fp Xt ABx(t) * FQ Vj STy(t) 
*F Px ,STy(at) * FQ y:A Bx((^ ~ a)t) 

for all x, y G X, a G (0, 2) and t > 0. 

For some arbitrary xo in X, by (a), we choose x\ in X such that Pxq = STx\, and 
for this x\ there exists X2 such that Qx\ = ABx2- Continuing this process we define the 
sequence {y n } in X such that 

(1) Px 2 n = STx 2n +i = Vin and Qx 2n +i = ABx 2n +2 = V2n+1 

forn = 0,1,2, .... 

We need the following lemma proved by Singh and Jain [20] for our result. 

Lemma 4.1. Let A,B,P,Q,S and T be self maps on a Menger space (X,F,*) with 
continuous t-norm * and t * t > t for all t G [0, 1], satisfying the conditions (a) and (b). 
Then the sequence defined by the condition (1) is a Cauchy sequence in X. 

Theorem 4.1. Let A, B, P, Q, S and T be self maps on a Menger space (X, P, *) with 
continuous t-norm * and t*t>t, for all t G [0, 1], satisfying the conditions (a), (b) and 
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(c) one of P(X),Q(X),AB(X) and ST(X) is a complete subspace of X, 

(d) (P, AB) is compatible of type (P-l) or type (P-2), and (Q, ST) is weakly compatible. 

Then A,B,P,Q, S and T have a unique common fixed point in X. 

Proof. Let (P, AB) be compatible of type (P-l) and (Q, ST) be weakly compatible. By 
Lemma 4.1, the sequence {y n } defined by (1) is a Cauchy sequence in X and if AB(X) is 
complete then {y2n+i} has a limit z in AB(X). Let u> G (AB) -1 ^, then ^45to = z. We 
shall use the fact that the subsequence {y2n} also converges to z. If we take x = w and 
U = X2n+i in (b), we have 

Fp W ,Qx 2n+1 (kt) > FABw,STx 2n+ i (t) * Fp w ,ABw (<) * F Qx2n+1 ,STx 2n+1 (<) 
*Pp«;,STx 2n+1 (^) * ^Qx 2 „+i,ABu,((2 - <*)*)■ 

Taking n — > oo and a — ► 1, we have 

Ppw.z (kt) > Fabw,z (t) * Fp w ,ABw (t) *F z , z (t)* F Pw , z (t) * F Z:ABw (t) 
> F PWjZ (t) 

which means that z = Pw. Hence z = ABw = Pw, i.e., w is a coincide point of P and AB. 
Since the pair (P, AB) is compatible of type (P-l) and ABw = Pw, by Proposition 3.2, we 
have P(AB)w = AB(AB)w or Pz = ABz. 

Since P(X) C ST(X), Pw = z implies that z 6 ST(X). Let m G (ST)" 1 ,?, then 
STw = z. It can easily verified by using similar arguments of the previous part of the proof 
that z = Qu, hence z = STu = Qu. Since the pair (Q, ST) is weakly compatible, we have 
Q(ST)u = (ST)Qu or Qz = STz. 

If we assume that ST(X) is complete, then the argument analogous to the previous 
completeness argument establishes wis a coincide point of P and AB, and u is a coincide 
point of Q and ST. Thus Pz = ABz and Qz = STz. 

The remaining two cases pertain essentially to the previous cases. Indeed, if Q(X) is 
complete, then by the condition (a), z G Q(X) C AB(X). Similarly if P(X) is complete, 
then z G P(X) C ST(X). Thus Pz = ABz and Qz = STz. 

Now, we prove that z = Pz. If we take x = z and y = X2n+i in (b), we have 

Fp z ,Q X2n+1 (kt) > F A Bz,STx 2n+1 (t) * Fp ZyA Bz(t) * FQ X2n+u STx 2 „+i (*) 

*F Pz ,sTx 2n+1 (at) * F Qx2n+liABz ((2 - a)t). 

Taking n — > oo and a — > 1, we have 

F Pz , z (kt) > F PZjZ (t)* F Pz , Pz (t)*F z , z (t)* F Pz , z (t) * F z , Pz (t) 
> F Pz , z (t) 

which means that z = Pz. Hence z = Pz = ABz. Similarly, we also have z = Qz = STz. 

Now, we prove that z = Bz. Since z = Pz = ABz, P{Bz) = Bz and AB(Bz) = Bz. If 
we take x = Bz and y = X2 n +\ in (b), we have 

Fp(Bz),Qx 2n+1 (kt) > F AB ( Bz ^ STx2n+1 (t) * F P ( Bz ^ AB ( Bz )(t) * FQ X2n+1:S Tx 2n+1 (t) 

*Fp( Bz ),STx 2n+1 (at) * F Qx2n+1}AB ( Bz - ) ((2 - a)t). 
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Taking n — > oo and a — > 1, we have 

i^W (Art) > F Bz , z (t) * F Bz , Bz (t) *F z , z (t)* F Bz , z (t) * F z , Bz (t) 
> F Bz , z {t) 

which means that z = Bz. Since z = ABz, z = Bz implies that z = Az. Hence 
z = Pz = Az = Bz. Similarly we also have z = Qz = Sz = Tz. Therefore z is a 
common fixed point of A, B, P, Q, S and T. It is also easy to prove that if (P, AB) is 
compatible of type (P-2) and (Q, ST) is weakly compatible then z is a common fixed point 
of A, B, P, Q, S and T. 

For uniqueness of common fixed point, let v ^ z be another common fixed point of 
A, B, P, Q, S and T. Then, by condition (b) and taking a — ► 1, we have 

F z , v (kt) = Fp Z)Qv (kt) > F ABz ,STv(t) * Fp ZjA Bz(t) * F QVt STv(t) 
*Fp Z; STv(t) * FQ Vt ABz(t) 

> F ZiV (t) 

which means that z = v. This completes the proof. 

If we take A = B = S = T = Ix in Theorem 4.1, we have the following: 

COROLLARY 4.1. Let P and Q be self maps on a Menger space (X, F, *) with continuous 

t-norm * and t*t>t for all t G [0, 1]. If there exists a constant k G (0, 1) such that 

Fp X ,Qy(kt) > F X> y(t) * F X>Px (t) * Fy,Qy(t) 

*Fy tPx (at) * F XtQy ((2 - a)t) 

for all x, y G X, a G (0, 2) and t > 0, then P and Q have a unique common fixed point. 

Remark 4.1. Theorem 1^.1 is a generalization of the results of Singh and Jain [20], and 
Mishra [12] in the sense of that the condition of compatibility of the first pair of self maps 
has been restricted to (P-l) type (or (P-2) type) compatibility and no one of the self maps 
need to be continuous in non-complete Menger space. 

Example. Let (X, d) be a metric space with the usual metric d where X = [0, 1] and 
(X, F, *) be the induced Menger space with F Xj y(i) = H(t — d(x, y)) for all x, y G X, t > 0. 
Clearly (X, F, *) is a Menger space where t-norm * is defined by a * b = min{a, b} for all 
a, b G [0, 1]. Let A, B, P, Q, S and T be maps from X into itself defined as 

Ax = x/5, Bx = x/S, Px = x/6, Qx = 0, Sx = x, Tx = x/2 



for all x G X. Then 



and 



P(X) 



< 



C 



*i 



Q(X) = {0} C 



*h 



ST(X) 



AB(X). 



If we take k = 1/2, t = 1 and a = 1, we see that the condition (b) of the main Theorem is 
satisfied. Clearly, conditions (c) and (d) of the main Theorem are also satisfied. Moreover, 
the pair (P, AB) is compatible of type (P-l) and also type (P-2). In fact, if limn^oo x n = 0, 
where {x n } is a sequence in X such that lim n ^ 00 Px n = linin^oo ABx n = for some G X, 
then 

lim i r p( > lB)x n ,AB(AB)x 7l (*) = H(t) = 1. 
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Similarly, (P, AB) is also compatible of type (P-2). The pair (Q, ST) is weakly compatible 
since they commute at their coincidence point 0. Thus, all conditions of the main Theorem 
are satisfied and is the unique common fixed point of A, B, P, Q, S and T. 

Following Bylka [1], we consider the family G of functions g : [0, oo) — ► [0, oo) such that 
g is non-decreasing in [0, oo) and lim n ^oo g n (t) = oo for every t > where g n denotes the 
n-th iteration of g. It is proved in [14] that g(t) > t for all t > and if F xy (t) > F xy {g{t)) 
for some t > then x = y. 

Theorem 4.2. Let A, B, P, Q, S and T be self maps on a Menger space (X, F, *) with 
continuous t-norm * and t*t>t for all t G [0, 1], satisfying: 

(a) P(X) C ST(X), Q(X) C AB(X), 

(b) there exists a function g G G such that 

Fp x ,Qy{t) > F AB x,STy(g(t)) 

for all x, y G X and t > 0, 

(c) one of P(X),Q(X), AB(X) and ST(X) is a complete subspace of X, 

(d) (P, AB) is compatible of type (P-l) or type (P-2), and (Q, ST) is weakly compatible. 

Then A,B,P,Q,S and T have a unique common fixed point in X. 
Proof. Using the condition (a), we can construct a sequence {y n } in X defined by (1). 
Then, for all t > and n = 1,2, ..., we have 

^2/2n+l,2/2rH-2W = ^ PX2„+1 ,Q%2n+2 W 

> Fab^^ST^.^ (#(*)) 

= -^y2n,y2n+i\9\t))- 

Similarly, we have 

^y2n,y2n + lV-) = t 1 Px2n,Q%2n+l \P) 

> F A Bx 2n ,STx2„ + i(g(t)) 
= F y2n _ uy2n (g(t)). 

Therefore 

(2) ^ OTn ,«2„ + i(*) > ^.-LWn^W) > - > F vom (9 n {t))- 

Now, we show that the sequence {y n } is a Cauchy sequence in X. Let e and A be positive 
reals. Then, for m > n,p = m — n and by using (1), we have 

F (s) > F ( £ -]*F ( £ (P- l < 



pj ' \ p 



P J J \ P 



> F ^n i <l" [ £ -)) * ^, l+1 * +2 f f) * ^,1*. ^ " _ ^ 



p , , - . p , . p 



— r 2/0,2/1 5 I I I * r yo,yi \ 9 I I I * r y n +2,ym 



PJ J V \P J J V P 
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Since linin^oo g n (t) = oo, we have g n ( | j < g n+ f | j and by the hypothesis t * t > t. 



-,n ( e \ ^ r.n+1 

Therefore, we have 



(3) Fv»^(c) > Fvon (f (j)) * Ft 



y n +2,y m , 



Using the induction argument, we obtain from (3) that 



*k,^) > ^W(V( 



J J * ■^ 7 !/7 l +fc-2,i/n+fc-i I J * F y m -i,y m t) 

£ ^^ - / n+ fc_ 2 fAV „ ( „m-l ( e 



— Fyom [9 [ ~ 



Hence, we can choose no <n such that 



and then Fy n ^ m (e) > 1 — A for all m > n > no- This means that {y n } is a Cauchy sequence 
in X. Let (P,AB) be compatible of type (P-l) and (Q,ST) be weakly compatible. Now 
suppose that AB(X) is complete then {y2n+i} has a limit 2 in AB(X). Let w G (AB) z, 
then ABw = z. We shall use the fact that the subsequence {y2n} also converges to z. If 
we take x = w and y = X2 n +\ in (b), we have 

Fpw,Qx 2n+ i (*) > FABw,8Tx 2n+1 (9(t)) 

Taking n — * oo, we have 

F Pw , z {t) > F z , z (g(t)) = 1 

which implies that z = Pw. Hence z = ABw = Pw, i.e., w is a coincide point of P and 
AB. Since the pair (P,AB) is compatible of type (P-l) and ABw = Pw, by Proposition 
3.2, we have P(AB)w = AB(AB)w or Pz = ABz. 

Since P(X) C ST(X), Fw = z implies that s G ST(X). Let « G (ST)" 1 ;?, then 
STu = z. It can easily verified by using similar arguments of the previous part of the proof 
that z = Qu, hence z = STu = Qu. Since the pair (Q, ST) is weakly compatible, we have 
Q(ST)u = (ST)Qu or Qz = STz. 

If we assume that ST(X) is complete, then the argument analogous to the previous 
completeness argument establishes w is a coincide point of P and AB, and u is a coincide 
point of Q and ST. Thus Pz = ABz and Qz = STz. 

The remaining two cases pertain essentially to the previous cases. Indeed, if Q(X) is 
complete, then by the condition (a), z G Q(X) C AB(X). Similarly if P{X) is complete, 
then z G P(X) C ST(X). Thus Pz = ABz and Qz = STz. 

Now, we prove that z = Pz. If we take x = z and y = x^n+i in (b), we have 

Fpz,Qx 2n+1 {t) > FABz,STx 2n +i(g(t)) 

Taking n — ► oo, we have 

FpzAt) > F Pz Jg(t)) 
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which means that z = Pz. Hence z = Pz = ABz. Similarly we also have z = Qz = STz. 

Now, we prove that z = Bz. Since z = Pz = ABz, P(Bz) = Bz and AB(Bz) = Bz. If 
we take x = Bz and y = X2n+i in (b), we have 

F P(Bz),Qx 2 n+i( t ) ^ F AB(Bz),STx 2n +i(9(t)) 

Taking n — ■> oo, we have 

FbzA*) > FbzM*)) 

which means that z = Bz. Since z = ABz, z = Bz implies that z = Az. Hence 
z = Pz = Az = Bz. Similarly we also have z = Qz = Sz = Tz. Therefore z is a 
common fixed point of A, B, P, Q, S and T. It is also easy to prove that if (P, AB) is 
compatible of type (P-2) and (Q, ST) is weakly compatible then z is a common fixed point 
of A, B, P, Q, S and T. 

It is easy to see that z is unique common fixed point of A, B, P, Q, S and T. This 
completes the proof. 

If we take g(t) = t/k for k G (0, 1), P = Q and A = B = S = T = I x in Theorem 4.2, 
we have the following: 

COROLLARY 4.2 (15). Let P be a self map on a Menger space (X,F, *) with continuous 
t-norm * and t * t > t for all t G [0, 1]. // P(X) is complete and there exists a constant 
k G (0, 1) such that 

Fpx,p y (kt) > F XjV (t) 

for all x, y G X and t > 0, then P has a unique common fixed point in X. 

Note that the proof of Corollary 4.2 also follows from Corollary 4.1 since P = Q and 
F x ,y{t) = mm{F X:y (t), F XtPx (t), F VtQy (t), F VtPx (t), F Xy Qy(t)}. 

Remark 4.2. Theorem 4.2 is a generalization of the results of Bylka [1], and Sehgal 
and Bharucha-Reid [15] in the sense of that the condition of compatibility of the first pair 
of self maps has been restricted to (P-l) type (or (P-2) type) compatibility and no one of 
the self maps need to be continuous in non-complete Menger space. 

Remark 4.3. In Theorems 4-1 and 4-2, and Corollaries 4-1 and 4-2, the condition "the 
t-norm * is continuous and t * t > t for all t G [0, 1] " can be replaced by the condition 
"s*t = min{s, t} for all s, t G [0, 1] ". 

5 An Application 

In this section, we apply Corollaries 4.1 and 4.2 to establish the following result on the 
product space. 

Theorem 5.1. Let (X, F, *) be a Menger space with continuous t-norm * and t*t>t 
for all t G [0, 1] and P and Q be self maps on the product X x X with values in X. If there 
exists a constant k G (0, 1) such that 

F P(x, y )Q(u,v)(kt) > F xu (i) * F yv (t) * F xP ( x ^(t) * F uQ ( u ^)(t) 
(4) *F uPix ,y) (at) * F xQ{U:V) ((2 - a)t) 

for all x,y G X,a G (0, 2) and t > 0, then P and Q have a unique common fixed point. 
Proof. From (4), we have 

Fp{x,y)Q(u,y)(kt) > F xu (t) * F xP ( x ^(t) * F u Q( u ^{t) 
* F uP{x,y){®t) * F xQ(u,y)(( 2 ~ Oi)t) 
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for all x,y,u in X. Therefore, by Corollary 4.1, for each y in X, there exists exactly one 
point z(y) in X such that 

(5) P(z(y),y) = z(y) = Q(z(y),y). 

Now, for any y, y' in X, by (4) with a = 1, we have 

F P(z{y),y)Q{z(y'),y')(kt) > F z{y)z{yl) (t) * F yy ,(t) * F z{y)P{z{y ^ y) {t) 

* F z(.y)Q(z{y>),yi)(t) * F z(y)P(z(y),y)(t) * F z(y)Q(z(y>),y>)(t) 

that is, 

F z( y )z(y){kt) > F z ( y )z(y)(t) * F yyl (t) * 1 * 1 * F z ( y ,) 2 ( y )(i) * F z ^ z ^ y ^(t) 

> F z(y)z(y')(t)* F yy(t) 

> F z(y)z{yl) (t/k n )*F yy ,(t) 
— ► F yy ,(t). 

Therefore, Corollary 4.2 yields that the map z{.) of X into itself has exactly one fixed point 
w in X, i.e. z(u>) = w. Hence, by (5), w = z(w) = P(w,w) = Q(w,w). This completes the 
proof. 
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Abstract In this paper, by using the new random resolvent operator tech- 
nique associated with (A, r/)-accretive mappings, we analyze and establish 
existence theorem for a new nonlinear random multi-valued variational in- 
clusion systems involving (A, ^-accretive mappings in Banach spaces. Our 
results generalize some results of other recent works on strongly monotone 
quasi- variational inclusions, nonlinear implicit quasi- variational inclusions 
and nonlinear mixed quasi- variational inclusion systems. 

Key 'words and phrases: Relaxed random cocoercive mapping, nonlinear 
random multi-valued variational inclusion system, (A, ^-accretive mapping, 
random resolvent operator technique, random iterative algorithm and con- 
vergence. 

AMS Subject classification: 49J40, 47H05, 47H19 

1. Introduction 

Very recently, by using the iterative technique and Nadlers theorem, Wu et al. [36] con- 
struct a new iterative algorithm for solving the following system of nonlinear inclusions 
in Banach spaces and prove some new existence results of solutions for the system of 
nonlinear inclusions and discuss the convergence of the sequences generated by the al- 
gorithm. As an application, authors also show the existence of solution for a system of 
functional equations arising in dynamic programming of multistage decision processes. 

In this paper, for any given elements / : A — ► E and g : O, — ► E, and any real-valued 
random variables Ai(s), \2(t) > 0, we shall consider the following nonlinear random 
multi- valued variational inclusion systems: 

Find x : A —> E,y : £1 —> E such that Range{p) |"| domM\{t, ■) ^ and 

y (t) - x(s) - Ai(s)(M(«, F(t, y(t)),v(t)) - f(s)) e X 1 (s)M 1 (s,p(s, x(s))), 
Vi;(t)€T(t, i/(t)), 

x(s) - y(t) - X 2 (t)(N 2 (t, G(s, x(s)),u(s)) - g(t)) G A 2 (t)M 2 (t, y(t)), { ' > 

Vu(s) £ S(s,x(s)), 



1 This work was supported by the Scientific Research Fund of Sichuan Provincial Education Depart- 
ment (2006A106). 
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where E and E are two separable real Banach spaces, (A, A, fi) and (0, C, v) are two 
complete cr-finite measure spaces, S : A x E —> 2 and T : 17 x E — ► 2 are multi- 
valued mappings, M\ : A x £7 —> 2 E and M2 : f! x £ ^ 2 £ are any nonlinear mappings 
such that for all (s,t) G A x fi, M\(s, •) : E — ► 2 is an ( J 4i,ryi)-accretive mapping 
and M2(t,-) : E — ► 2 E is an (^^^-accretive mapping, Ni : A x E x E ^ E, N2 : 
VLxExE -► E, F : SlxE -> E,G,p: Ax£-»£,4i: Axfi^£,i 2 : ft x £ ^ £, 
771: Ax£x£-»£ and 772 : £1 x E x E ^ E are single-valued mappings, 2 Ei denotes 
the family of all the nonempty subsets of i% for ? = 1,2. 

The study of such types of problems is motivated by an increasing interest in the 
random equations involving the random operators in view of their need in dealing with 
probabilistic models in applied sciences is very important. In recent years, Ahmad and 
Bazan [2], Chang [4], Chang and Huang [5], Cho et al. [8], Ganguly and Wadhwa [12], 
Huang [14], Huang and Cho [15], Huang et al. [16], Khan et al. [19], Lan [21], Noor and 
Elsanousi [32] introduced and studied the research works in these fascinating areas, the 
random variational inequality problems, random quasi- variational inequality problems, 
random variational inclusion problems and random quasi-complementarity problems, 
respectively. 

On the other hand, it is well known that variational inequality type methods have 
been applied widely to problems arising from model equilibria problems in economics, 
optimization and control theory, operations research, transportation network modelling, 
and mathematical programming. Very recently, in order to study extensively varia- 
tional inequalities and variational inclusions, which are providing mathematical models 
to some problems arising in economics, mechanics, and engineering science, Lan et al. 
[11] first introduced the concept of (A, r/)-accretive mappings, which generalizes the ex- 
isting 77-subdifferential operators, maximal ^-monotone operators, generalized monotone 
operators (named i^-monotone operators), A-monotone operators, {H , r/)-monotone op- 
erators, (A, ?7)-monotone operators in Hilbert spaces, i7-accretive operators, generalized 
m-accretive mappings and (H, r/)-accretive operators in Banach spaces. The authors 
also studied some properties of (A, ?7)-accretive mappings and defined resolvent oper- 
ators associated with (A, ^-accretive mappings, which improved and generalized the 
corresponding results of recent works in [1, 6, 9, 10, 11, 20, 22, 24, 26, 27, 28, 31, 33, 38]. 

Furthermore, the determinate form of the problem (1.1) was studied by Lan et al. [26] 
when Mi(s, •) and M2(t, ■) are generalized m-accretive mappings for a given determinate 
clement (s,t) G A x f!, and for appropriate and suitable choices of Ni, Mi, Ai, rji, A« 
(i = 1,2), S, T, F, G, /, g, p and E, it is easy to see that the problem (1.1) includes a 
number (systems) of (random) quasi-variational inclusions, generalized (random) quasi- 
variational inclusions, (random) quasi-variational inqualities, (random) implicit quasi- 
variational inequalities studied by many authors as special cases, see, for example: 

Example 1.1. Let S : A x E —> E and T : 0, x E — ► E be single-valued mappings. 
Then for each fixed elements (f(s),g(t)) & E x E and any real-valued random variables 
Ai(£), M(t) > 0, the problem (1.1) reduces to finding x : A — ► E,y : 0, — ► E such that 
Range{p) f] domMi(t, •) 7^ and 

f y(t)-x(s)-\i( S )(N 1 (8,F(tMt)),T(tMm-f(s))e\ 1 (8)M 1 ( 8 ,p( S ,x(s))), n 9] 
\ x(s) - y(t) - X 2 (t)(N 2 (t, G(s, x(s)),S(s, x(s))) - g(t)) G A 2 (t)M 2 (t, y{t)). l " > 

Example 1.2. Suppose that p = I, the identity mapping, f(s) = for all s £ A, 
g{t) = for all t £ Q, N±(-,x,y) = x + y for all x,y G E and N2(-,z,w) = z + w for 
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all z,w £ E. Then the problem (1.2) is equivalent to the following system of general 
nonlinear mixed random quasi-variational inclusions in Banach spaces: find (x(s),y(t)) 6 
E x E such that 

f Oex(s)-y(t) + X 1 (s)(F(t,y(t)) + T(t,y(t))) + X 1 (s)M 1 (s,x(s)), 

\ 0£y(t)-x(s)-\ 2 (t)(G(s,x(s)) + S(s,x(s))) + \ 2 (t)M 2 (t,y(t)). ^ 

The parametric form of the problem (1.3) was studied by Jeong [17] when M,N are 
m-accretive mappings and Ai(s) and \ 2 (t) are constants. Further, the determinate form 
of the problem (1.3) was introduced and studied by Agarwal et al. [1] when E = Ti is a 
Hilbert spaces, M±,M 2 are two maximal monotone mappings. 

Now, for each fixed (s,t) G A x fl, the solution set Q(s,t) of the problem (1.1) is 
denoted as 

Q(s,t) 

= {(x(s),y(t)) e E x E : 3u(s) £ S(s,x(s)) and v(t) G T(t,y(i)), such that 

y(t)-x(8)-X 1 (8)(N 1 (s,F(t,y(t))Mt))-f(s))^Xi(8)M 1 (s,p(s,x(s))) 

and x(s) - y(t) - X 2 (t)(N 2 (t, G(s, x(s)),u(s)) - g{t)) G X 2 (t)M 2 (t, y(t))}. 

In this paper, by using the new random resolvent operator technique associated with 
(A, ry)-accretive mappings, our main aim is to study the behavior of the solution set 
Q(u, A), and the conditions on these mappings TVj, Mi, S,T, F, G, f,g,p, Ai,rji, Aj and Ei 
for i = 1,2 under which the function Q(s,t) is nonempty and the generalized random 
iterative procedures with errors for the element of this solution set Q(s, t) in g-uniformly 
smooth Banach spaces is convergence. Our results generalize some results of other re- 
cent works on strongly monotone quasi-variational inclusions, nonlinear implicit quasi- 
variational inclusions and nonlinear mixed quasi-variational inclusion systems. 

2. Preliminaries 

Throughout this paper, we suppose that (f2, A, fi) is a complete cr-finite measure 
space and E is a separable real Banach space endowed with dual space E*, the norm 
|| • || and the dual pair (-, •) between E and E* . We denote by B{E) the class of Borel 
o"-fields in E. Let 2 and CB(E) denote the family of all the nonempty subsets of E, 
the family of all the nonempty bounded closed sets of E, respectively. The generalized 
duality mapping J q : E — ► 2 E * is defined by 

J q (x) = {/* e E* : (x,f*) = \\x\\l and ||/*|| = Hsf" 1 }, Vx G E, 

where q > 1 is a constant. In particular, J 2 is the usual normalized duality mapping. It 
is well known that, in general, J q (x) = ||x|| 9_2 J2(a;) for all x ^ and J q is single-valued 
if E* is strictly convex (see, for example, [37]). If E = 7i is a Hilbert space, then J 2 
becomes the identity mapping oiTi. In what follows we shall denote the single- valued 
generalized duality mapping by j q . 

The modules of smoothness of E is the function pe : [0, oo) — ► [0, oo) defined by 

p E (t) = sup{-||a; + y\\ + \\x - y\\ - 1 : ||x|| < 1, \\y\\ < t}. 
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A Banach space E is called uniformly smooth if lim ' ^ ' = and E is called q-uniformly 
smooth if there exists a constant c > such that pe < ct 9 , where q > 1 is a real number. 

It is well known that Hilbert spaces, L p (or L) spaces, 1 < p < oo, and the Sobolev 
spaces W m ' p , 1 < p < oo, are all g-uniformly smooth. In the study of characteristic 
inequalities in q-uniformly smooth Banach spaces, Xu [37] proved the following result. 

Lemma 2.1. Let q > 1 be a given real number and Ebea real uniformly smooth 
Banach space. Then E is (/-uniformly smooth if and only if there exists a constant c q > 
such that for all x, y £ E, j q {x) £ J q {x), there holds the following inequality 

\\x + y\\ q < \\x\\ q + q(y,j q (x)) + cjy|| 9 . 

In this paper, we will use the following definitions and lemmas. 

Definition 2.1. A operator x : 0, — ► E is said to be measurable if for any E £ B(E), 
{t£n: x(t) £ E} £ A 

Definition 2.2. A operator F : 0, x £7 — ► £7 is called a random operator if for any 
x £ E, F(t, x) = y{t) is measurable. A random operator F is said to be continuous 
(resp. linear, bounded) if for any t £ Q, the operator F{t, •) : E ^ E \s continuous (resp. 
linear, bounded). 

Similarly, we can define a random operator b : fl x E x E ^ E. We shall write 
F t (x) = F(t,x(t)) and 6 t (x,y) = b(t,x(t),y(t)) for all i G O and x(t), y(i) £ £7. 

It is well known that a measurable operator is necessarily a random operator. 

Definition 2.3. A multi-valued operator G : S7 — > 2^ is said to be measurable if for 
any E £ B(E), G~ l (E) = {t £ fl : G(t) n £7 ^ 0} £ A. 

Definition 2.4. A operator u : S^ — > £7 is called a measurable selection of a multi- 
valued measurable operator T : S7 —> 2 E if u is measurable and for any t € fi, n(t) £ T(t). 

Definition 2.5. A multi-valued operator i* 1 : S7 x £7 — > 2 E is called a random multi- 
valued operator if ', for any x £ E, F(-, x) is measurable. A random multi- valued operator 
F : 0, x E — ► CB{E) is said to be H- continuous, if for any £ £ f2, F(t, ■) is continuous in 
H(-, •), where H(-, •) is the Hausdorff metric on CB{E) defined as follows: for any given 
D, K £ CB(E), 

fl(D,K) =max< sup inf d(x,y), sup inf d(x,y)\. 

Definition 2.6. Let E be a ^-uniformly smooth Banach space. Then a random 
operator g : 0, x E — ► E is said to be 

(i) m-relaxed accretive in the second argument, if 

(9t(x) - 9t(y),j q (x(t) - y(t))} > -m(t)\\x(t) - y(t)\\ q , Vx(i), y(t) £E,t£fl, 

where m{t) is a real-valued random variable; 

(ii) s-cocoercive in the second argument, if there exists a real- valued random variable 
s(t) > such that 

(9t(x) - 9t(y),j q (x(t) - y(t))} > s(t)\\g t (x) - g t (y)\\ q , Vx(t), y(t) £E,t£^l; 
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(iii) ^-relaxed cocoercive in the second argument, if there exists a positive real-valued 
random variable 7(f) such that 

(gt(x) - gt(y),j q (x(t) - y(t))} > - 7 (*)||<7t(x) - g t {y)\\ q , Vx(t), y(t) e£,t60; 

(iv) (a, e)-relaxed cocoercive in the second argument, if there exist positive real- valued 
random variables ait) and e{t) such that 

(g t {x) - g t (y),j q (x(t) - y(t))) > -a(t)\\g t (x) - g t (y)\\ q + <t)\\x{t) - y(t)\\ q , 

for all x(t), y(t) G E, t eft; 

(v) fi-Lipschitz continuous if there exists a real-valued random variable p(t) > such 
that 

\\9t(x) - gt(y)\\ < Kt)Mt) - y(t)\\, Vx(i), y(t) eE,teft. 

Remark 2.1. Clearly, every m-cocoercive mapping is m-relaxed cocoercive, while 
each r-strongly monotone mapping is {r + r 2 , l)-relaxed cocoercive with respect to /. 
Further, we can find some operators which are cocoercive and relaxed cocoercive. See, 
for example, [23, 33, 35]. 

Definition 2.7. Let E be a g-uniformly smooth Banach space, r] : QxExE — > E and 
A, H : 0, x E — ► E be random single-valued operators. Then a multi-valued measurable 
operator M : S7 x E —> 2 E is said to be 

(1) a-Yi-Lipschitz continuous, if there exists a measurable function a : ft, — ► (0, +00) 
such that for any t E ft, 

H(M t (x),M t (y)) < a(t)\\x(t) - y(t)\\, Vx(t), y(t) G S; 

(2) ri-accretive if for all x(t), y(t) G S, n(t) G M t (x), v{t) £ M t (y), t £ ft, 

(u(t)-v(t),j q ( Vt (x,y))}>0; 

(3) strictly rj-accretive if for all x(i), y(t) G -E, u(t) G Mt{x), v(t) G Mt{y), t Eft, 

(u(t)-v(t),j q ( Vt (x,y))}>0, 

and equality holds if and only if u(t) = v(t) for all t G ft; 

(4) r-strongly rj-accretive, if there exists a real- valued random variable r{t) > such 
that 

(u(t) - v(t),j q (ri t (x,y))) > r(t)\\x(t) - y(t)\\ 2 , 

for all x(t), y{t) G E, u(t) G M t (x), v{t) G M t (y), t G O; 

(5) a-relaxed rj-accretive, if there exists a real-valued random variable a(t) > such 
that for all x{t), y(t) G E, u(t) G M t {x), v(t) G M t (y), t G O, 

<«(*) - v(t),j q ( Vt (x,y))} > -a(t)\\x(t) - y(t)\\ q ; 

(6) m-accretive, if M is accretive and {I+p{t)Mt){E) = E for all t G O and real- valued 
random variable pit) > 0, where / denotes the identity operator on E and -Mt(-) = M(t, •) 
for all t Eft; 
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(7) generalized m-accretive, if M is r/-accretive and {I + p{t)Mt)){E) = E for all t £ 0, 
and (equivalently, for some) p{t) > 0; 

(8) H-accretive if M is accretive and (H t + p{t)M t ){E) = E for all t € O and p{t) > 0, 
where H t (-) = H(t, •) for all t £ O; 

(9) (H, r]) -accretive, if M is 77-accretive and {Ht + p{t)Mt){E) = E for all t G Q and 
p(t)>0; 

(10) (A, rj)- accretive with real-valued random variable m{t) if 

(i) M is m-relaxed 77-accretive, (ii) {At + p{t)Mt){E) = E for every tGfi and 
p{t) > 0, where A t (-) = A(t, •) for all t £ Q. 

In a similar way, we can define strictly 77-accretivity and strongly 77-accretivity of the 
single-valued mapping A. 

Remark 2.1. For appropriate and suitable choices of m, A, 77 and E, it is easy to see 
that Definition 2.7 includes a number of definitions of monotone operators and accretive 
mappings (see [25]). 

Definition 2.8. The operator rj : QxExE — ► E is said to be T-Lipschitz continuous 
if there exists a real- valued random variable r(i) > such that 

\\Vt(x,y)\\ < r(t)\\x(t) - y(t)\\, Vx{t), y(t) e £7, t € fi. 

Definition 2.9. Let yl:S7xi?^£'bea strictly 77- accretive mapping and M : 

fi x i? ^ 2 be an (A, r/)-accretive mapping. For any given measurable function p : $7 — > 
(0, 00), the resolvent operator jf /^ t : E -^ E \s defined by: 

<?&?*(«) = ( A * + p(W)- V), Vuefi.tea 

Lemma 2.2. ([25]) Let E be a g-uniformly smooth Banach space and 77 : QxExE — ► 
-E be r-Lipschitz continuous, j4:Qx£^i?bea r-strongly 77-accretive mapping 
and M : fi x £ ^ 2 be an (A, ?7)-accretive mapping. Then the resolvent operator 
J i ( *Aff* -E^Eis r^lpl^ty Upsdhitz continuous, i.e., 

n<X(-) - Jfflfm < r(t) r p 1 ( l)L(t) l|x " yl *****>** n > 

where />(£) G (0, ^Wy) is a measurable function for all £ £ f2. 

3. Random Iterative Algorithms 

In this section, we suggest and analyze a new class of iterative methods and construct 
some new random iterative algorithms with errors for solving problem (1.1). 

Lemma 3.1. ([3]) Let M : £1 x E — ► CB(E) be a iT-continuous random multi- 
valued mapping. Then for any measurable mapping x : 0, — > E, the multi-valued 
mapping M(-,x(-)) : 0, — ► CB(E) is measurable. 

Lemma 3.2. ([3]) Let M, V : O x E — ► CB(E) be two measurable multi-valued 
mappings, e > be a constant and x : 0, — ► E be a measurable selection of M. Then 
there exists a measurable selection y : 0, — ► E 1 of V such that for any £ G S7, 

||x(£)-y(t)||<(l + e)H(M(£),y(i)). 
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Lemma 3.3. For each fixed (s,t) £ A x £1, an element (x(s),y(t)) £ Q(s,t) is a solution 
to the problem (1.1) if and only if there are (x(s),y(t)) £ E x E such that 

-X 1 (s)(N ls (F t (y),T t (y))-f(s))}, 
yit)^J^Mt: t [A2t{y) + x{s)-y{t) 

-\ 2 (t)(N 2t (G s (x),S s (x)) - g(t))\, 

where J^$* la = (A ls + X^Mu)' 1 and J% t %f t 2t = (A 2t + X 2 (t)M 2t )- 1 are the corre- 
sponding resolvent operator of an (^4i,?7i)-accretive mapping M±(s, •), (^jT^-accretive 
mapping M 2 (t, •), respectively, Ai is an rj-strongly monotone mapping for i = 1,2. 

Proof. The proof directly follows from the Definition 2.9 and some simple arguments. 

Based on Lemma 3.3, we can develop a new iterative algorithm for solving general 
nonlinear random equation (1.1) as follows: 

Let S : AxB-t CB(E) and T : 17 x E —► CB(E) be a multi-valued mappings and 
q„ : A — > (0, 1] and /?„ : S^ — > (0, 1] be two measurable step size functions for all n £ N. 

For any given (zo(-) , Wq(-)) £ E x E, we choose (xo(-) , wq(-)) £ E x E such that 

then it is easy to know that xo : A — ► E 1 is measurable. Further, by Lemma 3.1 and 
Himmelberg [13], we know that for the chosen Xo(-) and wq(-), the multi-valued mapping 
S(-,xo(-)) T(-,wo(-)) are measurable. Let 

zi(s) £ (1 - ao)zo(s) + a [^i s (p s (x )) + yo(*) - ^o(s) 

-Ai(a)(JVi a (F t (jA)),r t (jA)))-/(5))] + aodo(a) + eo(a), 

Wl {t) £ (1 - a (t))w (t) 

+a [A 2 t{yo) + x (s) - y (t) - X 2 (t)(N 2t (G s (x ), S s {x )) - g{t))} + h (t), 

where Ai(s), X 2 (t) and A± s , A 2t , p s , N± s , N 2t , G s , F t are the same as in (1.1). Then it 
is easy to know that z\ : A — ► E and w\ : 0, ^ E are measurable. 

For Zi(-) G £7 and u>i(-) £ E, we take a?i(-) £ E and J/i(-) G E such that 

then it is easy to know that x\ : A — > E 1 and yi : S7 — ► £7 are measurable. Let 

z 2 (s) G (1 - ai)zi(s) + ai[A ls (p s (xi)) + yi(t) - xi(s) 

-Ai( S )(7V ls ( J F t ( 2/1 ),T t (j /1 )) - /(s))] + aidi(s) + ei(a), 
u>2(£) G (1 - ai)wi(t) 

+a 1 [A 2t (yi) + xi(s) - yi (t) - X 2 (t)(N 2t (G s (x 1 ), S s ( Xl )) - g(t))} + h(t). 

By induction, we can get an iterative algorithm for solving the nonlinear operator 
equation problem (1.1) as follows: 
Algorithm 3.1. 
STEP 1. For any given (zq(-) , wq(-)) £ E x E, choose (xq(-), 2/o(0) £ E x E. 



422 



H.Y. Lan 



STEP 2. Let 

Ps\X n ) = J„ la ,M la \ z n), 
Vnit) = J£ t %t 2t (w n ), 

Zn+i(s) G (1 - a n )z n {s) + a n [A ls (p s (x n )) + yi(t) - x n (s) 

-Xi(s)(N ls (F t (y n ),T t (y n )) - f(s))} + a n d n (s) + e n (s), (3-1) 

w n+ i(t) € (1 - «„)«;„(*) 

+/?n[^2t(yn) + x„(s) - !/„(*) - X 2 (t)(N 2t (G s (x n ), S s (x n )) - g(t))] + /i„(t), 
n = 0,l,2,---. 

STEP 3. Choose sequence {a n } and d n (s), e n (s), h(t) such that for n > 0, {a n } 
is a sequence in (0,1] with Y2n°=o a n = °o, and d n (s), e n (s), h(t) £ E (n > 0) are real- 
valued random errors to take into account a possible inexact computation of the resolvent 
operator point satisfying the following conditions: 

(i) d n (s) = d' n (s) + <(«); 

(ii) lim^oc, |K0)|| =0; 

(hi) E^=o KOOH < oo, E^=o IM*)II < oo, E^=o \\hn(t)\\ < oo. 

STEP 4. If 2 n+ i, w ra +i, x n , y n , d n , e n , h(t) and a n satisfy (3.1) to sufficient accuracy, 
stop; otherwise, set n := n + 1 and return to STEP 2.. 

Remark 3.1. From Algorithm 3.1, we can get corresponding algorithms for solving 
Examples 1.1, 1.2 and other special cases. See, for example, [7, 10, 11, 18, 26, 28, 34, 
36, 38] and the references therein. 

4. Main Results 

In this section, we will prove the existence of solution of the problem (1.1) and the 
convergence of the iterative sequences generated by the algorithm introduced in Section 
3. 

Lemma 4.1. Let {a n }, {b n }, {c n } be three nonnegative real sequences satisfying the 
following condition: there exists a natural number uq such that 

a n +i < (1 - tn)a n + b n t n + c n , Vn > n , 

oo oo 

where t n £ [0, 1] with ^ t n = oo, lim b n = 0, and ^2 c n < oo. Then a n — ► 0(n — ► oo). 

n=0 n ^°° n=0 

Proof. The proof directly follows from the proof of Lemma 2 in Liu [29] . 

Theorem 4.1. Let E be a q- uniformly smooth Banach space, A{ : Bi — ► fij be 
rj-strongly monotonefor all i = 1,2, Ai be 7r-Lipschitz continuous, 5:Ax£-> CB(E) 
be Ki-H-Lipschitz continuous in the second variable, T : S7 x E — > CB{E) be «2-H- 
Lipschitz continuous in the second variable, Mi : A x £ x i? -> 2 E be (j4i, 771 )-accretive 
with real- valued random variable mi(s) in the second variable and M 2 :£xBxA-» 
2 be (A 2 , 772) -accretive with real- valued random variable m 2 (t) in the second variable. 
Let r\\ : A x E x E — > £7 be ri-Lipschitz continuous, 772 :^x£'x£'^£'be T2- 
Lipschitz continuous, Aq : AxExE — > E 1 be (71, ai)-relaxed cocoercive and /^i-Lipschitz 
continuous in the second variable, A2 : QxExE — > Ebe (72, a2)-relaxed cocoercive and 
/U2-Lipschitz continuous in the second variable, and let Aq be /q-Lipschitz continuous 
in the third variable, and A*2 be /?2-Lipschitz continuous in the third variable. Let 
G : A x E — ► E be £i-Lipschitz continuous in the second variable, F : O, x E — ► E 1 be 
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£ 2 -Lipschitz continuous in the second variable, p : A x E — > E be (5-strongly monotone 
and er-Lipschitz continuous in the second variable and p\ : A x E — > E defined by 
pi(s,x) = Ai(s,p(s,x)) = A\ s {p s {x)) for all (s,x) £ Ax E be ro-strongly monotone and 
<^-Lipschitz continuous in the second variable. If there exist real-valued random variables 
*i(«) 6 (0, ^S), A 2 (t) G (0, £&) such that 



mi(s)'' ^V 7 V > m 2 (()' 

/c = f/l - g<J(s) + c g cr<7(s) < 1, 



rr'w _ zr!w 



ri(s)-Ai(s)mi(s) r 2 (t)-A 2 (t)m. 2 (f) ' 



^1 - 9 A 2 (t)a 2 ( S ) + c^(t)/^(t)tf(s) + gA 2 (t)7l(*)e?(s) 

< r^^^W - A 2 (*Wt))[l - k - Trl §tl%$^ -1 ~ A 2 (t)KiW/92(t), (4-1) 
^1 - 9 Ai( S )ai(t) + c,A?( S )^( S )e 2 9 (t) + gAi( S ) 7 Ks)eI(t) 

< rl-\s)(n( S ) - Ai( a )mi(a))[l - ^"^t-A^wg — ] " AitofttoM*). 

where c gi , c 92 are the constants as in Lemma 2.1, then for each (s,t) £ Axd, the 
following results follows. 

(1) There exist x*(s),y*(t) £ E such that (x* (s) , y* (t)) is a solution of the problem 
(1.1), i.e., the solution set Q(s,t) of the problem (1.1) is nonempty. 

(2) x n {s) — ► x*(s) and y n (t) — > y*(i) asn-> oo, where {x n (s)} and {y n (^)} are the 
iterative sequences generated by Algorithm 3.1. 

Proof. In the sequel, from Lemma 3.3, we first define mappings <I> : AxQxExE — ► E 1 
and ^':Axi7x£'x£ , ^i?as follows 

$(s, *,£,?;) = x(s) -p s (x) 

+J^X 1S i A ^Ps(x)) + y(t) - x( S ) - X 1 (s)(N ls (F t (y),v) - /(*))], (4.2) 
V(s,t,u,y) = J^X 2t [A 2t (y)+x(s) - y(t) - X 2 (t)(N 2t (G s (x),u) - g(t))\ 

for all (s,t,x,y) £ A x £1 x E x E. 
Now define || • ||* on E x E by 

||(x,y)||* = ||x|| + ||y||, V(x,y) £ E x E. 

It is easy to see that (E x E, \\ ■ ||A is a Banach space (see [10]). By (4.2), for any 
given Ai(s) > and X 2 (t) > 0, define P : Ax Vt x E x E ^ 2 E x2 E hy 

P(s,t,x,y) = {($(s,t,x,v),W(s,t,u,y)) : Vu G S s (x),v £ T t (y) and 

(s,t,x,y) £ AxO, x E x E}. 

For any (s,t,x,y) G A x fl x B x E, since S s (rc) G CB(E), T t (y) G CB(E), 

p, A u A 2 , r/i, r/2, A^i, iV 2 , J^%^% J^htt* are continuous > we have p (s,t,x,y) G 
CB(E x E). Now for each fixed (s,t,x,y) £AxVtxExE, we prove that P(s,t,x,y) 
is a multi-valued contractive mapping. 

In fact, for any (s, t, x, y), (s,t,x,y) £ Ax£lx E x E and any (ai, a 2 ) G P(s,t,x, y), 
there exist w G S s (x), v £ Tt(y) such that 

ai = x(s)-p s (x) 

+< 1 .^ 1 '^i-(P-W) +V(t) ~ x(s) - \i(s)(N ls (F t (y),v) - /(,))], 
«2 = <fi 2 f *[A*{y) + *(*) - y(i) - X 2 (t)(N 2t (G s (x),u) - g(t))}. 
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Note that S s (x) G CB(E), T t (y) G CB(E), it follows from Nadler's result [30] that there 
exist u G S s (x) and u G T t (y) such that 

||«-«||<H(S 8 (a;),5,(x)), \\v - v\\ < H(T t (y),T t (y)). (4.3) 

Setting 

h =x(s)-p s (x) 

+ J v3t U l A iM^ + V® ~ ^ ~ M*)(Ni.(F t (y),v) - f(s))}, 

b 2 = J^X 2t [A2t(y) + x(s) - y(t) - X 2 (t)(N 2t (G s (x),u) - g(t))], 

we have (61,62) G P(s,t,x,y). It follows from Lemma 2.2 that 

IK -M 

< \\x(s) - x(s) - (ps(x) -p s (x))\\ 

+ \\J^X la i A ^Ps^)) + y(t) - x(s) - X 1 (s)(N ls (F t (y),v) - /(*))] 
-J^^[ Als (Ps(x))+y(t) - x(s) - Ai(«)(iMW),«) " /(«))]}ll 

< \\x(s) - X(s) - (p s (x) -p s (x))\\ 

+ ,s T \ I"] ,A \\x{8) - x(s) - [A ls (p s (x)) - A ls (p s (x))}\\ 
ri{s) - Xi{s)mi{s) 

+ \\y(t)-y(t) - X 1 (s)[N ls (F t (y),v) - N ls (F t (y),v)}\\ 

+X 1 (s)\\N ls (F t (y),v) - N ls (F t (y),v)\\}. (4.4) 

By the assumptions on p, N±, A\, F, T and (4.3), we have 

\\x(s) - x(s) - (p s (x) - p s (x)) ||« < (1 - q5(s) + c q <ji(s)) \\x(s) - x(s) ||9, (4.5) 
\\x(s) - x(s) - [A ls (p s (x)) - A u (p a (x))]\\ q 

< (1 - qw(s) + c q ^(s))\\x(s) - x(sW, (4.6) 
\\y(t) - y(t) - Xi(8)[N la (F t (y),v) - N ls (F t (y), v)}\\* 

<\\y(t)-y(t)\\i + c q Xl(s)\\N ls (F t (y),v)-N ls (F t (y),v)\\<i 
-qXi(s)(N la (F t (y),v) - N ls (F t (y),v),j q (y(t) - y(t))) 

< (1 - qX 1 (s) ai (t) + c q Xl(s)^(s)C g 2 (t) + gAi( S ) 7 ?( 5 )eI(«))l|j/(t) " j/(t)||«, (4-7) 
\\N ls (F t (y),v)-N ls (F t (y),v)\\ 

< lh(s)\\v - v\\ < 2 (s)H(T t (y),T t (y)) < /9i(s)«2(t)||y(t) - y(t)||, (4.8) 

where c g is the constants as in Lemma 2.1. Combining (4.5)-(4.8) with (4.4), we infer 
||oi-6i|| <0i||s(s)-s(s)||+0i||l/(<) -#(*)!!> (4.9) 



where 



— — A 1 (s)^/l-qw(s) + c q ^(s) 

1 - q5(s) + c q a<i(s) + - v 



ri(s) - Xi(s)mi(s) 



,«-h 



0i = n \ 7 J AiGs)/3i( S )^ 2 (t) 

n(s) - Ai(s)mi(s) 



+ #1 - qX 1 (s)a 1 (t) + c,A^)^( s )( 2 '(i) + gAi( S ) 7 ?(s)^(t) ; 
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On the other hand, by the assumptions of S, A 2 , N 2 , G and (3.6), we can obtain 

\\y(t) - y(t) - [A 2t (y) - A 2t (y)]\\ q < (1 - qr 2 (t) + c q ir«(t))\\y(t) - y(t)\\ q , 
\\x(s) - x(s) - X 2 (t)(N 2t (G s (x),u) - N 2t (G s (x),u)W 
< (1 - qX 2 (t)a 2 (s) + c q \l{t)n q 2 ml{s) + qX 2 (t) 1 l(t)e i (s))\\x(t) - x(tW, 
\\N 2t (G s (x),u) - N 2t (G s (x),u)\\ < /^(t)«i(«)||a:(t) - x(t)\\, 

and 

\\a 2 - b 2 \\ < \ {\\y(t) - y(t) - [A 2t (y) - A 2t (y)]\\ 

r 2 [t) - X 2 (t)m 2 (t) 

+ \\x{s) - x(s) - X 2 (t)(N 2t (G s (x),u) - N 2t (G s (x),u))\\ 

+X 2 (t)\\N 2t (G s (x),u) - N 2t (G s (x),u)\\} 

<0 2 \\x(s)-x(8)\\ + Mv(t)-v(t)l ( 4 -!0) 



m \l ,.J A 2 (t)«i(*)&(*) 
r 2 (t) - X 2 (t)m 2 (t) 



where 



+ p - qX 2 {t)a 2 {s) + c ? Al(i)/i!(i)^(s) + qM{tH{m\{s) ], 

_ rr 1 (t)yi-gr 2 (t)+c g 7rg(t) 
^ 2 " r 2 (t)-A 2 (t)m 2 (t) • 

It follows from (4.9) and (4.10) that 

||ai - 6i|| + ||a2 - &2|| < v{\\x{s) - x{s)\\ + \\y{t) - y(t)\\), (4.11) 

where 

v = max{#i + 02, #1 + ^2}- 

It follows from condition (4.1) that t> < 1. Hence, from (4.11), we get 

d((ai,a 2 ),P(s,t,x,y)) = inf (||oi - bi|| + ||a 2 - b 2 ||) 

(b!,b 2 )eP(s,t,x,y) 

<v\\(x(s),y(t))-(x( S )-y(t))\\*- 
Since (ai,a 2 ) G P(s,t,x,y) is arbitrary, we obtain 

sup d((ai,a 2 ),P(s,£,x,y)) < u||(x(s), y(t)) - (x(s) - y(t))||*. 

(ai,a,2)EP(s,t,x,y) 
By using the same argument, we can prove 

sup d(P(a,t,x,y),(biM)) < v\\(x( 8 ),y(t)) ~ @(s) - y(*))||*. 

(6i,62)eP(a,t,x,j» 
It follows from the definition of the Hausdorff metric H on CB(E x Z?) that 
H(P(s,i,x,y),P(s,i,x,y)) < v\\(x(s),y(t)) - (x(s) - y(t))\\* 
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for all (s,x,x) £ AxExE, (t,y,y) £ QxExE, i.e., P(s,t,x,y) is a multi- valued contrac- 
tive mapping, which is uniform with respect to (s, t) £ A x fi. By a fixed point theorem 
of Nadler [30], for each (s,t) £ Axil, P(s,t,x,y) has a fixed point (x*(s),y*(t)) G ExE, 
i.e., (a?*(s), y*(t)) £ P(s,t,x*(s),y*(t)). By the definition of P, we know that there exist 
u*(s) £ S s (x*) and v*(t) £ T t (y*) such that (4.2) holds. Thus, it follows from Lemma 
3.3 that (x* (s) , y* (t)) £ Q(s,t) is a solution of the problem (1.1) and so Q(s,t) ^ for 
all (s,i) eAxO. 

Next, we prove the conclusion (2). Let (x* (s) , y* (t)) £ Q(s,t) is a solution of the 
problem (1.1). It follows from Lemma 3.3 that 

p s (x*) £ J^^[A ls (p s (x*)) + y*(t)-x*(s) - X 1 (s)(N ls (F t (y*),T t (y*)) - /(*))], 

v*(t) e ^2^[4k(v*) + **(«) - y *(t) - \ 2 (t)(N 2t (G s (x*),S s (x*))-g(tm 

i.e., 

' Ps(*n = j^X ls (n y*(t) = j* 2 JX 2t (™% 

z*(s) = A ls (p s (x*)) + y*(t) - x*(s) - \i(8)(N la (F t (y*),v*) - f(s)), 
Vv* £ T t (y*), (4.12) 

w*(t) = A 2t (y*) + x*(s) - y*(t) - X 2 (t)(N 2t (G s (x*),u*) - g(t)), 
Vu* £ S,(x*). 

Since S s (x*), S s (x n ), T t (y*), T n (y n ) £ CB(E) for all n > 0, for any given n > and 
e > 0, it follows from Nadler [30] that there exist u n £ S s (x n ), v n £ Tt(y n ) such that 



\u n -u*\\ <(l + e)H(S s (x n ),S s (x*)), 



v*\\<(l + e)H(T t (y n ),T t (y*)). 



Thus, from (3.1), (4.12) and the proofs of (4.9) and (4.10), for all v n £ T t (y n ) and 
v * £ T t (y*), we have 

\\z n+ i(s) - z*(s)\\ 

< (1 - a n )\\z n (s) - z*(s)\\ + a n (\\d' n (s)\\ + |K(a)||) + ||e n ( S )|| 
+a n \\x n {s) - x*(s) - (Ai s (p s (x n )) - A ls (p s (x*)))\\ 
+a n \\yn(t) - y*(t) - Xi(s)(N ls (F t (y n ),v n ) - N ls (F t (y*),v n ))\\ 

+a n X 1 (s)\\N ls (F t (y*),v n ) - N ls (Ft(y*),v*)\\ 

< (1 - a n )\\z n (s) - z*(s)\\ + a n \\d' n ( S )\\ + (\K(s)\\ + ||e n ( s )||) 

+a n y 1 - qw{s) + c q qi{s) \\x n {s) - x*(s)\\ 

+a n [tfl - qX^cntt) + c,A?(«)^(«)^(*) + ?Ai( S )/i?( S )^(t) 

+Ai(a)/3i(a)K 2 (*)(H-e)]||y„(t)-y*(t)|| (4.13) 

and 



||w n+ i(£) -«;*( 
<(l-a n )|K(t)-w*(t)|| 

+a„||y„(t) - y*(t) - {A 2t {y n ) - A 2t (y*))\\ 

+a n \\x n (s) -x*(s) - X 2 (t)(N 2t (G s (x n ),u n ) - N 2t (G s (x*),u r , 
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+a n X 2 (t)\\N 2t (G s (x*),u n ) - N 2t (G s (x*),u*)\\ + 
<(l-a n )|K(t)-w*(t)|| 

+a n tfl - qr 2 (t) + c q ni(t)\\y n (t) - y* 



+an[p - q\ 2 (t)a 2 (s) + c q \ q 2 {t)4{t)eM + ?A 2 (*)^(*)tf(*) 

+ X 2 (t)f5 2 {t)K 1 {s){l + e)]\\x n {s)-x*{s)\\ + \\h{t)\\. (4.14) 

On the other hand, by Lemma 2.2 and (4.5) we know that 

\\yn{t) - if(t)ll < ll^it'K) - j£$£*K)ll 

T q ~ X (t\ 

< ,fy\):i ,J w n (t)-w*(t)\\ (4.15) 

r 2 (t) - \ 2 (t)m 2 (t) 

and 

||x„(s) -x*(s)|| 

< \\ Xn {s) - X*( S ) - ( Ps (x n ) - P S (X*))\\ + \\j'3t U ( Z n) ~ j£$£'&)\\ 

< ^Jl- q 5(s) + c q ai(s)\\x n ( S ) - x*(s)\\ + ri(g) ^ ) ) mi(s) lkn( g ) - z*(*)||, 
which implies that 



X n (s) ~ X*(8)\\ < : i(,) - Al(i) "" (i) =\\Zn(s) - Z*( S )\\. (4.16) 



1 - ^1 - g< y(s) + c g a9(s 
Combining (4.13), (4.14) with (4.15) and (4.16), we get 



\\z n +l{s) ~ Z*(s)\\ + ||u7 n+ l(t) - W*( 

<[l-a n + a n i(e)](\\z n (s) - z*(s)\\ + \\w n (t) - w*(t)\\) 

+a n \\d' n (s)\\ + (||<( S )|| + ||e n ( S )|| + \\h(t)\\), (4.17) 



where i(e) = max{6>(e), ■#(£)}, 

- J/ x _ n(s)-Ai(s)mi(s) 



={^/l - gro(s) + c?9(s) + A 2 (t)/3 2 (*)«i(s)(l + e) 
l-tfl-q5(s) + c q o-i(s) 

+ ^1 - g A 2 (t)a 2 (s) + c,A^)/^(t)£?(s) + 9A 2 (t) 7 |(t)^( s ) }, 



<?(<0 = r2 ( t )_A 2 ( t ) m2 (t) { yi-^r 2 (t) + c^(t) + A 1 ( S )/3 1 ( S )K 2 (t)(l + e) 
+ ^1 - q\i(s) ai (t) + c,A?( S )//?( S )$(i) + 9Ai( S ) 7 ?(s)eI(<) } 
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Let e — ► 0. Then we have 9(e) — > #, $(e) — ► $ and t(e) — ► i, where t = max{#, #} and 

/. _ n(s)-Ai(s)mi(s) 



={ Vl - gro(s) + c g ^( s ) + A 2 (t)/3 2 (t)Ki(s) 
1 - ^1 - g<5(a) + c q ai(s) 

+ ^1 - 9 A 2 (t)a 2 ( S ) + c,A^(t)/i«(t)^( s ) + gA 2 (t) 7 |(t)^( s ) }, 

+ ^1 - qXi(s) ai (t) + c,A?( s )//?( s )eI(t) + gAi( s ) 7 ?(s)^(t) } 
Since < i < 1, 1 — t > 0, it follows from (4.17) that 



||z n +i(s) - z*(«)|| + \\w n+ i(t) - w*( 

< [1 - a n (l - OKIM*) - **(a)|| + |K(t) - w*(*)||) 

+«n(i - • Tj-^ylKWII + (IKWII + IM*)II + IIM*)ID- (4-i8) 



oc 



Since X) a n = °°) it follows from Lemma 4.1 and (4.18) that 

n=0 

||(z n (s),w n (t)) - (z*(s),w*(t))\\* ->■ as n ->■ oo, 

i.e., z n (s) — ► z*(s) for all s G A and w„(t) — ► u>*(£) for all w G fl. Hence, by (4.15) 
and (4.16), we know that the sequence {x n (s)} converges to x*(s) for all s G A and the 
sequence {y ra (£)} converges to y*(t) for all (SO. This completes the proof. 

Remark 4.1. We note that Hilbert space and L p (or L) (2 < p < oo) spaces are 
2-uniformly smooth Banach spaces. Further, in Theorem 4.1, if Ni is strongly accretive 
in the second variable, i.e., when 7« = (i = 1,2) in Theorem 4.1, then we can obtain 
the corresponding results. Our results improve and generale the known results in [7, 10, 
11, 18, 26, 28, 34, 36, 38] 
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[Abstract] :We classify antitriangular maps on I n by using topological dynamics. More pre- 
cisely, we prove that the following properties are equivalent: (1) zero topological entropy; (2) 
UR(F) = R(F); (3) type less than or equal to 2°°; and (4) AP(F) = {(xi,x 2 , ■ ■ • ,x n ) G I n : 
liraF 2 (xi, a.2, • • • , x n ) = (xi , X2, • • • , x n )}. These result allow us to decide when the behavior 
of these n-dimensional dynamical systems is complicated. 

Keywords: zero topological entropy; uniformly recurrent points; recurrent points; almost pe- 
riodic points 
AMS(2000) Subject Classification: 58F10, 54H20 

§1 Introduction 

we consider n-dimensional maps F : I n — ► I n with 

F(xi,X 2 ,---,X n ) = (fn(x n ), fn-l(Xn-l), ■ ■ ■ , fl(Xl)) 

where (xi,X2, • • • ,x n ) £ I n = [0, 1] x[0, 1] x- • -x[0, 1] and /j : I — ► /, i = 1,2, ■ ■ ■ ,n are continuous 
maps. When n = 2, these maps have been proposed to give a mathematical description of a 
competitive production process called Cournot duopoly. And then, we say that F is a Cournot 
map on I 2 , f\ and ji are called reaction maps. The Cournot duopoly has been studied in 
literatures [7], [8], [10], [13], [15] and [16]. In these papers, when the behavior of these two- 
dimensional dynamical systems is complicated is studied. In our paper, we studied when the 
behavior of these n-dimensional dynamical systems is complicated. 

It is well known that positive topological entropy implies a complicated dynamical behavior 
for continuous maps defined on I. More precisely, when / : I — > I is continuous, the topological 
entropy of f is positive if and only if f n has a horseshoe for some n € N. Roughly speaking, 
this implies the existence of a closed invariant subset Y C I holding that f n \ Y is conjugated 
to a shift of k symbols for some k £ iV(see[17]or[2]). Additionally, h(f) = implies that/ has a 
restricted type of periodic orbits and simple topological dynamics. Let UR(f), i?(/)and AP{f) 
denote the sets of all uniformly recurrent points, all recurrent points and all almost periodic 
points, resp. 
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In [17], the authors proved the following Theorem 1.1: 

Theorem 1.1 Let /:/—►/ be continuous , the following properties are equivalent: 

(a) h(f) = 0, 

(b) the period of any periodic point is a power of two , 
(c)UR(f) = R(f), 

(d) AP(f) = {xel: lim^oo f n (x) = x}. 

Usually, Theorem 1.1 is used as a criterion to determine whether an interval map / has a 
complicated dynamical behavior. Theorem 1.1 could be expected to be extended to more general 
setting, for instance, to continuous maps defined on I n . However, Theorem 1.1 fails in general in 
case of a type of n-dimensional maps, called triangular maps with the form T(xi,X2, • • • , x n ) = 
(fi( x ), h{xi,X2), ••• , f n (xi,X2, • • • , x n )). For example, two-dimensional triangular maps have 
the same periodic structure as one-dimensional maps [12]. But there is a T of type 2°° such 
that h(T) > (see[13] or [4]). Examples of triangular maps holding h(T)=0, type 2°° but 
UR(f) + R(f) can be found in [15]. 

Peiodic structure of antitriangular maps and interval maps are quite similar but not exactly 
the same [5]. However, the dynamics of n-dimensional antitriangular maps are more closely re- 
lated to one-dimensional dynamics than triangular maps. In this paper, we proved the following 
theorem 4.1, which generalizes Theorem 1.1 to n-dimensional antitriangular maps. 

Theorem 4.1 Let 

F(x 1 ,X 2 ,---,X n ) = (fn(x n ), fn-l(Xn-l), ■ ■ ■ fl(Xl)) 

an antiargular ,Then the following properties are equivalent : 
(a)h(F)=0, 

(b)The period of any periodic point of F is a power of 2 , 
(c)UR(F)=R(F), 
(d)AP(F) = {(xi,X2,---,x n ) G I n ■ limF 2S (xi,x 2 ,--- ,x n ) = (xi,x 2 , ■ ■ ■ ,x n )}. 

§2 Preliminaries 

Let ip : X —> X be a continuous map on a compact metric space X. ip° means the 
identity map , if 1 = ip and p n+1 = p o p n ,n > 0, where o denotes the composition of maps, 
Orb<p{z) = {p n (z)} ( £ =0 will denotes the orbit of z 6 X. z £ X is said to be periodic if p n {z) = z 
for some n £ N. The smallest positive integer satisfying this condition is called the order or 
period of z. Let Per{p) denote the set of periods of p. 

In the case of an interval map p, we say that it has type 2°° if Per{p) = {2 n : n G 
TV}. A antitriangular map F(xi,X2, ■ ■ ■ ,x n ) = (fn(x n ), fn-i(x n -i), ■ ■ ■ , fi(xi) has type 2°° if 
/i ° fn, h ° fn-i, • • • , fn ° /i have type 2°°. 
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The set of periodic points is denoted by P(f)- AP{(p) denotes the set of almost periodic 
points, that is, those point x £ X such that for any neighborhood V = V{x) of x, there exists 
an N = N(V) £ N such that tp kN (x) £ V, for every k > 0. UR((p) denotes the set of uniformly 
recurrent points, that is, those points x £ X such that for any neighborhood V = V{x) of x, there 
exists N = N(V) £ N such that {<p r (x), <p r+1 (x), • • • , tp r+N - 1 (x)} n V + for all r > 0. Finally, 
the cj-limit set of <p at the point x is denoted by w(x, cp), that is, those points y £ X such that 
there exists a sequence (nj)^ :1 such that (p ni (x) — ► y as nj — > oo. i?(y) = {i £ I : i £ iu(x, </?)} 
is the set of recurrent points. It is well known that (see [17]) 

P(<p) C AP(<p) C E772(¥>) C i?(^) 

The definition of topological entropy of ip,h((p) can be seen in [1,2] or [19]. For more 
information on these topics see for instance [17]. 

Let / : I — ► I be a continuous map of zero topological entropy. In order to generalize The- 
orem 1.1 to n-dimensional antitriangular maps, we need some additional information concerning 
the structure of infinite w-limit sets of continuous interval maps with zero topological entropy. 
In [18], we can see that for any infinite u(x, f) there is a sequence of compact intervals 

Jo D Ji D J2 D ■ • ■ Ji D Ji+i D ■ ■ ■ 

such that for each k £ N the following statements hold : 

(a) {f l (Jk)}i=i are pairwise disjoint and f 2 (Jfc) = Jfe. 

(b) J k+ i{Jf 2k (Jk+i)cJ k 

(c) w(x,f) C ifioWfc)- I" particular , w(x, f) C |T=0 ifio ' f Vk) 

(d) For each i £ N, w(x, f) f] f{J k ) + 0. 

In order to write easily the sets /■ J («/i) for i £ N and < j < 2- ? , we consider the sets 
Xi = {0, 1} 4 whose elements are finite sequences of i elements composed of 0's and l's . On 
each Xi, the adding machine transformation A : Xi — > Xi is defined by A(9i,02,- • • ,0{) := 
(01) 02) • • • ) @i) + (1, 0, • • • , 0) for all (0i, 02, • • • , 0«) £ Xi, where the addition is modulo 2 from 
the left to the right. For example, A{1, 1, 0, 0, 1, • • • , 1) = (0, 0, 1,0, 1, ■ ■ ■ , 1). The map A can 
extend to infinite sequences as follows . Let X^ = {0,1}°°, for any a = (aj)^ :1 £ X^, define 
A(a) = a + (1, 0),where 0= (0, 0, • • •)• Notice that if 1= (1, 1, • • • , 1), then A(l) = 0. For 
a £ X^ and i £ N, define a \i= (ai,(X2, ■ ■ ■ ,aii) £ Xi by taking the first i elements of the 
sequence a. For 9 £ Xi and v £ Xj, let 

9*v = (9 1 ,9 2 ,--- ,9 i ,v 1 ,v 2 ,---,v j ) £ X i+j . 

If a £ Xoo and 9 £ Xi, we similarly define * a £ X^ . Let = 1 and 1 = and in a similar 
way a £ X^ and 9 £ Xi are defined . For a chosen i £ N, let K l = Ji, and for < j < 2 l . 

K A3{oli) = f j (K \.) = f j (Ji). Notice that for all a £ X^a^ = ^'(°li) for each * G N 
and some < j < 2 l . Also ,A 2 ' (0 |i) = |i . Hence the sequence of compact intervals (K a \.)^ 1 
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decreases to a compact (possibly degenerate) interval K a with all the the previous notation, 
conditions (a)-(d)can be rewritten as follows ([8]). 

Theorem 2.1 Let / : I — ► I be continuous with h(f) = and u(x,f) be an infinite 
u— limit set for some x £ I, then there exists a sequence of compact intervals 

Jo D K {0) D K m D ■ ■ ■ D K Q \. d ■ ■ ■ 

such that for each k G N : 

(a) {/ J (i^o| k )}j=i are pairwise disjoint and / 2 (if | k ) = K 0\ k - 

(b)For each G X fe , K^ U ^0*1 C tf*. 

(c)w(x, /) C U0 e x fc ^0- In particular, w(x, /) C PlfcLo Uflex fc = Uaex x K <*- 

(d)For each 5 G X fe , w(x, /) fl K 6 + 0- 

(e)If if a is non-degenerate (| lf a |> 0) for some a G Xqo, then i^, is a wandering interval 
(that is, P(K a ) f(K a ) = 0, for all < i < j) . 

For any pair of disjoint interval J, K C I, Write dist(J,K) = ini{d(x,y) : x G J, y G if}. 
Int(J) denotes the interior of J. 

§3 Auxiliary results 

Let / : I — > I be continuous interval maps with /i(/) = 0. Let 

oo 

<*>(*> /) c n u ^ = u k « 

fc=0 6»ex oo aex^ 

be an infinite w-limit set of /. For all a G X^ and k G AT let /XT" 1 "! and if - , be the right and 
left-side components of K a \ \ K a . Then 

Proposition 3.l' 8 ^ Under the above assumption , let x G R(f) be such that 

oo 
x€w(x,f)C f) |J = (J K a , 

k=oe&x k aeXco 

then there exists an increasing sequence of positive integers (nj)°^ 1 , with 

lim rij = oo, 

i^oo 

such that for all k G N and i > 1 one of the following possibilities holds: 
(a)If x G K a with | K a |= 0, then f k2ni (x) G K a \ n ., 

(b)If x G tf Q with | K Q |> 0, then either J 2 ™^ 1 * 2 * (x) e x + or ^C^ 3 *)^ e K - 
Now, we consider an arbitrary n-dimensional antitriangular map 

F(x 1 ,X 2 ,---,X n ) = (fn(x n ), fn-l(x n -l), ■ ■ ■ , fl(xi)), 
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where fa : I — ► /, i = 1, 2, • • • , n are continuous interval maps. Noticing that for all k £ N, it 
holds that 

F 2k ( Xl ,x 2 , ■■■,x n ) = ((/„ o /^(xi), (/ n _! o / 2 ) fe (x 2 ), ■ ■ ■ , (/i o / n ) fe (x n )), (3.1) 

and 

F 2fc+1 (xi,X 2 ,---,X n ) = (/ n o(/ 1 o/ n ) fc (x n ),/ n _io(/ 2 o/ n _ 1 ) fe (x n _ 1 ),---,/ 1 o(/„o/ 1 ) fc ( a ; 1 )),(3.2) 

So, the dynamical behavior of F must be closely related to the dynamical behavior of f n o 

fli fn-l ° hi ■ ■ ■ ,fl ° fn- 

From the above, we have the following Proposition: 
Proposition 3.2 Under the above conditions we have that 
(a)P(F) = P(f n o fa) x P(/ n _! o fa) x • • • x P(fa o /„) = P(F 2 ) 
(b)AP(F) = AP{f n o fa) x AP(/ n _i o fa) x ■ • ■ x AP(/x o / n ) = AP(F 2 ) 
(c)UR(F) = l^(F 2 ) c UR(f n o /i) x UR(f n -! o fa) x ■ ■ • x [/#(/! o / n ) 
(d)U(F) = i?(F 2 ) c R(f n o /i) x i?(/„_! o fa) x ■ ■ ■ x i?(/i o /„) 
(c)/i(F) = ^(/ n o /i) = h(f n -i ofa) = -.. = h(fa o f n ) 
Proof. The proof is similar to [14,10,3] and is omitted. 

In order to prove our main result, we must investigate the structure of the sets R(F) 
and UR(F) for antitriangular maps of zero topological entropy, that is, when f n o fa, f n -i o 
fai ■ ■ ■ j fa ° fn have zero topological entropy . we study in this section the relationship among 
R(fn o fa),R(fn-i ofa),---, R(fi o f n ) and R(F). 

We start with the following results in which we maintain the notation of Theorem 2.1 
and write K ai (/„ o fa),K a2 (f n -i o fa), ■ ■ ■ , K an (fa o f n ) to indicate that the system of intervals 
depends on the compositions f n o fa, f n ~i o fa, ■ ■ ■ , fa o f n , respectively. 

Proposition 3.3 Let Xi £ R(f n -i+i° fa), i = 1,2,- • • ,n. Assume that w(xi, f n -i+i ° fa), i = 
1,2, ■■■,n are infinite. If {x^ = K ai (f n _i + i o fa) for some a» G ^oo,^ = 1,2, ■■■,n, then 
( Xl ,x 2 ,- ■ ■ ,x n ) E R(F)p[UR(F). 

Proof Let e > be arbitary , by Theorem 2.1, there must exist anmGJV such that 

max {\ K ai\ m (fn-i+i ° fi)\} < e, 
then , for any open neighborhood U of (x\, x 2 , • • • , x n ) there is an m £ N such that 

K ai \ m {fn ° fa) x K a2 \ m (U-i °h)x---x K an \ m (fa o f n ) C U 
Applying (3.1) and Theorem 2.1, we obtain 

F k2m+ \ Xl ,x 2 ,---,x n ) eK ailm (f n ofa) x K a2lm (f n ^ o fa) x ••• x K an{m (fa o f n ) C U 
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for all k £ N. It follows that (xi,x 2 , • • • ,x n ) £ AP{F). By (2.1) and Proposition 3.2, 
(xi, x 2 , ■ ■ ■ , x n ) £ AP{F) C UR{F) C R(F), which ends the proof. 

Let a £ Xqo and K a = K a ((p) = [z, w] be as in Theorem 2.1, where z, w £ I is a continuous 
interval map of zero topological entropy. Define 

z (<p) = {n£N: v 2n {K a ) C # Q |„.c£+r C K^J, 

and 

w(<p) = {n£N: ^ (K a ) C K a \ n <^ C K+J. 

Proposition 3.4 Let xi £ K ai (f n ^ i+1 o fa) be such that | K ai (f n - i+1 o f t ) |> 0, for every i £ 
{1,2,-- ■ ,n}. Assume that xi £ R(f n -i+iofi), for every i £ {1,2,- ■■ ,n}. If f|"=i Xi(f n - i+ i o fi) 
is infinite, then (xi, X2, • • • , x n ) £ R(F) f] UR(F). 

Proof. Without loss of generality, we suppose that K ai (f n -i + i o fi) = [xj,xj ] for some 
x io £ I,i £ {1,2, ■■■,n}. 

Since that H?=i %i(fn-i+i ° fi) is infinite, then there exists a sequence of positive integers 
{ n j)JLi, with lim^oo rij = oo such that rij £ f)" =1 Xj(/ n _j+i o /j) for all j G AT. Hence (/ n -i+i o 
/j) 2 J (ajj) S if~| n (/ n _i + i o f^, for z = 1, 2, • • • , n. On the other hand , applying Theorem 2.1 , 
for any open neighborhood U of (xi, X2, ■ ■ ■ , x n ) there exists an n £ N such that 
IliLi ^L (fn-i+i ° fi) (=U for m > n , In particular, we obtain an j £ N such that 

nr=i ^~| nj (/n-j+i ° f^ ^ ^- % usm s ( 3 - 7 )> we have 

F 2 "^^!, X 2 , • ■ • , X n ) = ((/ n o /j) 2 " 3 (Xi), (/„_! o / 2 )^ (x 2 ), -..,(/! o /„)^ ( In)) 

eIE=i*-| B ,(/n-i+io/0Ctf; 

By Proposition 3.1(b) and (3.1), we have 

F 2 " J+1 ( 1+2fe )(x 1 ,X 2 ,---,X n ) e ((/nO/l^^+^^a^/nO/l)), (/„-l°/ 2 ) 2 "' ^^ (K Q2 (/ n -lO 

/ 2 )),-,(/l°// ,(1+a) (^(/lo/„))) 

C ((/„ o / 1 )2^ +1 fe( j f S : Qi|n ^___(/ n o / x )), (/ n _! o / 2 )2^ +1 fc(K a2U ^__(/ n _ 1 o / 2 )), ■ ■ ■ , (/i O 

Jn) (^a n | nj *a^7^l(/l ° /nJJJ 

= ^aiU^ai^+l^n ° /l) X K a 2 \ nj *a 2 ,n ]+ l(fn-l O / 2 ) X ■ ■ ■ X ^ a „| n .*a n , nj +l(/l ° /n) 
C ^U, (/« ° /l) X K a 2 | nj (/n-1 ° /2) >< • • • >< K n \ n . (A ° /«)) <= C/ for all fc £ N. 
Then, according to the definition of uniformly recurrent point, we obtain 
( Xl ,x 2 ,---,x n ) £UR{F)CR(F). 

Proposition 3.5 Let Xj £ K ai (f n _ i+1 o /j) be such that | K ai (f n _ i+1 o fi) |> 0, for every 
i £ {1, 2, ■ ■ ■ ,n}. Assume that (xi,x 2 , • • • ,x n ) £ R(F), then HILi x i(fn-i+i ° fi) is infinite. 

Proof. Suppose K ai (f n -i + i o fi) = [xj,x* ] for some X{ £ I,i £ {1, 2, • • • ,n}( the other 
cases are similar to this .) Now let (xi, x 2 , ■ ■ ■ , x n ) £ R(F) and HILi x i(fn-i+i ° fi) finite. Let 
m = maxflLi £j(/n-j+i o f\). By Proposition 3.1(b), we have that K a .\ k (f n -. i+1 o fi)) / for 
each i £ {1,2,- ■ ■ ,n} and any/c £ N. Moreover , according to Theorem 2.1 (e), we known that 
Int(K ai (f n - i+1 o fi))) f]Orbf n _ i+l0 fJxi) = $,i = 1,2, • • • ,n. 
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On the other hand, for each i G {1, 2, • • • , n}, we have either 

((fn-i+l ° fif 3 (K aj (fn-i+l ° fi)) C K aj \ j# fc-J^ (fn-i+l ° fi)) C K^^ (/n-i+1 ° fi) 
or 

((/n-i+l ° fi) 21 {K aj { fn-i+l fi)) C K a ^ {ctjyj+1) ( fn-i+l ° /*)) ° /z)) C if" ^ (/n-i+1 ° /i)- 

Let C/ = Int(K~^(f n o /i) x i-Q^./n-i o / 2 )x • • • x ^~ n | ( (/i ° /n)) for some Z > m. Being 
(xi,x 2 , ■ ■ ■ ,x n ) G i?(F) = R(F 2 ), let s G iV satisfy that 

F 2s { Xl ,X 2 , ■ ■ ■ ,X n ) G ^~| fc (/n ° /l)) X #~ | fc (/n-l O / 2 ) X ■ ■ ■ X ^„| fc (/l ° /«)))■ 

By Theorem 2.1 and (3.7),s = 2'g for some q G iV( notice that we can assume that 2 l < s). If q 

is odd ,q = 1 + 2fc, then by Proposition 3.1(b) and (3.1) we would have that 

F 2l +\K ai {f n o /i) x K a2 (f n ^ o f 2 ) x ■ ■ • x K Qn (/! o /„)) 

C K~ llk (fn o f\) x K a2 \ k {f n -i o f 2 ) x ■ ■ ■ x K an \ k {f\ o /„) 

and so Z G H?=i x i{fn-i+i ° fi), a contradiction . If g is even, g = Z.2', / odd , r > 0, by (3.1), we 

would have 

F 2 ' +r+1 (K ai (f n of 1 )xK aa (f n - 1 of 2 )x- ■ -xKaJfcofn)) CK- iU (f n of 1 )xK^ aU (f n - 1 of 2 )x---xK- nU (f 1 of n )) 

By(3.4) and since 

K ^i\ l+ M n °^ C K a 1 \ l (fn°h)^ K a 2 \ l+r (fn-l0f2) C #" , ( (/„-l0/ 2 ), ■ ■ ■ , #^|, +f .(/l0/„) C iT^ (/io/ n ) 

we have that 

F 2i+ " +1 (K Ql (/„ o / x ) X K a2 (/ n _i o / 2 ) X ■ ■ ■ X X a „(/! o / n )) 

C K m| i+r (/« ° A) X K a 2 \ l+r (fn-l O f 2 ) X ■ ■ ■ X K-^h /„)) 
and then we can similarly conclude that Z + r G PliLi x i{fn-i+i ° /i) which is a contradiction. 
Proposition 3.6 Let xi G R(f n -i + i o fi),i = 1, 2, • • • , n. Assume that w(xi, f n -i+i ° fi), {i = 
1,2, ■■■ ,n) are infinite. Let I C {1,2, • • • ,n}.If Xi G if Qi (/n-i+io/i)with | K ai (f n - i+ iofi) |> 
for some a; G X^,? G I ; a;, = K ai (f n _ i+1 o /j) for some Qj G A^i G {1,2, ■ ■ ■ ,n}/Io then 
( Xl ,x 2 ,- ■ ■ ,x n ) € R(F)C]UR(F). 

Proof Without lose generalitywe suppose that Iq = {1, 2, ■ ■ ■ ,p} . Let e > 0, Assume , for 
instance , that K ai (f n -.i + \ o /j) = [x«, Xj ] for some Xi G I, i G {1, 2, • • • ,p} ( the other cases 
are analogous ). By the proof of Theorem 3.3 and Theorem 3.5, we would have that 



P| Xi(f n -i + i o fi) 

ieio 



is infinite. 

By Theorem 2.1, we have that 



lm^maxjl ^ ai | m (/no/i) |, ■ ■ ■ , | K apl Jf n - p+1 of p ) |, | K ap+llm (f n - p of p+1 ) |, ■ ■ ■ , | if Q „| m (/io/ n ) |} = 0, 
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then , for any open neighborhood U of (xi, x 2 , ■ ■ ■ , x n ), there is a k G N such that 

K ai\ m (/" ° /l) X • • • X K a p \ m Un-p+1 ° fp) X ^ p+1 | m (/„- p ° fp+l) X • • • X X a „| m (/l o /„)} C 17 

for all rrii > k,i = 1,2, • • • , n. On the other hand ,by Proposition 3.1 (b) there is an increasing 
sequence of positive integer (m)^ =1 such that 

(/» o h) 2n ^ l+2l \ Xl ) G K- iln Xf n of,),---, (f n _ p+1 o f p ) 2n ^ 1+2l \x p ) G l^ k ( f„_ p+1 o / p ) 

for all Z G TV, By Proposition 3.1 (a) (/,• o f n _ j+1 ) 2n (xj) G K a .\ n (f n _ j+1 ofj) for all n,l £ N,j = 
p+l,p + 2,- ■ ■ ,n. Then there is an m G N such that, applying (3.1) F 2 ™ 1 ^ '(xi,X2, . . . ,x n ) 

6 K Zi\ n . (/n ° /l) X ■ ■ ■ ^ k (/n-p+1 ° /p) X ^a p+1 | nj (/n-p ° fp+l) X • ■ ■ X £T an | n . (/i /„)} C [/ 

for all / G iV. Therefore, (xi,X2, • • • ,x n ) G UR(F) and by (2.1) (xi,X2, • • • ,x n ) G R(F). 

The following result concludes our study of the set i?(F)and UR{F) for antiargular maps 
of zero entropy . 

Theorem 3.7 Let F(xi,x 2 , ■ ■ ■ ,x n ) = ((/„ o/i)(xi), (/ n _i o / 2 )(x 2 ), • ■ ■ , (/i o f n )(x n )) an 
antitriangular map having zero topological entropy. Then {x\, X2, ■ ■ • , x n ) G UR{F) if and only 
if (xi,x 2 ,---,x„) G - R (^ 1 )- 

Proof According to (2.1) and Proposition 3.2 , we must prove that R{F 2 ) C UR{F 2 ). So 
let (xi,x 2 , • ■ ■ ,x n ) G R{F 2 ). Noting that, by Proposition 3.2 (d) and Theorem 1.1, it holds 
that xi G R{f n -iJ r \ o f,j) = UR(f n -i+i o fi),i = l,2,---,n. We distinguish two cases: (a) 
w(x t , fn-i+i o fi) is finite if i = 1, 2, • ■ ■ , n; (b) w(xi, f n -i+i ° fi) is finite if i = 1, 2, ■ ■ ■ , m, and 
w(xj, fn-i+i ° fi) is infinite if i = m + 1, m + 2, ■ ■ ■ , n. 

(a) If Xj is a periodic point of f n -i+i ° fi,i = 1,2, ■ ■ ■ ,n then according to (2.1) and 
Proposition 3.2 (xi, x 2 , ■ ■ ■ , x n ) G P(F) C ?7i?(F). 

(b) Now let Xi be a periodic of f n -i+i°fi of period 2 Si , i = 1, 2, • • • , m. and w(xj, f n -i+i°fi), 
infinite, i = m + 1, m + 2, ■ ■ ■ , n.. Let s = max{si\i = 1,2,..., m}, U be an open neighaborhood 
of (xi,x 2 , • • • ,x n ). Following the proof of Propositions 3. 3-3. 6, for any neighborhood V^of Xi,i = 
m + 1, m + 2, ■ ■ • , n. there exists a positive integer £ > s such that ( f n -j+i ° /i) 2 ' 1+2 '{xi) G V^ 
for all /c G iV, (i = m + 1, m + 2, ■ ■ ■ , n.) And then 

i ?2 ' +1(1+2fe) (xi,X2, ■■■ ,X n ) = (X1,X 2 , • • • , X m , (/„_ m o f m +l) 2t{l+2k \x m +l), ■■■, 

(/i ° /n) 2 * (1+2fc) (^n) e Vi X y 2 x ■ ■ • x V n C U and therefore (xi,x 2 , • ■ ■ , x n ) G UR{F 2 ). 

§4 Main theorem 

In this section, we will prove our main result 
Theorem 4.1 Let 

F(xi,X 2 ,---,X n ) = (/n(«n),/n-l(iCn-l),---/l(»l)) 



...ANTITRIANGULAR MAPS 439 



an antiargular ,Then the following properties are equivalent : 

(a)h(F)=0, 

(b)The period of any periodic point of F is a power of 2 , 

(c)UR(F)=R(F), 

(d)AP(F) = {(xi,X2,---,x n ) G I n ■ limF 2S (xi,x 2 ,---,^n) = (xi,x 2 , ■ ■ ■ ,x n )}. 

Proof (a) =^> (6) By Proposition 3.2 (e),h(F) = h(f n -i+i o fi), i = 1, 2, ■ ■ ■ , n. By Theorem 
1.1 fn-i+i ° fi(i = 1) 2, ■ ■ ■ , n) have only periodic points with period a power of two . By (3.1) 
and Proposition 3.2(a) F must have only periodic pionts with period a power of two . 

(6) =4> (a) By (3.1) and Proposition 3.2 (a),/ n —j+i ° fi,i = 1,2, • ■ ■ ,n have only periodic 
points with period a power of two . By Theorem 1.1 and Proposition 3.2 (e),h(F) = /i(/ n -i+i ° 
/ i ) = 0,(i = l,2,---,n). 

(a) =>• (c) By Proposition 3.2 ,/i(F) = h(f n - i+ i o fi) = 0, (i = 1, 2, ■ ■ • , n). By Theorem 3.7 
it holds that UR{F) = R(F). 

(c) => (a) If C/i2(F) = i?(F), then by proposition 3.2 ,UR{F 2 ) = R(F 2 ). Applying again 
Proposition 3.2 , C/i2(/ n _j+i o fi) = R{f n _i + \ o /j). Then , by Theorem 1.1 and 3.2(e), we 
conclude that h{F) = h(f n —i+i o fi) = 0, i = 1, 2, ■ ■ ■ , n. 

(a) <^=^ (d) If h{F) = 0, then h(f n -i+i ° fi) = 0,i = 1,2, ■■•,n. and by Theorem 1.1, 
we obtain AP(/ n _ i+ i o /j) = {x t G I : lim(/ n _j + i o /j) 2S (xj) = xJ.Notice that AP(F) = 
AP{F 2 ) = AP{f n o f x ) x AP(/ n _i o /„_!) x • • • x AP(/i o /„) (Proposition 3.2 (b)). Then ,By 
(3.1) AP(F) = {(x 1 ,x 2 ,---,x n ) e I n : limF 2S (xi,x 2 , • • • , x n ) = (xi,x 2 , ■ ■ ■ ,x n )}. 

The converse implication is analogous and so the proof concludes. 

§5 Conclusion 
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Abstract 

In this paper we prove some results of metric spaces including Uniform 
continuity theorem and Ascoli-Arzela theorem for intuitionistic fuzzy met- 
ric spaces. We also prove that every intuitionistic fuzzy metric space has 
a countably locally finite basis and use this result to conclude that every 
intuitionistic fuzzy metric space is metrizable. 

Key Words: Intuitionistic fuzzy metric space, Cauchy sequence, com- 
pleteness, uniform continuity, equicontinuity. 

2000 AMS Subject Classifications: 54A40, 54E70 

1 Introduction 

One of the most important problems in fuzzy topology, which may have very 
important applications in quantum particle physics particularly in connections 
with both string and e 1 - 00 ' theory which were given and studied by Elnaschic 
[9, 10], is to obtain an appropriate concept of fuzzy metric space. This problem 
has been investigated by many authors [3, 11, 13] from different points of views. 
In particular, George and Vccramani [7] have introduced and studied a notion 
of fuzzy metric space with the help of continuous t-norms , which constitutes a 
slight but appealing modification of the one due to Kramosil and Michalck [13]. 
Using the idea of intuitionistic fuzzy sets [1, 2], Park [17] introduced the notion 
of intuitionistic fuzzy metric spaces with the help of continuous t-norms and 
continuous t-conorms as a generalization of fuzzy metric space due to George 
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and Veeramani [7]. In this paper, we introduce the notion of uniform continuity 
and equicontinuity in an intuitionistic fuzzy metric space and prove Uniform 
continuity theorem for intuitionistic fuzzy metric space. We prove that if an 
equicontinuous sequence of functions from an intuitionistic fuzzy metric space 
X to a complete intuitionistic fuzzy metric space Y converges for each point of a 
dense subset of X, then it converges at each point of X and the limit function is 
continuous. Using this result we prove Ascoli-Arzela theorem for intuitionistic 
fuzzy metric space. Finally, we prove that in an intuitionistic fuzzy metric space 
X every open cover admits a countably locally finite refinement which covers 
X. We use this result to prove that every intuitionistic fuzzy metric space has 
a countably locally finite base. 

2 Intuitionistic fuzzy metric spaces 

Definition 2.1 [18] A binary operation * : [0.1] x [0, 1] — ► [0, 1] is a continuous 
t-norm if * is satisfying the following conditions: 

(a) * is commutative and associative; 

(b) * is continuous; 

(c) a * 1 = a for all a e [0, 1]; 

(d) a *b < c* d whenever a < c, b < d and a, b, c, d G [0,1]. 

Definition 2.2 [18] A binary operation o : [0.1] x [0, 1] — > [0, 1] is a continuous 
t-conorm if o is satisfying the following conditions: 

(a) o is commutative and associative; 

(b) o is continuous; 

(c) oo0=o for all a e [0,1]; 

(d) aob < co d whenever a < c, b < d and a, b, c, d € [0,1]. 

Note 2.3 The notions of t-norms and t-conorms are known as the axiomatic 
skeletons that we use for characterizing fuzzy intersections and unions, respec- 
tively. These concepts were originally introduced by Menger [15] in his study of 
statistical metric spaces. Several examples for these notions were proposed by 
many authors (see [4, 5, 6, 8, 12, 18, 19] ). 

Because there are three redundant conditions in definition of intuitionistic 
fuzzy metric space in [17], we modify the definition as follows: 

Definition 2.4 A 5-tuple (X,M,N,*,o) is said to be an intuitionistic fuzzy 
metric space if X is an arbitrary set, * is a continuous t-norm, o is a continuous 
t-conorm and M, N are fuzzy sets on X 2 x (0, oo) satisfying the following 
conditions: for all x,y, z G X, s, t > 0, 

(a) M{x,y,t) + N{x,y,t)<l; 

(b)M(»,i/,t)>0;_ 

(c) M(x, y, t) = 1 if and only if x = y; 

(d) M{x,y,t) = M{y,x,t); 

(e) M(x, y, t) * M(y, z, s) < M(x, z,t+s); 
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(f) M(x, y, •) : (0, oo) — » [0, 1] is continuous; 
(g)N(x,y,t) = N(y,x,t); 
(h) AT(x, y, t) o JV(i/, z, s) > N(x, z,t+s); 
(i) N(x, y, •) : (0, oo) — ► [0, 1] is continuous. 

Then (M, N) is called an intuitionistic fuzzy metric on X. The functions 
M(x, y, t) and iV(x, y, t) denote the degree of nearness and the degree of non- 
nearness between x and y with respect to t, respectively. 

Remark 2.5 Every fuzzy metric space (AT, M, *) is an intuitionistic fuzzy met- 
ric space of the form (X, M, 1 — M, *, o) such that t-norm * and i-conorm o arc 
associated [14], i.e. x oy = 1 — ((1 — x) * (1 — y)) for any x, y E X. 

Example 2.6 [17] Let (X, d) be a metric space. Denote a* b — ab and a o b — 
min{l, a + b} for all a, b E [0, 1] and let Md and Nd be fuzzy sets on X 2 x (0, oo) 
defined as follows: 

„ , , s ht n .. , , dfx, w) 

M rf(^2/^) = TT^ T, x. N d {x,y,t)- 



ht n +md(x,y) , ' ' fci™ + m d(x, y) ' 

for all /i, fc, to, n € R + . Then (X, M^, A^^, *, o) is an intuitionistic fuzzy metric 
space. We call this (Md, iVd) as the intuitionistic fuzzy metric induced by d. 

Example 2.7 [17] Let X = N. Define a * b = max{0, a + b - 1} and aob = 

a + b — ab for all a, b <G [0, 1] and let M and N be fuzzy sets on X 2 x (0, oo) as 
follows: 

M(x,y,t) = \ I - (n ,^„ N(x,y,t) = \ x l 

[ I it y < x, L -^ if 2/ < x, 

for all x,y €z X and t > 0. Then (X, M, iV, *, o) is an intuitionistic fuzzy metric 
space. 

Remark 2.8 Note that, in the above example, t-norm * and t-conorm o are 
not associated. And there exists no metric d on X satisfying 

M(x, y, t) = —± -, AT(x, y, t) = ^' y) 

t + d(x,yj t+d(x,y) 

where M(x, y, t) and N(x, y, t) are as defined in above example. Also note that 
the above functions (M, N) is not an intuitionistic fuzzy metric with the t-norm 
and t-conorm defined as a * b = min{a, b} and a o b — max{a, b}. 

Definition 2.9 [17] Let (X, M, N, *, o) be an intuitionistic fuzzy metric space, 
and let r E (0, 1), t > and x e X. The set B(x, r,t) = {y G X : M(x, y, t) > 
1 — r} is called the open ball with center x and radius r with respect to 
t. Define T(m.n) = {A C X : for each x E A, there exist t > and r E 
(0,1) such that B(x,r,t) C A}. Then T(m,n) is a topology on AT. Clearly, 
this topology is Hausdorff and first countable. 
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Theorem 2.10 [17] Let (X, M, N, *,<>) be a intuitionistic fuzzy metric space 
and T(m.n) be the topology on X induced by the intuitionistic fuzzy metric. 
Then for a sequence {x n } in X, x n — > x if and only if M(x n , x,t) — ► 1 and 
N(x n , X, i) — * as n — > oo. 

Definition 2.11 [17] Let (X, M, N,*,o) be an intuitionistic fuzzy metric space. 
Then 

(a) a sequence {x n } in X is said to be Cauchy if for each e > and each 
t > 0, there exists uq G N such that M(x n , x m , t) > 1 — e for all n, to > no. 

(b) (X, M, iV, *, o) is called complete if every Cauchy sequence is convergent 
with respect to tim,n) ■ 

Theorem 2.12 Every intuitionistic fuzzy metric space is normal. 

Proof Let (X, M, N,*,o) be given intuitionistic fuzzy metric space and F, G 
be two disjoint closed subsets of X. Let x G F. Then x € G c . Since G c 
is open, there exist t x > and r x G (0,1) such that B(x,r x ,t x ) n G = 0. 
Similarly, there exist tj, > and t\, <G (0, 1) such that B(y,r y ,t y ) n F = for 
all y € G. Let s = minlr^, t^, 7\,, tj,}. Then we choose a so £ (0, s) such that 
(l-So)*(l-s ) > 1-s. Put t/ = U 2;eF -B(x,so,f) and F = ^£0-8(2/, s , D- 
Then [/ and V are open sets such that F C U and GcK Now we claim that 
U n V = 0. Let z e U n V. Then there exist x e F and y e G such that 
z G S(x, so, f ) and 2; G S(y, So, §)• Now, we have 

M{x,y,s) > M{x,z,^)*M{y,z,^) 

> (1 - so) * (1 - So) 

> 1-s. 

Hence y G B(x,s,s). But since s < r x ,t x , B(x,s,s) C B{x,r x ,t x ) and thus 
B(a;, rijtxjnG/ 0, which is a contradiction. Hence X is normal. 

Remark 2.13 From above theorem we can easily deduce that every metrizable 
space is normal. Since every intuitionistic fuzzy metric space is normal, Urysohn 
lemma and Tietze extension theorem are true in the case of intuitionistic fuzzy 
metric space. 

3 Some theorems in intuitionistic fuzzy metric spaces 

Definition 3.1 A function / from an intuitionistic fuzzy metric space X to 
an intuitionistic fuzzy metric space Y is said to be uniformly continuous if 
for given r G (0, 1) and t > 0, there exist r$ G (0, 1) and to > such that 
M(x, y, t ) > 1 - r implies M(f(x), f(y),t) > 1 - r for all x, y G X. 

Theorem 3.2 (Uniform continuity theorem) If f is continuous function 
from a compact intuitionistic fuzzy metric space X to an intuitionistic fuzzy 
metric space Y , then f is uniformly continuous. 
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Proof Let s £ (0, 1) and t > be given. Then we can find r £ (0, 1) such 
that (1 — r) * (1 — r) > 1 — s. Since / : X — > Y is continuous, for each x € X, 
we can find r 2 G (0,1) and i x > such that M(x,y,t x ) > 1 — r x implies 
M (/(x), f(y), |) > 1 — r. But r x £ (0, 1) and then we can find s x £ (0, r x ) 
such that (1 — s x ) * (1 — s. x ) > 1 — r x . Since X is compact and {B(x, s x , 4f ) : 
x £ X} is an open covering of X, there exist Xi,X2, ...,Xk in X such that 
X = (J i=1 B{xi, s Xi , -§*-). Put so = mins^ and to = m i n "I 1 ! * = 1,2, ...,/c. 
For any x,y £ X, if M(x,y, to) > 1 — So> then M(x,y,-?f-) > 1 — s Xi . Since 
x £ X, there exists a a;, such that M(x,Xj, -j-) > 1 — s Xi . Hence we have 
M(f(x),f( Xi ),±)>l-r. Now 

M{y, Xi ,t Xi ) > M\x,y,^)*M\x,Xi,t2. 
> (1 - s Xi ) * (1 - s Xi ) > 1 - r Xi . 
Therefore, M (f(y), f(xi), |) > 1 — r. Now we have 

M(f(x)J(y),t) > M[j{x)J{x l )^*M(j{y)J{x l ), t - 

> (1 -r) * (1 - r) > 1 - a. 

Hence / is uniformly continuous. 

Remark 3.3 Let / be an uniformly continuous function from the intuitionistic 
fuzzy metric space X into the intuitionistic fuzzy metric space Y. If {x n } is a 
Cauchy sequence in X, then {/(x n )} is also a Cauchy sequence in Y. 

Theorem 3.4 Every compact intuitionistic fuzzy metric space is separable. 

Proof Let (X, M, N, *,<>) be the given compact intuitionistic fuzzy metric 
space. Let r £ (0, 1) and t > 0. Since X is compact, there exist xi, X2, . . . , x„ in 
X such that X = (J™ =1 B(xi, r, £). In particular, for each n € N, we can choose 
a finite subset A n such that X = {J aeA B(a, ^, ^). Let A = {J neN A n . Then 
A is countable. We claim that X C A. Let x <G X. Then for each n £ N, there 
exists a n G A„ such that x S B(a n , —,—)■ Thus a„ converges to x. But since 
a n £ A for all n, x G A. Hence A is dense in X and thus X is separable. 

Definition 3.5 Let X be any nonempty set and (Y, M, JV, *,o) be an intuition- 
istic fuzzy metric space. Then a sequence {/ n } of functions from X to Y is said 
to be converge uniformly to a function / from X to Y if for given r £ (0, 1) and 
t > 0, there exists no G N such that M(/„(x), /(x), i) > 1 — r for all n > uq 
and for all x G X. 

Definition 3.6 A family T of functions from an intuitionistic fuzzy metric 
space X to a complete intuitionistic fuzzy metric space Y is said to be equicon- 
tinuous if for given r G (0, 1) and t > 0, there exist r$ £ (0, 1) and to > such 
that M(x, y, t ) > 1 - r implies M (/(x), /(y), i) > 1 - r for all / G ^. 
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Lemma 3.7 Let {f n } be an equicontinuous sequence of functions from an intu- 
itionistic fuzzy metric space X to a complete intuitionistic fuzzy metric space Y . 
If {fn} converges for each point of a dense subset D of X, then {/„} converges 
for each point of X and the limit function is continuous. 

Proof Let s G (0, 1) and t > be given. Then we can find r G (0, 1) such that 
(1 — r) * (1 — r) * (1 — r) > 1 — s. Since T = {/«} is an equicontinuous family, 
for given r G (0, 1) and t > 0, there exist n G (0, 1) and t\ > such that for 
eachx,y el, M(x,y,h) >l-r 1= > M(f n (x), f n (y), §) > 1 - r for all /„ G JF. 
Since D is dense in X, there exists y G B(a:,ri,ti) ("1 £> and {/«(?/)} converges 
for that y. Since {/ n (y)} is a Cauchy sequence, for given r G (0, 1) and t > 0, 
there exists no G N such that M(f n (y), f m (y), §) > 1 — r f° r a U m, n > "o- 
Now for any x € X, we have 

M(f n (x),f m (x),t) 

> M(f n (x), f n (y), |) * M(.f„(y), / m (y), |) * M(/ m (x), .^(y), |) 

> (1 — r) * (1 — r) * (1 — r) 

> 1-a. 

for all to, n > no. Hence {/«(x)} is a Cauchy sequence in Y. Since Y is complete, 
{f n (x)} converges. Let f(x) = lim/„(x). We claim that / is continuous. Let 
s <G (0, 1) and to > be given. Then we can find r$ e (0, 1) such that 
(1 — ro)*(l — ro)*(l — ro) > 1 — so- Since JF is equicontinuous, for given ro G (0,1) 
and to > 0, there exist r2 G (0, 1) and t 2 > such that M(x, y, t 2 ) > 1 — r 2 => 
M(f n (x), f n (y),!§) > 1 - r for all /„ G T. Since f n (x) converges to f(x), for 
given ro G (0, 1) and to > 0, there exists n\ G N such that M(f n (x), f(x), 4^) > 
1 — ro for all n > n\. Also since /n(y) converges to /(y), for given ro G (0, 1) 
and to > 0, there exists n 2 G N such that M(f n (y), f(y), %) > 1 — ro for all 
n > n 2 . Now for all n > max{ni, n 2 }, we have 

M(f(x),f(y),t ) 

> M (f(x), f n (x), |) * M (f n {x), f n (y), |) * M (,f n (y), f(y), | 

> (1 -r ) * (l-r )* (1 -r ) 

> 1 -s . 

Hence / is continuous. 

Theorem 3.8 (Ascoli-Arzela theorem) Let X be a compact intuitionistic 
fuzzy metric space and Y be a complete intuitionistic fuzzy metric space. Let T 
be an equicontinuous family of functions from X to Y. //{/ n }neN is a sequence 
in T such that {f n (x) : n G N} is a compact subset of Y for each x G X, then 
there exists a continuous function f from X to Y and a subsequence {g n } of 
{fn} such that g n converges uniformly to f on X. 
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Proof Since X is a compact intuitionistic fuzzy metric space, by Theorem 3.4, 
X is separable. Let D = {xj : i = 1, 2, . . .} be a countable dense subset of X. 
By hypothesis, for each i, {f n (xi) ■ n € N} is compact subset of Y. Since every 
intuitionistic fuzzy metric space is first countable space [17], every compact 
subset of Y is sequentially compact. Thus by standard argument, we have a 
subsequence {g n } of {f n } such that {g n (xi)} converges for each i = 1,2,.... By 
Lemma 3.7, there exists a continuous function / from X to Y such that {g n {x)} 
converges to /(x) for all x G X. Now we claim that g n converges uniformly to 
/ on X. Let s G (0, 1) and t > be given. Then we can find r G (0, 1) such 
that (1 — r)*(l — r)*(l — r) > 1 — s. Since JF is equicontinuous, there exist 
n G (0, 1) andii > such that M(x,y,ti) > 1-n =4> M (g n (x) , g n (y) , |) > 1-r 
for all n. Since X is compact, by Theorem 3.2, / is uniformly continuous. 
Hence for given r G (0, 1) and i > 0, there exist r2 G (0, 1) and £2 > such 
that M(x,y,t 2 ) > 1 - r 2 ^ M(f(x),f(y), f ) > 1 - r for all x,y e X. Let 
ro = minjri, r2J and to — min{ii, £2}- Since X is compact and D is dense in X, 
X = (J i=1 B(xi, tq, to) for some fc. Thus for each x G X, there exists i, i < k, 
such that M(x,Xj,£o) > 1 — fo- But since ro = min{ri,r2} and to = niin{ii,i2}, 
we have, by the equicontinuity of T, M(g n (x),g n (xi), |) > 1 — r and we also 
have, by the uniform continuity of /, M(/(x), /(xj), |) > 1 — r. Since {<?n(xj)} 
converges to f(xj), for r G (0,1) and £ > 0, there exists no G N such that 
M(g n (xj), f(xj), |) > 1 — r for all n > n , and for all j = 1, 2, • • • , n. Now for 
each x G X, we have 



M( 5 „(x),/(x),£) 

> M(g n (x),g n (xi), |) * M( 5 „(x,), .f(x,), |) * M(/(x,), /(x), |) 

> (1 — r) * (1 — r) * (1 — r) 

> 1-s. 

Hence g„ converges uniformly to / on X. 

Lemma 3.9 Let X be any nonempty set and (Y, d) be a metric space. Let 
(Y, M, N,*,o) be the induced intuitionistic fuzzy metric space. Then a sequence 
{f n } of functions from X to Y converges uniformly to a function f from X to 
Y with respect to d if and only if {fn} converges uniformly to f with respect to 
the intuitionistic fuzzy metric (M,N). 

Proof We prove only the sufficiency part since the necessity part is similar. 
Let e > and t > 0. Put r = -^—. Since {/„} converges uniformly to / with 
respect to the intuitionistic fuzzy metric (M, N) , there exists k G N such that 
M(/„(x), /(x), t) > 1 — r for all n > k and for all x G X and hence by Theorem 
2.10, d(f n (x), /(x)) < e for all n > k and for all x G X. Hence {/«} converges 
uniformly to / with respect to the metric d. 

Lemma 3.10 Let (X,d) and (Y,d') be metric spaces. Let (X,M,N,*,o) and 

(Y, M', N', *', o') be the corresponding induced intuitionistic fuzzy metric spaces. 
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Then a family T of functions from X to Y is equicontinuous with respect to the 
metric if and only if T is equicontinuous with respect to the intuitionistic fuzzy 
metric. 

Proof We prove only the necessity part since the sufficiency part is similar. 
Let r G (0, 1) and t > 0. Put e = t^-. Since T is equicontinuous with respect 
to the metric, there exists <5 > such that d(x, y) < S implies d(f(x), f(y)) < e 
for all / G T. Put t a = t and r = r q T . Then M(x,y, to) > 1 - r => 
M{f(x), f{y), t) > 1 — r for all / G T . Hence T is equicontinuous with respect 
to the intuitionistic fuzzy metric. 

Corollary 3.11 Let X be a compact metric space and Y be a complete metric 
space. Let T be an equicontinuous family of functions from X to Y . //{/ n } n eN 
is a sequence in T such that {f n (x) : n G N} is a compact subset ofY for each 
x G X, then there exists a continuous function f from XtoY and a subsequence 
{$«} of {f n } such that g n converges uniformly to f on X. 

Proof Let (Y, d) be the given metric space and (Y, M, N,*,o) be the induced 

intuitionistic fuzzy metric space. Then (Y, M, TV, *, o) is complete if and only if 
(Y, d) is complete. Hence by Lemmas 3.9 and 3.10 and Theorem 3.8, we get the 
required result. 

Now, we shall prove that every intuitionistic fuzzy metric space is metrizable. 

Lemma 3.12 Let (X, M, N, *,o) be an intuitionistic fuzzy metric space. Lf A 
is an open covering of X , then there is an open covering B of X such that B is 
a countably locally finite refinement of A. 

Proof Since A is open covering of X, by well-ordering theorem we can choose 
a well ordering < for A. For each n G N and U G A, define S n (U) = {x G X : 

B ( x > hk) c V} and R ^ U ) = S ^ U ) - Uy<c/ V. If V, W G A with V < W 
and if x G R n (V) and y G R n (W), we show that M(x,y, ^) < 1 — ^. Since 
x G R n (V), we have x G ^(V). Since y G R„{W) and V < W, y <£ V and 
hence M(x, y, — ) < 1 — — . For given n G N, we can find s G (0, — ) such that 
(1 - s) * (1 - s) * (1 - s)> 1 - i. Let E n (U) = \J{B(x,s, ^) : x G R n {U)}. 
Then clearly E n (U)'s are open [17]. We claim that E n (U)'s are disjoint. Let 
V, W G A with V < W and let x G E n (V) and y G E n (W). Then we show that 
M{x, y, gL) < 1 - s. If M(x, y,£)>l-S, since x G E n (V) and y G S„(IY), 
there exist x G i?„(Y) and y G i?„(TY) such that x G B(xo,s, 3^) and y G 
B(y ,s, ^). Also since V < W, we have M(x , 3/0, ^) < 1 - ^- But 

1__ > M(a;o,W),-) 

n n 

> M{x,x ,—)*M{x,y,—)*M{y,y ,—) 

ijlh fJlt ijlh 

> (l-s)*(l-s)*(l-s) > 1--, 

n 
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which is a contradiction and hence M(x, y, ^) < 1 — s. 

Let £ n = {E n (U) : U £ A}. We claim that £ n refines A. If y £ E n (U), 
then there exists x £ R n (U) such that y £ B(x, s, g-^). Since s < i, we have 
y € B(x, s, ^) C B(x, i,i)ct/. Since £ n (C7) C U for all [7 € A, ^refines A. 
We claim that £ n is locally finite. Since s £ (0, 1), we can find r$ £ (0, 1) such 
that (1 — r ) * (1 — r ) > 1 — s. For each x e X, B(x, r , ^) intersects at most 
one element of £ n . For. if £J(x, r , ^) intersect E„{U) and S n (V) with [7 < V, 
then there exist y £ E n (U) and 2; e S„(F) such that M(x, y, ^) > 1 — r and 
M(x, z, ^) > 1 - r . Since £7 < V, we have M(y, z, ^) < 1 - s. But 

M(y,z,±) > M(x,,,i-)*M(x,,,i-) 
> (1-ro)* (l-r ) > 1-s, 

which is a contradiction. Hence £ n is locally finite. Now, we consider the family 
B = UneN ^n- Let x ^ X. Since *4 is cover of X, there exists a,U £ A such that 
[7 is the first element of A that contains x. Since U is open, there exists n £ N 
such that -B(x, -, -) C 77. Then x £ S n (U) and since U is the first element of A 
that contains x, x £ R n (U) and thus x £ E n (U). Hence B is an open covering 
of X such that B is countably locally finite refinement of A. 

Theorem 3.13 Every intuitionistic fuzzy metric space has a countably locally 
finite basis. 

Proof For each n £ N, let A n = {B(x, \, i) : x e X}. Then ,4 n covers X 
for each n £ N. By Lemma 3.12, there exists an open covering B n of X which 
is a countably locally finite refinement of A n . Let B = U n eN^™- Then 2? is 
countably locally finite. We claim that B is a basis for X. Let x £ X. Given 
r £ (0, 1) and t > 0, we can find n G N such that (1 - ■£-) * (1 - ■£-) > 1 - r 
and t > —. Let _B G £>„ with x £ B. Since B no refines A no , there exists a 
io£l such that B C B(xo, — , — ). For any y £ B, we have 

«(*,„,<) > M ( r,v,A ) >M ( ,, :C0 ,i).M( V ,, ,i) 

no n n 

> (1 )*(1 )>l-r. 

n n 

Then y G S(x, r, t) and thus B C B(x, r, t). 

Corollary 3.14 Every intuitionistic fuzzy metric space is metrizable. 

Proof By Theorem 2.12 and 3.13, every intuitionistic fuzzy metric space is 
regular and has a basis that is countably locally finite. Hence by Nagata-Smirnov 
mctrization theorem ([16], Theorem 40.3, p. 250), it is metrizable. 

Remark 3.15 The topologies induced by a metric and the corresponding in- 
tuitionistic fuzzy metric are same. Hence by Theorem 3.13, we can deduce that 
every metric space has a basis that is countably locally finite. Since intuitionis- 
tic fuzzy metric is a generalization of fuzzy metric, the results for fuzzy metric 
space are particular cases of the above theorem. 
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4 Conclusions 

As a generalization of fuzzy metric, the notion of intuitionistic fuzzy metric was 
introduced by Park [17]. Because, in intuitionistic fuzzy metric space, the degree 
of nearness and the degree of non-nearness between two points with respect to 
some value are allowed, there is room for more flexibility. In this paper, we prove 
some results of metric spaces including Uniform continuity theorem and Ascoli- 
Arzela theorem for intuitionistic fuzzy metric spaces and also prove that every 
intuitionistic fuzzy metric space is mctrizablc. Applications of intuitionistic 
fuzzy metric may have been done in quantum particle physics particularly in 
connections with both string and e^ 00 -* theory [9, 10]. 
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A Preconditioned Linear Sampling Method in In- 
verse Acoustic Obstacle Scattering 

G. Pelekanos*, K. H. Leem*, and V. Sevroglovr 

Abstract — The problem of determining the shape of an obstacle from far-field 
measurements is considered. It is well known that Kirsch's (_F*F) 1 / 4 -method 
has been widely used for shape reconstructions obtained via the singular system 
of the ill conditioned discretizcd far-field operator F. In this work we present 
a preconditioned version of this method. In particular, the singular system of 
an appropriate preconditioner constructed via the Algebraic Multigrid Method 
(AMG) is used for the reconstructions since it exploits stable eigenvalues, in 
contrast to the ones of the disretized far field operator. 

Keywords:AMG Preconditioning, Inverse Scattering, Linear Sampling Method. 

1. INTRODUCTION 

For inverse acoustic scattering the original linear sampling method was introduced 
by Colton and Kirsch [7], and mathematically clarified in [8]. Kirsch [9] improved 
the original version of the linear sampling method, leading to the so-called {F*F) 1 / i 
-method. Recently, Arens [2] presented a proof of convergence for this method for 
the case of acoustic scattering by sound soft obstacles. Linear sampling methods 
involve the solution of a linear Frcdholm equation of the first kind, the far-field 
equation, which is written for each point Xg inside the scatterer and whose integral 
kernel is the far-field pattern, i.e. far-field data that arc usually contaminated with 
significant noise. Its right-hand side is an exactly known analytic function. Conse- 
quently, in the second version of the linear sampling method, Kirsch, characterized 
the obstacle in terms of the spectral data of the far field operator F. Two of the at- 
tractive futures of this method is its computational speed, and the very low amount 
of a priori information on the scatterers. In other words, it is not necessary to a 
priori know the number of scatterers or the kind of the boundary condition that 
is satisfied by the total field. One of its disadvantages though is that it only gives 
an explicit characterization of the scattering obstacle (i.e. it only determines the 
support of the scatterer) . 

It is well known that every numerical implementation of an inverse scattering 
method requires at some point regularization in order to cope with the ill-poscdncss 
of the problem, and the linear sampling method is not an exception. In most numer- 
ical applications of the linear sampling method, Tikhonov regularization has been 
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employed and the rcgularization constant was computed via Morozov's discrep- 
ancy principle [8] , which involved the computation of the zeros of the discrepancy 
function at each point of the grid, a process that is time-consuming. In addition, 
the noise level in the data should be known a priori, something that in real life 
applications is not the case in general. 

In this work we propose a characterization of the object via a preconditioned 
{F*F) 1 / i -method. This paper attempts to alleviate the ill-posedness of this prob- 
lem via the construction of an appropriate prcconditioncr. The preconditioner is 
effectively constructed via the Algebraic Multigrid Method (AMG) from the de- 
scretized form of the operator (F*F) 1 ' 2 and is symmetric and positive definite. It 
is very important to point out that in our approach we are not dealing with the 
eigenvalues of the ill possed matrix that corresponds to the discretized form of the 
operator F, but we rather dealing with the more stable eigenvalues of the matrix 
that is constructed via the AMG. 

We organize our paper as follows. Section 2 will be devoted to the formulation 
of the problem. Consequently, section 3 will deal with the idea behind the selection 
of our preconditioner as well as with its implementation within the framework of 
the linear sampling method. In section 4 we will describe the construction of the 
preconditioner via the Algebraic Multigrid Method (AMG). Finally, in section 5 
we will show the effectiveness of the preconditioner via numerical examples for the 
case of inpenetrable scatterers. For the reconstructions we will use simulated data 
obtained by means of the Nystrom method [6] . 

2. FORMULATION OF THE PROBLEM 

It is well known that the propagation of time-harmonic acoustic fields in a homo- 
geneous medium, in the presence of a sound soft obstacle D, is modeled by the 
exterior boundary value problem (direct obstacle scattering problem) 

A 2 u(x) + k 2 u(x) =0, x£$l 2 \D (2.1) 

u(x) + u l (x) = 0, xedD (2.2) 

where k is a real positive wavenumber and u l is a given incident field, that in the 

presence of D will generate the scattered field u. 

In addition, the scattered field u will satisfy the Sommcrfeld radiation condition 

f)i/ 

lim ^r{— - iku) = (2.3) 

i — >oo or 

\r\ = \x\, x G 3? 2 \ D, and the limit is taken uniformly for all directions x = x/\x\. 
The Green formula implies that the solution u of the direct obstacle scattering 
problem above has the asymptotic behaviour 

p ikr 

u[x) = Uoo {x)^ + 0{r- 3/2 ) (2.4) 
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for some analytic function Uoo, called the far field-pattern of u, and defined on the 
unit sphere Q. In the case of the inverse problem, it represents the measured data. 
In particular, the inverse problem that will be considered here, is the problem of 
finding the shape of D from a complete knowledge of the far-field pattern. 
We now define the far-field equation 




(Fg z )(x) = -^=e^ x - z (2.5) 



where the right hand side is the far-field pattern of the fundamental solution of the 
Hclmholtz equation, zgS 2 and F : L 2 {£1) — ► L 2 {£1) is given by 



(Fg)(x)= / u O0 (x;d)g(d) ds{d), den (2.6) 

It is well known that the first version of the linear sampling method [7] solves the 
linear operator equation (2.5) based on the numerical observation that its solution 
will have a large norm outside and close to 3D. Hence, reconstructions are obtained 
by plotting the norm of the solution. However, the problem is that the right-hand 
side does not in general belong to the range of the operator F. Kirsch [9] was 
able to overcome this difficulty with the introduction of a new version of the linear 
sampling method based on appropriate factorization of the far-field operator F. In 
this method, Kirsch is elegantly using the spectral properties of the operator F to 
characterize the obstacle. In particular, the following far-field equation is now used 
in place of equation (2.5) 

i7r/4 

{F*F) 1 ' i g z = ±— =&-**■> (2.7) 



and the spectral properties of F are used for the reconstructions. However, due 
to noisy data, the discretized version of the far field operator F is characterized 
by numerical instability which may result to false information about its singular 
system. In the next section, we will show that we can overcome this difficulty via the 
construction of an appropriate preconditioner with eigenvalues far away from zero 
(in contrast to the eigenvalues of F that cluster around zero) and whose singular 
system will be used for the reconstructions. That way, Tikhonov regularization can 
be avoided and the noise in the data does not need to be known in advance. 

3. THE PRECONDITIONED LINEAR SAMPLING METHOD 



The far field operator F maps a density g onto the far-field pattern of the 
scattered field generated from the incident field u l = v g via the Hcrglotz wave 
operator H : L 2 (il) — ► L 2 (dD) given by 

Hg(x)= f e tkx - d g(d)ds(d), x e dD (3.1) 

Jn 
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As indicated in [9], closely related to F, is the operator G : L 2 (dD) — ► L 2 (il) 
defined by Gh = Uoo, where Urx, € L 2 {yt) is the far field pattern of the solution u 
of the exterior Dirichlet problem with boundary data h G L 2 (dD). 

The far-field operators H and G are related through the single layer boundary 
operator S : L 2 (dD) — * L 2 (dD), defined by 

S<t>{x)= f <S>(x,y)<f>(y)d S (y), <f> e L 2 (dD) (3.2) 

JdD 

where $ denotes the fundamental solution of the Helmholtz equation in two dimen- 
sions and defined by 

*{x,v)= % -H$-Xk\x-y\) x^y (3.3) 

It is not difficult to show that 

H = (S*G* on L 2 (dD) (3.4) 

and 



F=-GH (3.5) 

in two dimension; 
factorization [9] 



e i7r/4 

with £ = —j= in two dimensions [9]. Using (3.4) and (3.5), we arrive to the 
V87rfc 



F=- ] -GS*G* (3.6) 

We now consider a singular system (/ij^j^ipj) of the operator F in L 2 (fl). 
Since F is normal [9], we have /ij — \Xj\ and ip = sign(Xj)tp, where Xj are the 
eigenvalues of F. Using that system, Kirsch showed that the sequence defined by 

' G>, (3.7) 



i^/Xj 

forms a Riesz basis in H^ x / 2 {dD) [9]. 

The above result combined with Picard's theorem yields a characterization of 
the range of G [9] : 

OO OO I I 

Range(G) = {^ p^j : J^ — < °°} = Range^F) 1 / 4 ) (3.8) 

3 = 1 3 = 1 ^° 

Our approach from the other hand is based on the operator T = (F*F)~ 1 ' 2 . 
Since Range((F*F) 1 / 2 )C Rangc((F*F) 1 ^) we define the operator G x : M -> 
Range(Gi) as a restriction of G i.e. 

G 1 = G \ M with M = {<f> € L 2 (dD) | G<p e Rangc((F*F) 1 / 2 )} 
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Applying the operator T on both sides of (2.7) we obtain 

{?*F) 1/A g z = TC,e- ihi -\ (3.9) 

with the understanding that the right hand side of the equation (2.7) is an element 
of Range((i ;l *F) 1 / 2 ). Comparing now equations (2.7) and (3.9), it is easy to see 
that solving the latter is a matter of using the singular system {(ij,XjiXj) °f the 
operator T instead of F. Furthermore, all theoretical results presented above, and 
with details in [9], remain valid with just minor modifications. In particular, it is 
easy to show that equation (3.8) can now take the form 

Rangc((^*^) 1 / 4 ) = {^ p jXj : Y, ^ < °°} = Range((^Gi) (3.10) 

j=i j=i ^ 

where the flj 's denote the eigenvalues of T. 

The discretized form of T is constructed using the AMG, and numerical ex- 
periments presented in section 5 show that it is better conditioned than F, hence 
its use will provide reliable results even without the use of Tikhonov rcgulariza- 
tion. The following section describes the way the authors constructed an effective 
preconditioner for the solution of the discretized form of equation (2.7). 

4. CONSTRUCTION OF THE AMG PRECONDITIONER 

Frequently, the solution of the n x n system Ax = b requires multiplication of 
both of its sides by a nonsingular n x n matrix M^ 1 , called preconditioner, i.e. 

M- 1 Ax=M- 1 b (4.1) 

The role of the preconditioner is to make the matrix M~ l A better conditioned 
than the original matrix A and hence to accelerate the convergence of the iterative 
method [13, 14] used. Developing efficient preconditioners has been one of the 
major research interests in computational electromagnetics [10, 12]. 

AMG methods have been developed for solving linear systems posed on large, 
unstructured grids because they do not require geometric grid information. Classi- 
cal AMG was originally used for the solution of linear systems with symmetric and 
positive definite M-matrices. Recently, many new AMG approaches are developed 
to solve more general linear systems [3, 5]. 

As mentioned in section 3, we are trying to solve the discretized form of the pre- 
conditioned problem (3.9). Notice that the preconditioner M _1 introduced in (4.1) 
corresponds to the discretized form of T. This preconditioner can be constructed 
by solving the following systems: 

Mx = e, (4.2) 

where the right-hand side vector e = e^' , k = 1, ■ ■ ■ ,n, and with e*-" being the 
fcth canonical vector. Hence, the solution x corresponds to the fcth column of M~ l . 
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In this paper, we suggest to solve (4.2) via the AMG. We begin our discussion 
by introducing the basic framework of AMG. AMG does not require to access the 
physical grids of problems. With "grids" we mean sets of indices of the unknown 
variables. Hence the grid set for (4.2) is il — {1,2, ••• , n}, since the unknown 
vector x in (4.2) has components x\, X2, ■■■, X n . The main idea of AMG is to remove 
the smooth error by coarse grid correction, where smooth error is the error not 
eliminated by relaxation on the fine grid, which also can be characterized by small 
residuals [4]. In order to develop the multi-grid algorithm, we consider the sets 
of grids in each level. The number stands for the finest-grid level. Then the 
numbers 1,2, ■■■ ,l m ax represent the corresponding coarse-grid levels. A direct 
solver was used at the coarsest-grid level l max . Hence, equation (4.2) can be written 
as MoXo = eo and the set of finest grid set is CIq = CI. Assume now that we have 
defined a relaxation scheme, a set of coarse-grid points fi/, a coarse-grid operator 
Ai, where I = 1, 2, • • • , l max , and intergrid transfer operators I L + (restriction) and 
l\ + i (interpolation), where I = 0, 1, • • • ,l m ax — 1- For the relaxation scheme we 
employ Gauss-Seidel iterations. 

We are now ready to perform an AMG V-cycle as follows: 

Algorithm 4.1 AMG V-Cycle 



x,<-AMGV(M,,x,,ej) 

if Hi — coarsest grid, then 

x ; <- DIRECTSOLVE (M,x, = e ; ) 

else 

X( <— Relax v\ times on M;X; = e; on Cli with initial guess x/ 

e,+i<-J/ +1 (e,-M,x,) 

x; + i <- 0, 

x ;+1 <- AMGV(Mi + i,xj + i,ej + i). 

Correct x ; = x; + I l l+1 xi +1 . 

x; <— Relax v\ times on M;x; = e; on fli with x;. 

endif 

In general, the restriction operator I t +1 is defined by the transpose of the 
interpolation operator I l l+1 , i.e., i| +1 = (I l l+1 ) T and the coarse grid operator M; +1 
is constructed from the fine grid operator Mi by the Galerkin approach: 

Mi +1 =l\ +1 Mil\ +ll (4.3) 

so that AMG satisfies the principle that the coarse-grid problem needs to provide 
a good approximation to fine-grid error in the range of interpolation [4]. Hence, to 
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set up an AMG preconditioncr, we need to find a suitable coarsening strategy and 
an effective interpolation operator. The creation of the coarse-grid sets fij, where 
/ = 1,2, •• • ,l m ax is based on a combinatorial clustering algorithm developed by 
Vanek, Mandel and Brezina in [15] with normalized edge weights: 



\Mij 



\fyJ\Mii\ ■ \M n \. (4.4) 



The first step of their coarsening algorithm iterates through the nodes fli — 
{C[,C 2 ,- ■ ■ ,C l ni } creating clusters {j \ uJjj > 771} for a given tolerance 771 > 0, 
provided no node in {j \ u>ij > 771} is already a cluster. Two nodes i and j are 
said to be strongly connected if w,j > 771 . In the second step, unassigned nodes 
are assigned to a cluster from step one to which the node is strongly connected, 
if any. In the last step, the remaining nodes are assigned to clusters consisting of 
strong neighborhoods intersecting with the set of remaining nodes. As explained 
earlier, the next important phase in AMG is to construct an interpolation opera- 
tor. In smoothed aggregation AMG [11], we solve a local linear system to obtain 
an interpolation vector that interpolates a value for a coarse-grid cluster onto its 
neighborhood. In other words, we consider one cluster C l k +1 , called Ck, from the 
set of coarse-grid points f2/+i. For each cluster C\, we define a neighborhood Nk 
as 

Nk = {j & C k I u>ij >r] 2 ,i€ C k }, 

and also have an associated interpolation vector pk , which is the fcth column of the 
interpolation operator I l l+1 = [pi,P2, ■ ■ ■ ,Pm +1 ]- Denote Mjj = [ a^- | i € I,j € J] 
to be an |/| x \J\ matrix where / and J are sets of nodes. For a cluster Ck, its local 
matrix Lc k is given by 

r M CkCk M CkNk 

M N k C k M N k N k 



J C k 



(4.5) 



Then its corresponding interpolation vector pk, the A:th column of lj +1 , can be 
obtained by solving the local linear system below: 

Lc k Pk = e Ck , (4.6) 

where ec k is the vector given by 

(e ) =< iiieCk > (47) 

1 otherwise. 

Using l\ +1 = (I l i +1 ) T and M; +1 = I l l +1 MiI l l+1 , we have defined all components of 
the AMG method. 

After the discussion above it becomes apparent that solving the system (4.2) 
via an AMG V-cycle (Algorithm 4.1) for k = 1, • • • , n, we obtain the desired pre- 
conditioncr M~ l . 
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Figure 1: Visualization of a circle (left). Profile reconstruction via the AMG 
precondtitioner (right). 



Figure 2: Eigenvalue distribution of J 7 and F (left). Eigenvalue distribution 
of T and F around zero (right). 



5. NUMERICAL APPLICATIONS 

In this section we present reconstructions of impenetrable objects from a finite 
number of Uqq measurements. In particular, synthetic data produced using Nystrom 
method are used. Visualizations follow from equation (3.10) in a very natural 
way. The key fact in our approach is the utilization of the singular system of 
the numerically stable discrctized form of the operator F, in place of the singular 
system of F. In the sequel, along with domain reconstructions, we provide some 
eigenvalue plots for the discretized operators T and F respectively. In the numerical 
experiments below, a pointwise random noise is imposed on F in a similar way as 
in [1]. In particular, let Nr and Ni be random matrices such that the noisy far-field 
matrix F$ is defined by 

F s = F + e(N R + iN I )F 1 

where e is given, and the corresponding noise level is computed in the matrix 
spectral norm, \\Fs — F\\ 2 < S. 
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Figure 3: Visualization of a circle and a ellipse (left). Profile reconstruction 
via the AMG precondtitioner (right). 



/""" 



Figure 4: Eigenvalue distribution of J 7 and F (left). Eigenvalue distribution 
of T and F around zero (right). 



In the figures of eigenvalue distributions, 'x' and 'o' represent the eigenvalues 
of the discretized forms of the operators F and F respectively. It is observed that 
even in the presence of noisy far-field measurements the eigenvalues of F are located 
far away from zero, in contrast to the eigenvalues of F that are clustered around it. 

In our first numerical experiment we are reconstructing the profile of a circle 
of radius 1. The far-field pattern has been synthetically produced via Nystrom 
method in the case of 21 incident and observed directions with k = 1. The object 
is located in a grid of 63 x 63 points. Furthermore, a 1% noise is pointwise added 
to each element of the far-field matrix as described above. The left image in figure 
1 shows the obstacle that we are about to reconstruct, whereas the right one shows 
the profile reconstructed via the AMG. Furthermore, the left image in figure 2 
shows the eigenvalue distributions for the operators F and F respectively, and the 
right one captures their eigenvalues around zero. Notice that very few eigenvalues 
of F appear within a "small window" around zero, in contrast to the ones of F. 
This fact suggests that costly identification of the optimal value of the parameter 



462 



PELEKANOS ET AL 



C7 




Figure 5: Visualization of a kite and a ellipse (left). Profile reconstruction 
via the AMG precondtitioner (right). 



r— 



Figure 6: Eigenvalue distribution of T and F (left). Eigenvalue distribution 
of T and F around zero (right). 



in Tikhonov's regularization can be avoided. In addition, the amount of noise in 
the data doesn't need to be known a priori. 

In our second numerical experiment D is given by two disjoint obstacles D = 
D\ U D 2 , where Di is the vertical ellipse with axes 1 and 2 and D 2 is the circle of 
radius 1 and center at the point (4, 5). The objects are located in a grid of 40 x 40 
points. We took k — 2 and computed the far field pattern for 40 incident and 
observed directions. In addition 2% noise has been added to the far-field matrix. 
Figure 3 shows the original(left) and the reconstructed profile (right). The last 
image of figure 4 shows the eigenvalue distribution for the the operators J- and F, 
respectively. Similarly as in the previous example the eigenvalues of T are moving 
far away from zero and the method yielded reliable reconstructions. 

In our last numerical experiment we are dealing with an example considered 
in [9], were the profiles of a kite and an ellipse are considered. The ellipse has 
axes 0.8, 0.4 and center (0,0), while the kite is parametrized by x(t) — (cost + 
0.65cos(2£) — 0.65, 1.5sin£), t £ [0, 7r], then rotated by 70 degrees and shifted to 
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center (3, 5). In this case the objects are located in a grid of 80 x 80 points, k = 1, 
and the far field pattern is computed for 80 incident and observed directions. In 
this example 5% noise has been added to the data. Original profiles as well as 
reconstructions and eigenvalue distibutions are shown in figures 5 and 6. It turns 
out that our reconstructions are comparable to the ones of [9], that obtained via 
Tikhonov rcgularization. 

In all three numerical experiments the construction of the preconditioner took 
just a few seconds on a Pentium 4 at 3.4GHz CPU with 3 Gb of memory. 
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Abstract 

In this paper, we prove a result for the asymptotic distribution 
of the sample average value-at-risk (AVaR) under certain regularity 
assumptions. The asymptotic distribution can be used to derive as- 
ymptotic confidence intervals when AVaR t (X) is calculated by the 
Monte Carlo method which is adopted in many risk management sys- 
tems. We study the effect of the tail behavior of the random variable 
X on the convergence rate and the improvement of a tail truncation 
method. 

Keywords average value-at-risk, risk measures, heavy-tails, asymptotic 
distribution, Monte Carlo 



1 Introduction 

The average value-at-risk (AVaR) risk measure has been proposed in the 
literature as a coherent alternative to the industry standard Value-at-Risk 
(VaR), see Artzner et al. (1998) and Pflug (2000). It has been demonstrated 
that it has better properties than VaR for the purposes of risk management 
and, being a downside risk-measure, it is superior to the classical standard 
deviation and can be adopted in a portfolio optimization framework, see 
Rachev et al. (2006), Stoyanov et al. (2007), Biglova et al. (2004), and Rachev 
et al. (2008). 

The AVaR of a random variable X at tail probability e is denned as 



AVaRAX) = -- [ F- l (p)dp. 
£ Jo 



where F~ 1 (x) is the inverse of the cumulative distribution function (c.d.f.) 
of the random variable X. The random variable may describe the return of 
stock, for example. A practical problem of computing portfolio AVaR is that 
usually we do not know explicitly the c.d.f. of portfolio returns. In order 
to solve this practical problem, the Monte Carlo method is employed. The 
returns of the portfolio constituents are simulated and then the returns of the 
portfolio are calculated. In effect, we have a sample from the portfolio return 
distribution which we can use to estimate AVaR. The larger the sample, the 
closer the estimate to the true value. However, with any finite sample, the 
sample AVaR will fluctuate about the true value and, having only a sample 
estimate, we have to know the probability distribution of the sample AVaR 
in order to build a confidence interval for the true value. The sample AVaR 
equals, 
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AVaR e (X) = -- [ F- 1 (p)dp. 
e Jo 

where F~ l {p) denotes the inverse of the sample c.d.f. F n (x) = - YH=i I{Xi < 
x} in which I{A} denotes the indicator function of the event A. 

The problem of computing the distribution of the sample AVaR is a com- 
plicated one even if we know the distribution of X. From a practical view- 
point, X describes portfolio returns which can be a complicated function of 
the joint distribution of the risk drivers. Therefore, we can only rely on large 
sample theory to gain insight into the fluctuations of sample AVaR. That 
is, for a large n, we can use a limiting distribution to calculate a confidence 
interval. 

In this paper, first we prove a limit theorem for the sample AVaR in 
Section 2 . The limit theorem does not give answers to the question of how 
many simulations are necessary in order for the limiting distribution to be 
acceptable as a model for practical purposes. This number depends also 
on the distribution of X. A major factor is the tail behavior of X and, 
more precisely, how heavy the left tail of the distribution is. We study this 
problem in Section 3.1 assuming that X has Student's t distribution. Finally, 
we illustrate the impact of a tail truncation method in a finite and infinite 
variance case. 

2 A limit theorem 

In this section, we prove the following limit theorem. 

Theorem 1. Suppose that X is random variable with finite second mo- 
ment EX 2 < oo. Furthermore, suppose that the c.d.f. of X is differentiable 
at x = q t , where q t is the e-quantile of X . Then, as n — ► oo 7 



n (AVaR e {X) - AVaR e (X) ) A N(0, 1) (1; 



where — ► denotes weak limit and 

1 



<r 2 e = ^D(max(q e -X,0)). (2) 



Proof. We apply the following more general result, 

0(F„)-0(F)^iV(O,A 2 ) 
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where is a differentiable functional, F n is the empirical c.d.f., F is the c.d.f. 
of X, and 



A 2 = D(<f>'(6 Xi -F))= / (IF+(x)) 2 dF(x) < oo 

JR 

in which IF^ stands for the influence function of the functional 0, 5x t is the 
cdf of the observation X{. By the definition of the influence function, 

0'fe -F) = |(0((1 - t)F + t5 x M=o = J t ^m\t=o- 

The proof of the main result reduces to calculating the influence function 
of (f>(F) and then calculating the variance A 2 . We need the assumed properties 
of the c.d.f. for the calculation of the influence function. In our case, from 
the definition of AVaR, 



0(F) = -- f F-\p)dp 
e Jo 

1 fF-He) 

= -F~ 1 (e) + - F(p)dp. 

^ J —oo 

The influence function can be directly calculated, 



(3) 



t=o 



IF t (x) = |(<«F t ))|«, 

-i«- , w»- + s(£'" ,f 'W* 

The second term is differentiated separately below 

d ( f F ^^ \ d f qe 

= e-(F t - 1 (e))\ t=0 + m a x(q e -x,0)- F(y)dy 

t=o J -°° 



dt < ' Ftip)dp 



where where q e stands for the e-quantile of X and we take advantage of the 
chain rule 

d ( r nt) \ r m 

- I J G(t, y)dy J = G{t, fit)) f{t) + J G t (t, y)dy 
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in which f(x) is a monotonically increasing function. In computing the deriv- 
ative we used that F(x) is differentiable at x — q e . Finally, for the influence 
function we obtain 

1 1 f q ' 

IF^x) = - max(g e - x, 0) / F(y)dy 

e e J-oo 

Now we can calculate the variance, 

A 2 = D(IF^X)) = ^D(max(q e - X, 0)). 
It is also straightforward to check that E^IF^X)) = 0, 

E(IFJX)) = -Emax(q e - X, 0) - - / pdF'Hp) = 
e e J 

follows after integration by parts. □ 

The variance of the asymptotic normal distribution is not possible to 
calculate if we do not know the cdf F(x) of X. Therefore, if we have only 
a sample of i.i.d. observations, the variance a 2 has to be estimated. To 
this end, expressing the variance in terms of conditional moments may be 
more useful. The variance of the asymptotic normal distribution given in (2) 
equals 



a* = £ - 2 -^E(X\X < q e ) + l -E(X 2 \X < q e ) - (q £ - E(X\X < q e )f (4) 

An estimate of of can be obtained by estimating the conditional moments 
and the corresponding quantile from the sample. 

Furthermore, we would like to remark on a consistency with the classical 
theory behind constructing confidence intervals for the mean of a random 
variable. Suppose that the tail probability approaches one. In this case, the 
AVaR turns into the mean of X, 

lim AVaRJX) = EX, 

e->l 

the sample AVaR turns into the sample average, 

. i n 

\im AVaRAX) = - Vx i? 

e-t-l n ^— ' 

where Xi, . . . ,X n is a sample if i.i.d. observations, and the variance of the 
asymptotic normal distribution becomes the variance of X, 
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lima e = DX. 

e-t-1 



Therefore, we obtain as a special case the classical CLT 



^fDX 



W- ex ) 



N(0,1). 



3 Monte Carlo experiments 

In this section, our goal is to investigate the effect of the tail behavior on 
the rate of convergence in (1). We are also interested in the question if tail 
truncation improves the convergence and by how much. Generally, the tail 
truncation method consists in "replacing" the tails of X with the tails of 
a thin-tailed distribution "far away" from the center of the distribution of 
X, for example beyond the 0.1% and 99.9% quantiles. The tail truncation 
method has applications in finance for modeling the distribution of stock 
returns, a practical reason being that stock exchanges close if a severe market 
crash occurs. This method also has application in derivatives pricing with a 
heavy-tailed distributional assumption for the return of the underlying, see 
Rachev et al. (2005) and the references therein. 

In the following sections, we start with Student's t distribution and in- 
vestigate the convergence rate in the limit relation (1) as degrees of freedom 
increase. We address the same questions with a truncated Student's t distri- 
bution in which the truncation is done in the simplest possible way — we set 
the the values of the random variable which are beyond the 0.1% and 99.9% 
quantiles to be equal to the corresponding quantiles. As a result, small point 
masses appear at the 0.1% and 99.9% quantiles. We also focus on the class 
of stable distributions and truncated stable distributions in which the same 
truncation technique is adopted as in the case of Student's t distribution. 

3.1 The effect of tail thickness 

The impact of the tail behavior on the rate of convergence in Theorem 1 is 
first studied when X has Student's t distribution, X e t(u), with v > 3. We 
need the condition on the degrees of freedom in order for the random variable 
to have finite variance. Taking advantage of the expression for the density, 

rf^+i) i / x 2 \~^ 
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it is possible to compute explicitly the variance in equation (2). In fact, for 
this purpose the expression in (4) is more appropriate. As a first step, we 
calculate the two conditional expectations. 



<i< 



E{X\X<q e )= l - J xf x (x)<lx 



— oo 



r(i) 

ir(^) i 



x 2 



v + 1 
2 



' x \\> ' I 1+-| dx 



e r(|) v^F2 
e r(|) (iz-l) 



Z/7T \ Z/ __ 

/' l q < A X 2 \"^ , / X 2 

1 + — d 1 + — 



(5) 



2 



if z/> 1. 



E(X 2 \X <q e ) = - f x 2 f x {x)dx 



x 



f + 1 

2 



i r g 2 r (^ 1 ) l_ 1 1 + _ j (h . 

d-oo r(|) v^FV v 



ir(f) i 




r(i) 

q e E(X\X < q e ) + ( ' -^ F v _ 2 \ q^"—^ ) , if z/ > 2. 

(6) 

where the last equality follows by integration by parts and F v [x) is the c.d.f. 
of Student's t distribution with v degrees of freedom. Plugging these expres- 
sions in (4), we obtain the expression for the variance a 2 . 

Note that, besides an equation for a 2 , we can explicitly calculate the 
AVaR of X since in the case of Student's t distribution we can express AVaR 
as a conditional expectation, 

AVaR e (X) = -E(X\X < q e ). 

Having an expression for the variance allows us to use the test of Kol- 
mogorov and address the question oh how many simulations are needed in 
order to accept the hypothesis that the distribution of the random variable 
in the left-hand side of the limit relation (1), 
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V 


e = 0.01 


e = 0.05 


3 


70000 


17000 


4 


60000 


9000 


5 


50000 


7000 


6 


23000 


4500 


7 


14000 


4200 


8 


13000 


4100 


9 


12000 


4000 


10 


12000 


3900 


15 


11000 


3850 


25 


10000 


3800 


50 


10000 


3750 


oo 


10000 


3300 



Table I: The number of observations sufficient to accept the normal distrib- 
ution as an approximate model for different values of v and e. 



cr r 



AVaR e (X) - AVaR e (X) 



(7) 



is standard normal. If we accept the null hypothesis for a given value of n, 
then the standard normal distribution can be used as an approximate model 
and we can calculate not only confidence intervals but also other character- 
istics based on it. 

Table I shows the values of n sufficient to accept the null hypothesis in the 
test of Kolmogorov for different degrees of freedom and tail probabilities. We 
chose e = 0.01 and e = 0.05 since these values are frequently used in financial 
industry in value-at-risk estimation. The numbers in the table are calculated 
by generating independently 2000 samples of a given size and then from each 
sample (7) is estimated. In effect, we obtain 2000 observations from the 
distribution of (7). 

In line with intuition, the numbers Table I indicate that when the tail 
is heavier, we need a larger sample in order for the asymptotic law to be 
sufficiently close to the distribution of (7) in terms of the Kolmogorov metric. 
Another expected conclusion is that as the tail probability increases, a smaller 
sample turns out to be sufficient. 

In Table II, we calculated the 95% confidence interval for AVaR when the 
sample size changes from 250 to 10000 observations. We generated 2000 inde- 
pendent samples and then computed the quantity in equation (7). Thus, the 
95% confidence intervals are obtained from 2000 observations of the random 
variable in (7). As n increases, the two quantiles approach the correspond- 
ing quantiles of the standard normal distribution. Note that the largest 
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n = 


250 


n = 


500 


n = 


1000 


n = 


5000 


n = 


L0000 


V 


92.5% 


997.5% 


92.5% 


997.5% 


92.5% 


997.5% 


92.5% 


997.5% 


92.5% 


997.5% 


3 


-1.110 


2.011 


-1.257 


2.173 


-1.352 


2.202 


-1.633 


2.037 


-1.664 


2.007 


4 


-1.337 


2.144 


-1.442 


2.229 


-1.543 


2.082 


-1.744 


2.230 


-1.756 


2.176 


5 


-1.441 


2.153 


-1.529 


2.224 


-1.728 


2.190 


-1.843 


2.060 


-1.807 


2.009 


6 


-1.522 


2.134 


-1.618 


2.033 


-1.701 


2.115 


-1.848 


1.987 


-1.955 


1.982 


7 


-1.627 


2.050 


-1.668 


1.975 


-1.827 


2.043 


-1.841 


2.048 


-1.913 


2.014 


8 


-1.655 


2.028 


-1.760 


2.145 


-1.836 


2.032 


-1.898 


2.034 


-1.866 


1.939 


9 


-1.720 


1.938 


-1.753 


2.146 


-1.798 


2.075 


-1.866 


2.005 


-1.905 


2.007 


10 


-1.747 


1.925 


-1.809 


1.980 


-1.762 


2.078 


-1.822 


1.950 


-1.962 


2.000 


15 


-1.813 


1.751 


-1.848 


1.896 


-1.891 


1.956 


-1.969 


1.941 


-1.968 


1.873 


25 


-1.848 


1.760 


-1.933 


2.028 


-1.897 


1.950 


-1.939 


1.957 


-1.899 


1.923 


50 


-1.898 


1.948 


-1.962 


1.900 


-1.971 


1.973 


-1.961 


1.914 


-1.895 


1.948 


oo 


-1.921 


1.761 


-1.976 


1.920 


-1.964 


1.822 


-1.869 


1.907 


-2.004 


1.937 



Table II: The 95% confidence bounds generated from 2000 simulations from 
the distribution of (7) with e = 0.01. The corresponding quantiles of N(0, 1) 
are q 2 . 5 % = -1-96 and q 2 . 5 % = 1-96. 



n = 10000 is generally below the sample sizes for e = 0.01 given in Table 
I. Nevertheless, the relative discrepancies between the quantiles given in 
Table II and the corresponding standard normal distribution quantiles are 
less than 5% for v > 6. 1 The relative discrepancies between the quantiles 
given in Table III the corresponding standard normal distribution quantiles 
for n = 10000 have the same magnitude. However, in this case n = 10000 is 
well above the sample sizes given in Table I for e = 0.05. As a result, we can 
conclude that even smaller samples than the ones given in Table I can lead to 
95% confidence intervals obtained via resampling from (7) being close to the 
corresponding 95% confidence interval obtained from the limit distribution 
even though the Kolmogorov test fails for such samples. For instance, the 
relative deviation between the quantiles given in Table II for n = 5000 and 
the corresponding standard normal distribution quantiles are below 7% for 
n > 6, which is a small deviation for all practical purposes. 

As a result of this analysis, we can conclude that for the purposes of 
building confidence intervals for AVaR € (X) when X e t(u), with v > 6 and 
e = 0.01,0.05, we can safely employ the asymptotic law when the sample 
size we use for AVaR estimation contains more than 5000 observations. If 
Student's t distribution is fitted on daily stock-returns time series, such values 



1 If we generate a sample of 2000 observations from the standard normal distribution, a 
relative deviation below 6% between the estimated quantilc ^2.5% an d the corresponding 
standard normal quantilc happens with about 95% probability, and below 7.7% with about 
99% probability. 
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n = 


250 


n = 


500 


n = 


1000 


n = 5000 


n = 


L0000 


V 


92.5% 


997.5% 


92.5% 


997.5% 


92.5% 


997.5% 


92.5% 997.5% 


92.5% 


997.5% 


3 


-1.422 


2.110 


-1.543 


2.016 


-1.549 


1.981 


-1.725 1.947 


-1.883 


1.987 


4 


-1.647 


2.169 


-1.737 


2.235 


-1.787 


2.171 


-1.900 2.226 


-1.849 


2.115 


5 


-1.749 


2.081 


-1.811 


2.096 


-1.757 


2.148 


-1.868 2.015 


-1.937 


2.100 


6 


-1.810 


2.071 


-1.896 


2.030 


-1.921 


1.941 


-1.958 1.998 


-1.886 


2.032 


7 


-1.786 


2.215 


-1.824 


1.990 


-1.809 


2.086 


-1.986 2.030 


-1.916 


2.015 


8 


-1.932 


2.131 


-1.870 


2.058 


-1.755 


2.090 


-1.937 2.014 


-1.915 


1.952 


9 


-1.848 


2.139 


-1.884 


2.081 


-1.930 


2.023 


-1.995 1.964 


-1.863 


2.048 


10 


-1.906 


2.103 


-2.021 


1.966 


-1.839 


2.087 


-2.009 1.930 


-1.989 


1.995 


15 


-1.797 


1.905 


-1.929 


2.056 


-1.944 


1.952 


-1.924 1.973 


-1.947 


1.979 


25 


-1.958 


1.950 


-1.994 


1.956 


-1.939 


1.968 


-2.085 1.993 


-1.894 


1.944 


50 


-1.986 


1.927 


-1.980 


1.823 


-1.962 


1.883 


-1.911 1.969 


-2.002 


1.935 


oo 


-2.013 


1.828 


-1.953 


1.869 


-1.975 


1.893 


-2.034 1.958 


-1.903 


1.944 



Table III: The 95% confidence bounds generated from 2000 simulations from 
the distribution of (7) with e = 0.05. The corresponding quantiles of N(0, 1) 
are q 2 . 5 % = -1-96 and q 2 . 5 % = 1-96. 



for v are very common. 

Figure 1 illustrates the differences in the convergence rate when X has 
Student's t distribution with v — 3, which corresponds to heavier tails, and 
v — 10. Since high degrees of freedom imply more light tails, smaller samples 
are sufficient for the density of (7) to be closer to the standard normal density. 

3.2 The effect of tail truncation 

The stochastic stability of sample AVaR increases dramatically after tail 
truncation. In this section, we repeat the calculations from the previous 
section but when X has Student's t distribution with the tails truncated at 
<7o.i% an d <?99.9% quantiles. The random variable Y is said to have a truncated 
distribution at these quantiles if it has the representation 



Y = XI{q .i% <X< g 9 9.9%} + qo.i%I{X < q .i%} + q 9 9.9%I{ X > 999.9%} 

in which X G t(u), I{A} denotes the indicator of the event A, and qo.i%, 
ggg.9% are the corresponding quantiles of X. The tail truncation introduces 
small point masses at the two quantile levels. 

The two conditional expectations in (4) can be related to the correspond- 
ing conditional expectations of X. In the following, we assume that the tail 
probability e is larger from the tail probability of the left truncation point, 
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n = 250 
n = 1 000 
n = 10000 
n = 70000 
■N(0,1 



0.8 
0.7 
0.6 
0.5 
0.4 
0.3 
0.2 
0.1 







- 


n = 250 

n = 1 000 

n = 1 0000 " 






■ N 

/ -A 
■Iff SX \ 

/ x \ 

// V \\ ■ ■ 


- 



Figure 1: The density of (7) approaching the iV(0, 1) density as the sample 
size increases with v = 3 (top) and v = 10 (bottom). 
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V 


e = 0.01 


e = 0.05 


3 


12000 


4000 


4 


11500 


3600 


5 


11000 


3300 


6 


11000 


3200 


7 


10500 


3100 


8 


10000 


3000 


9 


10000 


3000 


10 


10000 


3000 


15 


10000 


2950 


25 


10000 


2900 


50 


10000 


2900 


oo 


10000 


2900 



Table IV: The number of observations sufficient to accept the normal distri- 
bution as an approximate model for different values of v and e. 

e > 0.001. Under this assumption, the e-quantile of X is the same as the 
e-quantile of Y . 



E{Y\Y < q e ) = E(X\X < q e 



0.001 



E(X\X < q . 



i%, 



0.001g e 



E(Y 2 \Y < q e ) = E{X 2 \X < q e ) - 



0.001 



E(X 2 \X < q . 1% ) + 



0.001g e 2 



e e 

in which the conditional expectations of X can be computed according to for- 
mulae (5) and (6). Plugging the expressions for the conditional expectations 
of Y in the expression for a 2 , we obtain the variance of the asymptotic dis- 
tribution. Furthermore, the tail truncation does not break the link between 
AVaR and the conditional expectation, therefore 

AVaR e {Y) = -E(Y\Y < q € ). 
In the following, we investigate the convergence rate of 



AVaR e (Y) - AVaR e (Y) 



o r 



for different degrees of freedom to the standard normal distribution and we 
compare the results to the ones in the previous section. 

Table IV is the counterpart of Table I for the truncated distribution. It is 
impressive how the sample size sufficient to accept the null hypothesis in the 
Kolmogorov test decreases after tail truncation. The most dramatic change 
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n = 


250 


n = 


500 


n = 


1000 


n = 5000 


n = 


L0000 


V 


92.5% 


997.5% 


92.5% 


997.5% 


92.5% 


997.5% 


92.5% 997.5% 


92.5% 


997.5% 


3 


-1.723 


1.699 


-1.847 


1.932 


-1.850 


1.958 


-1.966 1.921 


-1.860 


1.936 


4 


-1.759 


1.694 


-1.863 


1.819 


-1.903 


1.860 


-1.989 1.942 


-1.964 


1.886 


5 


-1.808 


1.536 


-1.884 


1.871 


-1.926 


1.932 


-1.961 1.964 


-1.782 


2.066 


6 


-1.947 


1.565 


-1.937 


1.759 


-2.002 


1.734 


-2.057 1.946 


-1.981 


1.958 


7 


-1.960 


1.524 


-1.960 


1.666 


-1.965 


1.844 


-2.101 1.932 


-1.981 


1.927 


8 


-2.002 


1.567 


-2.015 


1.693 


-1.903 


1.802 


-1.952 1.856 


-1.917 


1.928 


9 


-1.963 


1.552 


-2.030 


1.748 


-2.106 


1.779 


-1.965 2.026 


-1.932 


1.938 


10 


-2.003 


1.596 


-2.119 


1.709 


-2.034 


1.850 


-1.925 1.813 


-1.990 


1.952 


15 


-2.090 


1.485 


-2.159 


1.650 


-2.065 


1.786 


-1.983 1.847 


-2.035 


1.855 


25 


-2.183 


1.502 


-2.084 


1.578 


-2.093 


1.747 


-2.016 1.806 


-1.954 


1.877 


50 


-2.272 


1.509 


-2.089 


1.632 


-2.042 


1.726 


-1.938 1.914 


-2.056 


1.970 



Table V: The 95% confidence bounds generated from 2000 simulations from 
the distribution of (8) with e = 0.01. The corresponding quantiles of N(0, 1) 
are g 2 .5% = -1-96 and q 2 .5% = 1-96. 



is in the case v = 3. Now we need only 12000 observations compared to 
70000 in the non-truncated case. 

Tables V and VI are the counterparts of Tables II and III. The relative 
deviation of the quantiles ^2.5% and #97.5% of the random variable in (8) from 
those of the standard normal distribution are below 7% for all degrees of 
freedom and n = 10000, and, with a few exceptions, for n = 5000. Compare 
Figure 2 and the top plot in Figure 1 for an illustration of the improvement in 
the convergence rate. These results indicate that the asymptotic distribution 
can be used to obtain a 95% confidence bound for the sample AVaR for all 
degrees of freedom if the sample size contains more than 5000 observations. 

3.3 Infinite variance distributions 

A critical assumption behind the limit result in Theorem 1 is the finite vari- 
ance of X. To be more precise, the condition of finite variance can be loosened 
to finite downside semi- variance, 

Dmax(-X,0) < 00, 

because it is the behavior of the left tail which is important. As a conse- 
quence, the sample AVaR of distributions with infinite variance, but finite 
downside semi- variance, may still follow Theorem 1. 

However, there are infinite variance distributions for which 



D max(— X, 0) = 00 
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n = 


250 


n = 


500 


n = 


1000 


n = 


5000 


n = 


10000 


V 


92.5% 


997.5% 


92.5% 


997.5% 


92.5% 


997.5% 


92.5% 


997.5% 


92.5% 


997.5% 


3 


-1.815 


2.116 


-1.866 


2.041 


-1.939 


2.018 


-1.944 


1.975 


-2.045 


1.874 


4 


-1.756 


2.150 


-1.811 


2.073 


-2.052 


2.060 


-1.923 


1.973 


-1.922 


1.854 


5 


-1.820 


1.954 


-1.971 


2.032 


-1.916 


2.036 


-1.826 


1.960 


-1.941 


1.883 


6 


-1.899 


2.089 


-1.981 


2.036 


-2.012 


2.012 


-1.955 


1.933 


-1.921 


2.011 


7 


-2.001 


2.032 


-1.921 


1.997 


-1.949 


1.980 


-1.980 


1.936 


-2.016 


1.915 


8 


-1.888 


1.995 


-1.922 


2.050 


-1.907 


1.917 


-1.942 


1.911 


-1.910 


1.903 


9 


-2.017 


2.003 


-1.892 


1.918 


-1.899 


2.017 


-1.931 


2.001 


-2.009 


1.967 


10 


-1.928 


1.814 


-1.992 


1.960 


-1.870 


1.949 


-1.845 


2.076 


-1.992 


1.898 


15 


-2.059 


1.983 


-2.020 


2.007 


-1.961 


1.922 


-1.953 


1.870 


-1.936 


1.874 


25 


-1.999 


1.854 


-2.038 


1.945 


-1.889 


2.028 


-2.031 


1.916 


-1.975 


1.890 


50 


-1.960 


1.898 


-2.028 


1.898 


-1.947 


1.906 


-2.015 


2.002 


-1.959 


1.911 



Table VI: The 95% confidence bounds generated from 2000 simulations from 
the distribution of (8) with e = 0.05. The corresponding quantiles of N(0, 1) 
are g 2 .5% = -1-96 and q 2 .5% = 1-96. 




n = 250 
■ n = 1 000 
n = 5000 
n = 1 0000 
■N(0,1) 



Figure 2: The density of (8) approaching the N(0, 1) density as the sample 
size increases with v — 3 and e = 0.01. 
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n = 250 
n = 1 000 
n = 5000 
n = 1 0000 
■N(0,1 



Figure 3: Lack of convergence, X has a stable distribution with X G 
51.5(1,0,0) and e = 0.05. 



and, therefore, the limit result in Theorem 1 does not hold for them. Such 
is the class of stable distributions which arises from generalizations of the 
Central Limit Theorem and has been proposed as a model for stock return 
distributions, see Rachev and Mittnik (2000). 

Stable distributions are introduced by their characteristic functions. X 
is said to have a stable distribution if its characteristic function is 



<p(t) 



^ , v _ , exp{-a a \t\ a (l - i0± tan(f )) + ifit}, a ^ 1 



exp{-a|t|(l + ^^ln(|t|))+2/it} 



n 



Except for a couple of representatives, generally no closed-form expressions 
for their densities and c.d.f.s are known. If a < 2, then X has infinite 
variance. If 1 < a < 2, then X has finite mean and the AVaR of X can 
be calculated. In our calculations, we will use the semi-analytic formula in 
Stoyanov et al. (2006). 

Even though we know that Theorem 1 does not hold for a stable dis- 
tribution with a < 2, we simulate 2000 draws from the random variable 
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0.8 



0.7 



0.6 



0.5 



0.4 



0.3 



0.2 



0.1 



-5 









n = 250 

n = 1000 

n = 5000 




NfO 1) 






/. ././ N.\ 
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Figure 4: After tail truncation at go.i% an d 999.9%, there is a fast convergence 
to JV(0, 1), a = 1.5 and e = 0.05. 



in equation (7) in which a e is estimated from a generated sample by esti- 
mating the corresponding conditional moments. In theory these the second 
conditional moment explodes but for any finite sample its estimate is a finite 
number. Our goal is to see what happens when Theorem 1 does not hold. 
Figure 3 illustrates such a divergent case in which a — 1.5 and e = 0.05. The 
lack of convergence is quite obvious. 

Stable distributions with a < 2 in combination with a tail truncation 
method have been proposed as a model for the returns of the underlying in 
derivatives pricing. It is interesting to see how much the simple truncation 
technique we applied in the previous section can change Figure 3. With 
its tails truncated according to our simple method, the random variable be- 
comes with a bounded support and, therefore, it has finite variance. As a 
consequence, Theorem 1 holds. Figure 4 illustrates this change. We observe a 
quick convergence rate, similar to the one illustrated in Figure 2 for Student's 
t distribution. 
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4 Conclusion 

In this paper, we study the asymptotic distribution of sample AVaR. Under 
certain regularity conditions, we prove a limit theorem in which the limiting 
distribution is the normal distribution. We study how the convergence rate 
in the limit theorem is influenced by the tail behavior of the random vari- 
able. An expected result is that, other things equal, more observations are 
needed when the tail is heavier. We find out that a simple tail truncation 
method improves dramatically the convergence rate. As a consequence, the 
asymptotic distribution is reliable for confidence interval calculations when 
the number of simulations is more than 5000 if the random variable has a 
truncated Student's t distribution. 

We also consider an infinite variance case in which the random variable as 
a stable distribution with finite mean. We illustrate the lack of convergence 
and demonstrate the improvement due to tail truncation at high quantiles. 
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Abstract In this paper we construct a new generalized twisted g-Euler polynomials and 
generalized twisted q-Euler numbers attached to \. We investigate some properties which 
are related to the generalized twisted q-Euler Polynomials. We also derive the existence of a 
specific interpolation function which interpolate the generalized twisted q- Euler polynomials 
at negative integer. 
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1 . Introduction 

Throughout this paper we use the following notations. By Z p we denote 
the ring of p-adic rational integers, Q denotes the field of rational numbers, Q p 
denotes the field of p-adic rational numbers, C denotes the complex number 
field, and C p denotes the completion of algebraic closure of Q p . Let v p be the 
normalized exponential valuation of C p with \p\ p = p~ v v\P> = jT 1 . When one 
talks of g-extension, q is considered in many ways such as an indeterminate, a 
complex number q G C, or p-adic number q G C p . If q G C one normally assume 
that |g| < 1. If q G C p , we normally assume that \q — l\ p < p^p^ 1 so that 
q x = exp(xlogg) for |ar| p < 1. 

[x] q = [x : q] = 1 -0^, cf. [1, 2, 3, 4, 5, 9, 11] . 
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Hence, lim g ^i[x] = x for any x with \x\ p < 1 in the present p-adic case. For 
g G C/Z?(Z p ,Cp) = {g\g : 7L V — > C p is uniformly diffcrcntiablc function}, the 
p-adic g-integral (or q-Volkcnborn integration ) was defined by [3] 

ig(g) = / g(x)dn g (x) = ^lim^ j-j^r- Y^ <fg{x)- 

Let d be a fixed integer and let p be a fixed prime number. For any positive 
integer TV, we set 



X = X d = lim(Z/dp N Z), X X =7L, 9 



"-'pi 

' N 



X* = \J (a + dpZ p ), 



0<a<dp 
(a,p)=l 

a + dp N Z p = {xeI|iE8 (mod dp N )}, 
where a G Z satisfies the condition < a < dp N . For any positive integer AT 

a 

H q (a + dp N Z p ) - 



[dp N ] q 
is known to be a distribution on X, cf.[l, 2, 3, 4, 6, 7, 8, 9]. For g G UDCZ p ,C p ), 

g(x)dfxi(x) = / g(x)d^i(x), cf. [4, 5]. 

The Euler numbers E n are usually defined by means of the following generating 
function: 

e l + 1 ^-^ n! 

n=0 

where the symbol -E„ is interpreted to mean that E n must be replaced by E n 
when we expand the one on the left. These numbers are classical and important 
in mathematics and in various places like analysis, number theory. Frobcnius 
extended such numbers as E n to the so-called Frobenius-Eulcr numbers H n (u) 
belonging to an algebraic number u with \u\ > 1. Let u be an algebraic number. 
For u G C with \u\ > 1, the Frobcnius-Euler numbers H n (u) belonging to u arc 
defined by the generating function 



<- 



H(u)t _ 



1 -U 



C — u 

n=0 



00 t n 

= V#„(u)-, cf. [1,4,9,10], 



with the usual convention of symbolically replacing H n by H n . The Euler 
polynomials E n (x) are defined by 



e E{x)t = -r^T eXt = Y. E ^ X )~V cf - [3,4,5,8,9,10]. 
e l + 1 * — ' n! 
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For iigC with |u| > 1, the Frobcnius-Eulcr polynomials H n (u,x) belonging to 
u are defined by 



H(u.x)t 1 u 



°° t n 

" t = Y^H n {u,x)- 1 cf. [8,9, 10]. 



n=0 

T. Kim[2] gave relation between B nw and H n (u), nth Eulcr numbers as follows: 

B nw = vH n _ x {w~ l ) if w ^ 1. 

w — 1 

In [2], Kim defined the locally constant function as follows: Let 

T p = U m >iC„m = lim Cprn, 

where C p m — {w\w p — 1} is the cyclic group of order p m . For w G T p , we 
denote by 0u, : Z p — > C p the locally constant function x i — > w x . If we take 
g(x) = <j> w (x)e tx , then we easily see that 

4> w (x)e tx dm(x) 



we 1 — 1 

T.Kim [2] treated analogue of Bernoulli numbers, which is called twisted Bernoulli 
numbers. We define the twisted Bernoulli polynomials B n . w (x) 



e xt_ 

we 1 

n=0 



t » ■> t n 

1 i~ = / j B nw \X) — . 
I _ I ± — / n \ 

By using Taylor series of e tx in the above equation, we obtain 

x n (j) w {x)dii 1 (x) = B njW , 



where B n<w = B n . w (0). 

Now, we consider the case q G (— 1, 0) corresponding to g-deformed fcrmionic 
certain and annihilation operators and the literature given therein [3,4,5,7,8]. 
The expression for the I q {g) remains same, so it is tempting to consider the 
limit q — > — 1. That is, 

I-i(g)= lim Ug)= f g(x)dfi.i(x) = lim V </(aO(-l)*. (1.1) 

J£ p 0<x<p N 

If we take g\(x) — g(x + 1) in (1.1), then we easily see that 

J_i( 5 i) + J_i( 5 ) = 20(O). (1.2) 

From (1.2), we obtain 

n-1 
/-l(ffn) = (-l) ? ^-l(.9) + 2 ^(-l)"- 1 -^/), 



486 RYOO ET AL 



where g n {x) = g(x + n). Ryoo and Kim [9] treated analogue of Eulcr numbers, 
which is called twisted Euler numbers. We can consider twisted Euler numbers. 
If we take g(z) = <f> w (z)e tz , (w <G T p ) in (1.2), then we have 



2 -A f 



we 1 + 1 •'--; 



n.w 

n\ 

n=0 

We define twisted Euler numbers E n , w as follows: 

o °° j-n 

^w(t) — 7— - = > E nw r- 

we 1 + 1 A — ' n! 

n— 

Twisted Eulcr polynomials E n . w (z) are defined by means of the generating func- 
tion 

F w (t,z) = ~^—re zt = 7_ 1 (^( a; )e^ +3; )) = V £„,„, (z)^, 

we 1 + 1 z — ' n! 

n=0 

where _E„ „,(0) = i?„ ]U ,. Let % be the Dirichlet character with conductor /( =odd) € 
N. Ryoo, Kim and Jang [8] studied on the generalized Eulcr numbers and poly- 
nomials. The generalized Eulcr numbers associated with \, E UtX , was defined 
by means of the generating function 

F xW ^qn 2. E ^x~ v 

n=0 

Generalized Euler polynomials E n>x (x), was also defined by means of the gen- 
erating function 

n— 

Substituting g(x) = x( x )4'w(x)e tx into (1.2), then the generalized twisted Eulcr 
numbers E n ^ X)W are defined by means of the generating functions 

F x . w (t) = / </) t0 (x)e te x(a;)rfM-i(2 ; ) 



2E^ V g (-l) a x(«)<Ua) 



By using the above equation, E ntXtW are defined by 

E n , x ,w = / w (a;)x™x(a;)rfM-i( a; )- 



00 j-n 



/.Y 

Generalized twisted Euler polynomials E nxw {z) are defined by 
F x>w (t,z) =F XtW (t)e zt = / ^(a;)e* a; x(a;)^-i(a:)e* z 






& y_j n iXi w \^) 



n=0 
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We set 






Observe that if w — ► 1, then F XiW (t, z) — > F x (t,z) and E nyX ^ w (z) — > E n _ x (z). 
Ryoo and Kim [9] studied on the twisted Euler zeta function and twisted Hur- 
witz Euler zeta function. We gave the relation between twisted Euler numbers 
and twisted ^-functions at non-positive integers. Observe that if x = X > then 
F x>w (t, z) — > F w (t, z) and E ntXtW (z) —> E n/U] {z). T. Kim defined the generalized 
g- Euler numbers as follows: The generalized q-Eulcr numbers associated with 
X, E n _ Xtq , are defined by 

En, X ,q= / X(*)NgdM-g(»)- 

We give the generating function of q- Euler numbers as follows: 

F X ,S) = [2} q f2x(l)Q l (-l) l e [l ^ = Jt E n,x,X- (1-5) 

i=0 n=0 

OS. Ryoo [10] introduced the generalized g-Euler polynomials associated with x- 
The generalized g-Euler polynomials associated with \, E nxq (z), are defined 
by 

En, X ,q( Z ) = / XO^ + ^lg^-^x). 
JX 

Hence we give the generating function of g-Eulcr polynomials as follows: 

t n 



F x , g (t,z) = [2] q Y,x{l)q\-l) l e [z+l ^ = $>„,*,,(*); 



;=o 



Observe that if q — ► 1, then F XtQ (t 7 z) — > F x (t 7 z) and E n ^ Xtq (z) — > E na (z). T. 
Kim and OS. Ryoo studied the generalized q-Eulcr numbers and g-Euler poly- 
nomials and derived a Dirichlct's type Z- series which interpolates the generalized 
g- Euler polynomials E n ^ q (z). 

The purpose of this paper is to construct the generalized twisted g-Eulcr 
polynomials E nxwq (z) attached to x an d derive a new Dirichlet's type Z-series 
which interpolates the generalized twisted q-Euler polynomials E n ^ x _ w ^ q (z). 

2. Generalized twisted g-Euler numbers and 

polynomials 

In this section, we introduce the generalized twisted q-Euler numbers and 
g-Eulcr polynomials. These numbers will be used to prove the analytic con- 
tinuation of the q-l-sevies. Let x be the Dirichlet character with conductor 
/( =odd) e N. Then the generalized twisted g-Euler numbers associated with 
X, En, x ,w,q, are defined by 

E n , x ,w,q= / x(x)<Pw(x)[x}"dfi^ q (x). (2.1) 

J x 
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By using p-adic g-integral, we obtain, 



E n , x ,w, g = jrp- Yl x(a)(-l) a q a 4> w (a)E n , w f, q f f % ) ■ 



0=0 
Note that 



X{x)<f> w {x)[x}qdfJ,-q{x) 

x 



Hence we have 

By simple calculation, we obtain 



oc 



= [2] g ^ X (0^^(0(-l)'Wg- 
1=0 

We have the following theorem. 

Theorem 2. Let x be a primitive Dirichlet character of conductor /(= 
odd) <G N, we have 

00 

E ntX , Wtq =[2} q Y, X (l)q l <j> w (l)(-l) l [l} n q . 

2=1 

We set 

00 t n 

r x ,w,q(t) = / , E n ,x,w,qZJ- 

By using Theorem 2, we obtain 

n=0 ' n=0 (=0 



j ««i 



n 

1=0 n=0 



[2} q J2x(l)q l Ml)(-l) l e [ ' 



AAV* *rw\ v j \ *- ) v 
Z=0 
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Hence we give the generating function of g-Eulcr numbers as follows: 

t n 

n,x,w,q 7 ■ 
T7.I 



F x>Wig (t) = [2] q Y,x{lW^ w {l){-l) l e [l ^ = £25, 



1=0 n=0 



The generalized twisted g-Euler polynomials associated with x, E ntXtWjq (z), are 
defined by 



E n , x ,w.q(z)= x{x)4>w{x)[z + x\^d^- q {x). (2.2) 

J X 

By using p-adic g-integral, we obtain, 



a=0 



E n , X -wA z ) = ryr-^2x(a)(-l) a (t) w (a)q a E ntW f qJ , 

l/J-9 „ =n V J 



Since 

\{x)(j) w {x)[z + x] q d/j,- q (x) 

[2],gx(a)(-l)^(a)«- ( r ^YE(?)(-l)W' r — 77W(I 



. «; ^w v /y i+^w^)' 



we have 

/-i 



By simple calculation, we obtain 



«V t»\ l > i + *„(/)„«'-"> 



:x. 



= [2],2x(0«'^(o)(-l)'b + ^- 

We set 

Fx, w AV"i Z ) ~ / j En,x-w,q\Z) — . 
n=0 

By using (2.3), we obtain 

oo 

F m (t) = [2] q J2x(l)q l <t> w (a)(-V 

1=0 



(2.3) 



l e [z+l] q t_ 
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Hence we give the generating function of the generalized twisted g-Euler poly- 
nomials as follows: 

oo oo n 

F XtW , q (t,z) = [2} q J2x(l)Q l <P w (a)(-iye [z+l ^ = X>»,x,i»,,(*)^- 

Observe that 

F x , w , q (t,z)= / x{x)<p w {x)e [x+z] ^d^ q {x). 
Jx 

By using the above equation, we have 



00 j-n p 

y^ E n, x ,w,q{z)—,= I x{x)<t>w{x)e [z+x]qt dn_ q {x) 

rri n - Jx 

E(/ X{x)4> w {x)[z + x]^dfi- q {x)j — 

E (E (% Zl \ z \T k f x{x)4> w (.xM k q d^ q {x) 

*> — n \ 1 — n V / J X 



n=0 \k=0 



By using comparing coefficients ^, we have the following theorem. 
Theorem 3. For any positive integer n, we have 

£>n,x,w,q\Z) / j I 7, I Q [ z lq ^k,x,w,q- 

k=0 ^ ' 

We have the following remark. 
Remark 1. Note that 

\L) f^n.XiW.qyJ) — l^n.x,w,q> 

yZ) II X X J inen £i/ n ^ )W ^ q yZ) — ^n,w,q\Z ) t -LJn,x> w ,q — ^n,w,q7 

yo ) 11 q > 1, rncn i-^n^x^ w -,q v^v — ^ ! Xi u 'v'^/' n ^x-, w ^q — n ^x-, w ^ 

(4) If g -> 1, then F x . w , q (t, z) = F XiW (t, z), 

(5) Ifx = X°, then F XtWtq (t) = F Wtq (t),F XtWtq (t,z) = F Wtq (t,z), 

(6) If x = X°, 9 -► 1 then E n ^ w , q (z) = E n . w (z),E n ^ w . q = £„,„,. 

(7) If X = X°)9- > l,w-> 1 then E n ^ w ^ q {z) = E n (z),E n>XiW>q = E n . 

In complex case, the generating function of generalized twisted g-Eulcr numbers 

is given by 

00 00 n 

F x , W , q (t) = [2] q Y,x{l)q l w\-l) l e^ = Y,E n , XtW J-, (2.4) 

2=0 n=0 
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where q € C with \q\ < 1 and w is the rth root of unity. Generalized twisted 
g-Eulcr polynomials E nyX ^ Wyq (z), was also defined by means of the generating 
function 

F XtW , g (t,z) = F XtWtq (t)e zt = [2],£>(0<M-l)'e[*+' M = f^E n , XtW , q (z)-. 

2=0 n=0 

(2-5) 
We define interpolation functions of the generalized twisted g-Eulcr numbers 
and polynomials. Thus we need the following relations. By using (2.4), we have 

, \ k oo 

j) F x ^ q (t)\ t=0 = [2} q ^2 X (l) q l w l (-l) l [l} k q , (2.6) 

' i=i 



d\ k (-^ „ t n 



and 

/ j \ k I 

J2 E n.,x,™,q^ ) lt=o = E k,x,w,g, for fc e N. (2.7) 

^~~' \n=0 ""/ 

By (2.6), (2.7), we have the following theorem. 

Theorem 4. For any positive integer k, we have 



E k , m =[2] q J2x(n)w n q n (-l) n {n] 



The above generating function is used to construct a g-Dirichlet scries. We 
define g-analoguc Dirichlct's type ("-function as follows: 

Definition 1. Let sgC. 

(-l) n X (n)w n q n 



I, 



n=l [ J| 5 



By using Definition 1 and Theorem 4, we have the following theorem. 
Theorem 5. For any positive integer k, we have 

Observe that 

\iml w . q (s,x) = l g (s,x), 

w— >1 

which is a g-analogue Dirichlct's type l-function ([10]). 
By using (2.5), we have 

, \ k oo 

- F XtW!q (t, z)\ t=Q = [2], £ X(0«>V(-1)'[* + «] J. (2-8) 
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and 



d\ k [^ , t n 



(II 



Y^ E n, X ,w,q{ Z )-j I | t =0 = E k,x,w,q(z), for k € N. (2.9) 

\n=0 n '/ 

By (2.8), (2.9), we have the following theorem. 



Theorem 6. For any positive integer k, we have 

oo 

E k , x , w , q (z) = [2], J2 X(n)w n q n (-l) n [n + z] 



k 
T 

n=0 



By using the above theorem, we define the two-variable g-analogue /-series. 
Definition 2. Let seC. 



I (s zlv) - [21 V i- l ) n x(n)^ n 



n=0 

Note that l w , q {s, z\x) is analytic continuation in C with only simple pole at 
s = 1, and l Wiq (s,l\x) — lw,q{s\x)- By using Definition 2 and Theorem 6, we 
have the following theorem. 

Theorem 7. For any positive integer k, we have 

Ek, X ,w,q( z ) — l>w,q(~~k, Z\X)- 

If w — ► 1, then l w<q (s, z\x) — * £g(s,z|x)> where Z g (s,2|x) is the two-variable 
/-series cf [10]. 

In general, how many roots does E n _ XtW _ q (z) have ? Find the numbers of 
complex zeros Cs n „ ( z ) of the E n ^ XtW ^ q (z), Im(z) =/= 0. Using numerical ex- 
periments, we hope to investigate the structure of the complex roots of the 
generalized g-Eulcr polynomials E n _ xwq (z). The authors have no doubt that 
investigation along this line will lead to a new approach employing numerical 
method in the field of research of the generalized g- Euler polynomials E n . XtW _ q {z) 
to appear in mathematics and physics. For related topics the interested reader 
is referred to [7, 8]. 
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Abstract 

We present here the definition of Pade spline functions, their expres- 
sions, and the estimate of the remainders of pade spline expansions. 
Some algorithms are also given. 
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1 Introduction 

Pade approximation is derived by expanding a function as a ratio of two 
power series and both the numerator and denominator coefficients are thus 
determined (cf. Baker [1-2], Baker and Graves- Morris [3], and Brent, Gus- 
tavson, and Yun [4]). In this paper, we shall use two points Pade approx- 
imation to construct Pade spline functions. The main idea initially came 
from the author's talk at the Joint U.S.- China Workshop on Approximation 
Theory that took place in April, 1985, Hangzhou, China ([5]). 
Let 
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A : a = Xq < X\ < • • • < x n = b 

be an arbitrary partition on the interval [a, b] , and let / be a kth differentiable 
function defined on [a, b] with function value and dervatives at each node Xi 
(i = 0, l,---,n) 

y (m) = / (m) (a .. )> m = o, 1, • • • , A; - 1; i = 0, 1, • • • , n. 

Denote by 7ik the collection of all polynomials of degree less than or equal to 
k. We now give the definition of Pade spline functions. 

Definition 1.1 We call R r ^(A) the set of Pade spline function of order 

k with nodes Xi (i — 0,1,... ,n), if any function R(x) E R r [ satisfies the 
following coditions for all x G [xj_i,Xj], % — 1,2, . . . ,n, 

(i) R{x) = gg, Pi{x) e n r , Qi{x) e ix t , 

(iy E m =o Vt-i ^r q^x) —0[{x — Xi-i) j , 

Pi(x) 

Qi{x) 
(i v ) r + £ = 2k-l. 

From Definition 1.1, we immediately know R rt >(A) G C h . In addition, 
the rational Hermite interpolation and rational contact interpolation can be 
easily obtained by using the pade spline functions. 

Although Definition 1.1 only gives the piecewise expression of Pade spline 
functions, we might discuss its globe expression as follows. 

Suppose Qi(xi) 7^ 0. Denote 



(m) £tu M ^ -m=oUx- x t r 



«-l lr r _rf.\m 

m=0 m - 

Thus 

Pi(x) - Gi(x)Qi(x) 



R(x) - Gi(x) 



Qi{x) 
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has multiple roots at Xi of order k; i.e., 

Pi(x) - Gi(x)Qi(x) = {x - Xi) k Fi(x), 

where deg Fi(x) < max{r, k + £} — k = max{r — fc, £}. Thus, the expressions 
of R(x) on [xj-ijXj] and [a^Xj+i] are respectively 






E^ M (^) 1 , +(x- Xl ) k 
z^n ml 



m=0 



Fj(x) 

Qi{x) 



and 



;i-i) 



p '- |( ' r) - J2R (m \x l y—^>- + (x-x l r^f^ (1.2) 



(.c - •(■;)'" k F i+1 (x) 



Qi+l( X ) m =0 

Consequently, 



P i+1 {x) Pi{x) 



Q i+ i(x) Qi(x) 



where Mi(x) = Qi(x)F i+1 (x) 
x G [a;*, Xj+i], we have 



F i+1 (x) Fi(x) 



Qi+i(x) Qi(x) 

MAx) 



yX X{J 



yX Xij 



Qi(x)Q i+ i(x) 
— Fi(x)Qi + i(x) is in 7r r+ ^_fc. Therefore, for 



P i+1 (x) P 1 (x) 



E 



P j+ i{x) Pj(x) 



Qi+i(x) Qi(x) p{ \Q j+ i(x) Qj(x) 



Mj(x 



V 1 " S ^ J (x-x) k 



(1.3) 



where MAx) G n r +e-k an d 



[X — Xj) 



Ju Ju -? 1J. Ju -^ Ju n 







if x < Xj. 



From Eq. (1.3) we obtain the globe expression of Pade spline function R(x) 
as follows. 
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_ x PJx) ^ MAx) sk . „, 

"•''ffi^W-* (L4) 

where Mj(x) G 7r r+ ^_ fc is completely determined by -Pi(x), Qj(x) (j — 1,2, ... , n) 
as well as the values and the first fc derivatives of i?(x) at Xj (j = 1, 2, . . . , n). 
We can also show that if any real- valued function R(x) defined on [a, b] 
can be written as in Eq. (1.4) with Mj(x) G ir r +e-k, then R(x) G R rl (A); 
i.e., i?(x) is a Pade spline function defined as in Definition 1.1. Indeed, as- 
sume that R(x) shown as in (1.4) is given, where Mj(x) G itr+t-k, P\{x) G 7r r , 
Qi(x) G ire (i — 1, 2, . . . , n), and the greatest common divisor (Pi(x), Qi(x)) = 
1, there exist p(x) and q(x) such that 

p(x)Qi(x) + Pi(x)q(x) = 1. 

By multiplying 0i(x) = (x — x 1 ) fc M 1 (x) on the both sides of the last equation, 
we obtain 

p(x)(f>(x)Qi(x) + Pi(x)q(x)(f>(x) = 4>{x). (1.5) 

Since we can write 

p(x)(f)(x) = -Pi(x)ri(x) + Si(x) 
and 

q(x)(f)(x) = Qi(x)r 2 (x) + s 2 (x), 
Eq. (1.5) can be changed to 

[Pi(x)ri(x) + si(x)] Qi(x) + Pi(x) [Qi(x)r 2 (x) + s 2 (x)] = 0(x). (1.6) 
If (x — xi) /fs 2 (x), we set Q 2 (x) = — s 2 (x) and 

P 2 (x) = Pi(x) [ri(x) + r 2 (x)] + Si(x). 

If (x — Xi)|s 2 (x), then (x — xi) /fQi(x) because of (Pi(x),Qi(x)) = 1. We 
thus denote Qi( ;r ) — ~~ ^(x) — Qi(x) and 

P 2 (x) = Pi(x) [n(x) + r 2 (x) - 1] + si(x). 
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Therefore in either case, we can write Eq. (1.6) as 

P 2 {x)Q 1 {x) - P 1 (x)Q 2 (x) = (x - x^M^x), 

where (x — xi) JfQ^ix). 

Similarly, we cane decompose (x — Xj) k Mj(x) into 

(x - xtfMfc) = P j+1 (x)Q j (x) - P 3 {x)Q 3+1 {x), (1.7) 

where Qj(xj) ^ 0, Qj + i(xj) ^ 0, and j = 1, 2, . . . ,n — 1. Since Mj(x) G 
7r r+ ^_fc, Pj(x) G 7r r for all j — 1, 2, . . . , n — 1. 

For x G [xj, x i+ i] (j — 0, 1, . . . , n — 1), from Eqs. (1.4) and (1.7), we have 



Qi(x) j^i\Qj+i(x) Qj( x )J Qi+iix)' 



In addition, since 



M i (x)(x — Xi 



(m) 







for % — 1, 2, . . . , n — 1 and m = 0, 1, . . . , k — 1, by using the Lemma shown as 
in [6], we obtain 



(x - Xi) k Mi(x) 
Qi{x)Q i+1 (x) 



(m) 



Consquently, 



'p i+ iW" 


(m) 




'Pi(x)" 


(m) 


_Q i+ i(x)_ 




*=*• 


.Qt(aj). 





>(*) 



It follows that R(x) G ivi- Thus we have established the following result. 

Theorem 1.2 Function R(x) defined on [a,b] and shown as in Eq. (1.4) is 
in R^g (A) if and only if Mj(x) G n r+ e-k- 
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2 Algorithm 

In this section, we will give two algorithms for constructing Pade spline func- 
tions. Our first algorithm is to construct the functions piece by piece by using 
continued fractions. The second algorithm is based on the general expres- 
sion of Pade spline functions shown as in (1.4). To describe the algorithms 

(k) 

clearly, we only consider the Pade spline function set R k l lk , which is the 
most important set in the Pade approximation. The first algorithms is also 
an improvement of [7-8]. 



For x e [xi,x i+l ], % = 0, 1, 
fraction form: 



n — 1, write R(x) 



Qi(x) 



as its continued 



Pi(x) 

Qi{x) 



ry* ry , ry* ry . ry ry . 

a-ifl + —, 1 h -j h -; 

a»,i \a>i,k-i o»+i,o 



X <^+l i 



+ 



X <^i+l 1 
| a z+l,fe— 1 



Denote 

Sj,o(x) 
Ti, (x) 

It is easy to find that 



Oi,Q + 






\ a iA 



+ ••• + 






Oi,fe-l 



Si,o(x) 


(m) 


= 


'Piix)' 

_Qi{x)_ 


(m) 


Ti,o(x)_ 



(m) 



for m — 0,l,...,k — 1, which implies by the Lemma in [6] 

S&\xi) = [f{x)T tfl {x)] {m) 



(2.1) 



(2.2) 



(2.3) 



where m = 0, 1, . . . , k — 1. From Eq. (2.3) we can find the coefficients of 
Si t o(x) and T i>0 (x). Then, by using the following relations, (2.4) and (2.5), 
we can determine the coefficient set {oj ; o, Oj,i, • • • , Oj,jt-i} of the continued 
fraction (2.1). 



fe-2 



S, 



;,o 



nS^ i + E 



«A/ «A/ 7 



+ E 



l eX/ iX/ ^ 



1=0 hj *)J + 1 0<7<<?<fc — 3 ^)J *:J + 1 *;^+l ^:^+2 
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0<j<e<m<k-4 a i,j a i,j+l a i/+l a i/+2 a i,m+2 a i,m+3 



(2.4) 



fc-2 



T ifi (x) = H)z\a h3 1 + E 



Denote 



and 



Then, 



l "ijjU'iJ+l 



^— v yX Xi) 

Kj<e<k-3 a i,j a i,j+l a i/+l a i/+2 



+ 



^i+l,o{ x ) , X — Xi + \\ X — Xi + \\ 

Oi+i,o H , • + 



S'i-i(x) 



Pi+1,1 



|Oj+l,fc-l 



a ifl 



iA-J iA-J J 



Oi,l 



*/^ c£/4 



Oi,fc-2 



^_i(x) 

Pj(x) _ 5'i,o>S'i+i,o + (^ — XiJ^-iTj+i^ 
Qi\x) TifiSi + \fl + (x — Xi)Ti^\Ti + ifl 

Similar to Eq. (2.3), from [6] we have 



(2.5) 



(2-6) 



(2.7) 



[SifiSi+1,0 + \X — Xi)Si-iT i+ i$\ 

{f(x) [T ifi S i+lfi + (x- Xi)Ti -iT i+lfi ]} (m) 



x=x i+1 



x=x i+1 



(2.1 



In Eq. (2.8), since S^-i and T^-i have been determined from (2.3), we thus 
find S i+ ifl(x) and T i+1)0 (x). We can also establish the relations between 
the functions S i+ ifl(x) and T i+ljQ (x) and the coefficient set {oj+ij : j = 
0, 1, . . . , k — 1}, which is as the same as Eqs. (2.4) and (2.5) except an 
index change of % — > % + 1. From the relations we finally determine the set 
{a-i+ij :j = 0,l,...,k-l}. 

Example 2.1. As an example, we now consider the case oik — 2. Obviously, 
we have 
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Si+i,o(x) = Oj+i^Oj+1,1 + x — Xi + \, Ti+1,0 = Oj+1,1, 
Si-^x) = a ifi , Ti-i(x) = 1. 

Thus, (2.3) is reduced to 

r i i ( m ) 



( m ) n 1 

Oj,!^- % m = 0, 1. 



Assume that y[ ^ 0, we solve a i)0 = y« and a^\ = l/y'i- 
From Eq. (2.8) we have 



Vi 



7 + x - xA (oj+i^aj+i,! + x - x i+1 ) + yia i+1:1 (x - Xi) 



(m) 



x=x i+1 



M 



-\ -\ ( m ) 



—, (Oj+i nOi+i l + X — Xj+i) + Oj+i i(x — Xi) 

Vi 



x=x i+1 



for m = 0, 1. From the last equation it can be found that 



O'i+lfl 



Oi+1,1 



y'iJXj+i - Xi){y i+ i -yi) 
y'iixi+i -x^ - (yi+i-ViY 
[Vi+i -y% -y'i(x i+1 -Xi)} 2 



y[ bM+ifa+i - x^ 2 - (y i+1 - yi) 2 } ' 

Substituting the obtained coefficient set {a^o, Oj,i, Oj+i,o? a«+i,i} ^° the ex ~ 
pression of the Pade spline function R(x) G R\ { 



ry ry . ry ry . ry ry . 

R(x) = a ifl H : h -j 1 : 

| a i,l \ a i+lfi \ a i+l,l 



yields 



R(x) = [(x - x { )(x - x i+1 ) + a ifi a iy i(x - x i+1 ) + a i+lfi a i+hl (x - x { ) 
+a«,o a j+i,i( ;r — x %j + aj,o a i,iaj+i,o a i+i,i] / [Q>i,i{x — £*+i) 

+a»H-l,l(# — #i) + Oj,lOi+l,0Oj+l,l] 
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for i — 0, 1, . . . ,n — 1. 

We now discuss the second algorithm. Denote a$ = y\ /m\ and li = 
x — Xi (i — 0, 1, . . . , n), and write 

= af + a?Z i+1 + --- + at^l (2.9) 

= -^ + ^h l+l + --- + gh k l+l (2.10) 

From conditions (ii) and (in) in Definition 1.1, we have 



Y^ (m) i x x i) _ Pi{%) _ ( \k Vr-fV - <r-V 

m=0 ''*■ ViW j=o 

E ^ +1 ^7i n (Vi = (^ - ^i+i) E d?(x - ^i+i)' ? 

Substituting expressions (2.9) and (2.10) into the last two equtions yields 



k—\ k k—1 2k— 1 

E E ag/fC*" - E «f 3 = E r?4 (2.ii) 

m=0j=0 ,7=0 j=k 

fc-1 fc _ fc-1 2fc-l 

E E 4 +1) ^fC + r' - E «?Ci = E *f4i- (2-i2) 



m=0 j=0 


3=0 


Therefore we obtain 






a j — Z^ a j-^n 


and 






n=o 



(2-13) 



(2.14) 



for j = 0, 1, . . . , k — 1. 

Denote /i$ = Xj+i — x». From Eq. (2.9) we have 
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-(») 

a)' 



jldxi 



x=x i+1 



J! 



+ ••• + 



?.<*? + 



I I •'—J 



1! 






X=X i+ l 



+ 



(J + 2)! 



a«l 2 



"2! "J+ 2 



x=a; i+ i 



( fc - 1 ) ! Ai) f k-j-i 

(k-j-iy. k ~ li x=x i+1 



= E ( „ J« J+ A 

for j = 0, 1, . . . , k — 1. Similarly, from Eq. (2.10) we obtain 

k-j 



(2.15) 



#" = E 






^=0 



V 



3+V"l 



(2.16) 



for j = 0, 1, . . . , k. Substituting (2.15), (2.16), and (2.13) into (2.14) yields 



E [ i+ /] E 4V,/^f = E-ff E (" + >JtC (2.17) 



M=0 



i/=0 



^=0 i/=0 



where j — 0, 1 . . . , k — 1. We separate the left-hand side of Eq. (2.17) into 
two parts and write them as 



E^ } 

v=0 



k-j -I 



trt 



i) 



u=0 



fc-1 



+ E ?. 

I/=J+1 



E 

k-j -I 

S v /* 

M=i/-j 






CO 



// 



i Uj j+H-v' i i 



I a j+^-u' l i 



k-j -I 

+ E <£ 



(0 






J + /i U« ^ 



u fl—l/'"l 



V 



(2.18) 



Similarly, we can change the right-hand side of Eq. (2.17) to 



EA 

u=0 



(0 



" / 7, \ 


k 


3 / ,, \ 


E k- + ^r 


+ E <#> 


E Ja^^ 









2.19) 
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Substituting expressions (2.18) and (2.19) into (2.17) yields the following 
equations for j — 0, 1, . . . , k — 1: 



EA 

u=0 



CO 



k-j-1 



E 



3+lA (i) 



<l ; 



! ' \ (i+l),u-n 






fc-i 

+ E ^ 



E 



3+tA (i) 



j 



/i 



A i+M 



->r - E 



77 » ,(<+!) l«/-a» 



M=0 



.v — H 



\ a j-fi ^i 



-/f> 



(j+1), fc-jU 



SU-J"-" 1 - 



o. 



(2.20) 



Eqs. (2.20) is a homogeneous system of /c + 1 unknowns, /% , /?} , . . ., /3^ , 
consisting of fc equations. Hence, it has nontrivial solution. To simplyfy the 
expression of (2.20), we denote 









v \„( i+1 )h 1/ -L l 



^;jcr ifo<,<j, 



v fc-j-l fj+fj\ (i) ifx 



E 



j 



^M=0 \k-nJ"3-V '"» 



f N \^,( i + 1 )/ 1 ^-M 






/£-" if j + i <^< fe-i, 



if z/ = fc 



and rewrite (2.20) as 



E & 24 i) = > J = 0,1,...,A;-1. 



^=o 



After finding 



(2.21) 



(2.22) 



Qi{x) 



J2(3f\x- Xl y 

3=0 

1 



ly* ly* , | ly* ly* . 



■,« »,w 



y o,o 



°o,i 



■,W »,« 



l(0 
'0,2 



CO 



h w ft w h w 

u k-lfl u k-l,l u k-l 



(X - Xi 
J 0,fc 



u k-l,k 



(2.23) 
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by (2.13) we have 



fc-i 



'k-l 



i\{x) = E /#° E $Ux - *i) j + Pk ■ o = 

V =Q \j=u J 

lW l(«) 



1,(0 

°o,o 



°fc-i, 



°o,i 



',W 



°fe-l,l 



U 0,fc-1 



• b {i) 

u k-l,k-l 



1,(0 



u k-l,k 



where tj(x) = x — Xj. We now calculate rj and rj in Eqs. (2.11) and (2.12). 
First, from (2.11) we obtain 



40 



(0 oW 



/i Z^ a ^-jPj 



(2.24) 



j=0 



where /x = fc, k + 1, . . . , 2k — 1, and a$ = for all v > k. Comparing the 
last equation with (2.23) yields 



,(0 



J) 

J 0,0 



,(0 



,(0 



a /i-l a /i-2 
"0,2 



1,(0 
°0,1 



1,(0 i,(0 j,(0 

y fe-l,0 y fe-l,l w fc-l,2 

Secondly, from (2.12) we have 

A; 



(0 

^a-k 

S) 

J 0,k 



fe (0 



(2.25) 






,(0 



(2.26) 



3=0 



where /j, — k,k + l,...,2k — l, and o^ = for all v > k. Substituting (2.16) 
into (2.26) yields 






E 

i=o 

E 

i/=0 



gf:>iUr 



V-i 



gUJW 



/# 



(2.27) 
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Denoting c^ = £^ =0 (jL^a^fh"^ in (2.27) and using (2.23), we obtain 



fW = V c 

y=0 



(<+i)^W 



Ji+1) (i+1) (i+1) 



-«,0 

J 0,0 



-M,l 

5 0,1 



U k-1,0 u k-l,l 



di) 



dS) 
A),2 



di) 
°k-l,2 



-^a.k 

di) 

J 0,k 



di) 
} k-l,k 



(2.28) 



Therefore, Eqs. (2.11) and (2.11) are evantually obtained as 



fe-i 



(m) 



i iX/ tX/ 7 



m=0 ''*■ 

fe-1 



p 2k-l r (i) 



m=0 



(m) 
i+1 



i i.is i.is 



i+1) 



ml 



El 
Qi 



2fc-l =(») 



/„ TTT^ ~~ ;r i+i)' ? ' 



j=fc 



from which we have the Pade spline function defined on [a, b] with the form 



p n— 2 

vo i=0 



2fc-l /=(i) „(i) ~ 

M =fc \Vi Vi+1, 



(,2- ^i+lj + i 



(2.29) 



where r£ +1 \ r^, and Qj are given by Eqs. (2.25), (2.28), and (2.23), respec- 
tively. 
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Abstract 

Sufficient conditions are developed for the null controllability of nonlinear infinite neutral 
systems with time varying multiple delays in control. It is shown that if the uncontrolled system 
is uniformly asymptotically stable, and if the linear system is controllable, then the nonlinear 
infinite neutral system is null controllable. An example is provided to illustrate the obtained 
results. 
Keywords 

Controllability, infinite neutral systems, multiple delays, uniform asymptotic stability. 
1. Introduction 

Neutral functional differential equations are characterized by a delay in the derivative. Equations 
of this type have applications in the study of electrical networks containing lossless transmission 
lines. It is well known that the mixed initial-boundary hyperbolic partial differential equation 
which arises in the study of lossless transmission lines can be replaced by an associated neutral 
functional differential equation [1]. The aim of this paper is to study the null controllability of 
such systems by introducing multiple delays in control. For motivation of time varying multiple 
delays in control variables refer to the book by Klamka [13]. 
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The problem of controllability and null controllability of functional differential equations in finite 
dimensional space has been studied by several authors. These include Chukwu [7] Balachandran 
et al [2], Umana [16], Umana and Nse [17], Iheagwam and Onwuatu [11], and Fu [8]. Several 
authors have extended the controllability and null controllability concepts to infinite dimensional 
systems. These include Balachandran and Dauer [3], Sinha [15], Onwuatu [14], Balachandran 
and Anandhi [5], Iyai [12], and Balachandran and Leelamani [6]. 
It is well known [10] that if the linear control system 

x(t) = A(f)x(t) + B(t)u(t) (1.1) 

is proper and if the free system 

x(t) = A(t)x(t) (1.2) 

is uniformly asymptotically stable, then (1.1) is null controllable with constraints. Chukwu [7] 
obtained an analogous result for the delay system 

x(t) = L(t,x t ) + B(t)u(t) + f(t,x t ,u(t)) (1.3) 

where 



L(t,(j)) = ^A k (t)(l)(-t k ) + j A(t,s)<P(s)ds. (1.4) 

Sinha [15] studied the nonlinear infinite delay system 

x(t) = L(t,x t ) + B(t)u(t) + f A(0)x(t + 0)dO + f(t,x t ,u(t)) (1-5) 

and showed that (1.5) is Euclidean null controllable if the linear base system 

x(t) = L(t,x t ) + B(t)u(t) (1.6) 

is proper and if the free system 

x(t) = L(t,x,) + f A{0)x{t + 0)d9 (1.7) 
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is uniformly asymptotically stable, provided that / satisfies some growth conditions. 
Balachandran and Dauer [3] studied this problem for system (1.5) with distributed delays in the 
control. This problem for system (1.5) with time varying multiple delays has also been studied by 
the same authors [4]. Onwuatu [14] extended Sinha's results to neutral systems. 
In this paper, nonlinear infinite neutral control systems with time varying multiple delays of the 
following form are considered: 

i p n 

— D(t,x t ) = L{t,x,) + Y J B i {t)u{t-h i ) + \ A(6)x(t + 0)d6 +f(t,x t ,u(t)) O- 8 ) 

at ,- = o 

x(t) = (f>(t), fe(-oo,0] 
where L(t,(j>) is as defined in (1.4), A(0) is an nxn continuous matrix and f{t,x t ,u{t)) is a 
nonlinear continuous matrix function. 

Our results extend those of [3,15,4] to neutral systems and those of [14,12] to neural systems 
with multiple delays in the control. 
2. Preliminaries 

Let n and m be positive integers, R the real line (— °°,°°). Denote by R" , the space of real n- 
tuples with the Euclidean norm defined by |-| . If J = [t ,t l ] is any interval of R , the usual 
Lebesgue space of square integrable functions from J to R' n will be denoted by L 2 (J,R m ) . 
Let y>h>0 be a given real number and let B - B([-y,Q],R") be the Banach space of functions 
which are continuous on [-7,0] with |</>| = sup < s<0 \(/>(s)\, 0e B([-y,0],R") . If x is a function 
from [t -y,°o) to R" , let x t , fe[0,°°), be a function from [-7,0] to R" , defined by 
x t (s) = x(t + s), s e [-7, 0] . Similarly, if u is a function from [t - 7, °°) to R m , let u t , t e [0, °°) 



512 UMANA 

be a function from [-7, 0] to R m , defined by u t (s) = u(t + s), s e [-7, 0] . In system (1.8), assume 
that D(„ ):RxB^R" is defined by 

D(t,x t ) = x(t)-g(t,x t ) 
where 



g(t, (j>) = J A, (t)(/)(-w„ (0) + J_° ^, s)0(j)flk 



and where 0<w n (?)<7 and ^4„(0 and ^,5) are nxn matrix functions. 

A nonautonomous linear homogeneous neutral differential equation is defined to be 

^D(t,x t ) = L(t,x t ) (2.1) 

at 

Our objective is to study the null controllability of system (1.8) through its linear control base 

system 

^-D(t,x,) = L(t,x l ) + f j B l (t)u(t-h l ) (2.2) 

at ,_o 

and its free system 

—D(t,x t ) = L(f,x t )+\° A(0)x(t + 0)dO. (2.3) 

dt J ~°° 

Here B i are continuous nxm matrix functions, each A k is a continuous nxn matrix function for 
0<h k <y, A(6) is an nxn matrix whose elements are square integrable on (— °°,0]. D,L,f 
satisfy enough smoothness conditions to ensure that a solution of (1.8) exists through each (t ,(/>) 
in JxB , is unique, depends continuously on (t ,(j>) and can be continued to the right as the 
trajectory remains in a bounded set in JxB . 
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If T(t,t ):B — > B , t>t a is defined by T(t,t )(p = x t (t ,(f)) , where x(t ,(p) is the solution of (2.1), 
then there exists an nxn matrix function X(t,s) defined for 0<s<y, ?e [0,°°), continuous in 
s from the right, of bounded variation in s , X(t, s) = 0, t <s <t + y , such that the solution 
x(t ,(p) of (2.2) is given by 

x{t,t ^,u) = T{t,t )^{0) + f Xit^TBXsMs-h^ds (2.4) 

J '° ,=o 

The corresponding solution of (1.8) is given by 

x(t,t ,(/>,u,f) = T(t,t o yf>(0) + X(t,s)2\B t (s)u(s-th)ds 

J '° ,=0 

+ j" X(?, 5) ( J° A(6)x(t + 6)d6 \ ds + j" JT(f , 5)/(5, *, , «(j))ds . (2.5) 

Observe that the uniqueness of solution of (2.1) implies that 

T(t 2 ,t 1 )T(t 1 ,t ) = T(t 2 ,t ), t„t 2 >t >0. 
If we let 

[0, -r<5<0 

then T(t, t )X (s) = X(t + s, t ) = X t (-,t )(s) . Therefore, T(t,t )I = X(t,t ). 
Now, let us assume that the functions h^t):^,^]— > R, i = 0,1,2,..., p are twice continuously 
differentiable and strictly increasing functions in the time interval [f ,fj] . Moreover, h t (t) < t for 
tG [7 ,7j , and i = 0,1,2,..., p . Let us introduce the time-lead functions 

r.(0:[/*,(U ^i)]->LVi]> i = 0,1,2,..., p, 
such that r. (h t (t)) = t for t e [7 , f, ] . 



514 UMANA 



Furthermore, only for simplicity and compactness of notation let us assume that h (t) = t and for 
t = t l the functions h t (t) satisfy the following inequalities 

h = h p (t s )<h p _ l (t i )<...<h m+i (t i )<t = 

K(0 * K-A)^ - ^ MO * K(0 = h (2.6) 

Using the time-lead function and the inequalities (2.6) we have 

m r' 
x(t l ,t ,(/>,u,f) = T(t 1 ,t )<l)(0) + 2^\ X(t 1 ,s + r i )B l (s + r l )(s + r l )ri(s)ds 



i=0 



+ £ f ' X(t x , 8 + ^8,(8 + r l )(s + r l )7]{s)ds 

i=m+l ° ' 
V^ f'l 

+\ X(t t ,s + r i )B i (s + r i )(s + r i )u(s)ds 
+£' X(? 1 , j) ( J° ,4(0)jt(s + 0)^/0 ) ds 

+ \' l X(t l ,s)f(s,x„u(s))ds (2.7) 

where u(s) = T](s) for se[f -r,/ ]. 

For brevity, we introduce as in [4], the following notations: 

m ft 
H(t l ,7])=y j [ _ *('i, * + #5)5,05 + 1; )(* + #■ >/ (*)<& 



7^ J '»- A - 



+ £ f '^1^ + ^)5,(5 + ^X5 + #5)77^)^ 

i=m+l ° ' 

q(t l ,r]) = T(t l ,t )(l)(0) + H(t i ,'n)+\''X(t l ,s)f( S ,x s ,u(s))ds 
+ j" 1 X(t, ,s)lf A(6)x(s + 6)d6 \ ds , 
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GAtrf^Xfrs + rJBjis + rjXs + rj). 

Define the controllability matrix of (2.2) at time t by 
W(t ,t)=\' G m (t, S )G T m (t,s)ds 

where • denotes matrix transpose. 

Definition 2.1: The system (1.8) is said to be null controllable on [/„,?,] if for each 

(ps By [-y,0],R n ) , there exists a t^>t , ue L 2 ([/ ,/J,/C/), IU a compact convex subset of R m , 

such that the solution x(t,t ,(p,u,f) of (1.8) satisfies x t (7 o ,0,w,/) = and x(t 1 ,t ,({>,u,f) = 0. 

3. Main Results 

Theorem 3.1: Assume for system (1.8) that 

(i) the constraint set IU is an arbitrary compact subset of R m , 

(ii) the system (2.3) is uniformly asymptotically stable so that the solution of (2.3) satisfies 

\\x(t,t ,(j),0,Q)\\ < Me~ ai '~' o) \\<p\\ for some a> , M > , 

(hi) the linear control system (2.2) is controllable in R" , 

(iv) the continuous function / satisfies \f(t,x(-),u(-)) \< exp(-/3?)7r(x(-),w(-)) , for all 

(t,x(-)M-))£[t ,°°)xB([-y,0],R")xL 2 ([t , tJ,IU), where 

r7t(x(),u())ds<K<oo and B-a>0, 

then system (1.8) is Euclidean null controllable. 

Proof: By (iii), W'\t a ,t x ) exists for each t i >t . Suppose the pair of functions x , u form a 

solution pair to the set of integral equations 

u(t) = -G T m (t 1 ,tW- 1 (t ,t 1 )q(W) (3-1) 
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for some suitably chosen t 1 >t>t , u{t) = rj{t) , t& [t - y,t ] and 
x(t) = T(t,t )(j)(0) + H(t,ri)+ f G m (t,s)u{s)ds 

+£ X(t,s)(f_ A(6)x(t + 6)de)ds + j' t X(t,s)f(s,x s ,u(s))ds (3.2) 

x{t) = (j){t), t<=[t -y,t ]. 
Then u is square integrable on [t -J,^] and x is a solution of (1.8) corresponding to u with 
initial state z(t ) = (x(t ),(j),r]). 
Also 

x(O = r(? 1 ,? o )0(O)-f' 1 G m (? 1 ,5)G m r (? 1 ,5)r- 1 (? o ,O[7 1 (^ 1 ^o)0(O) + ^(^^) 

•"o 

+£' X(t { ,s) If (s, x s , u(s)) + J° A(6)x(t + 6)d6 ) ds]ds 

+j' t l X(t,s)lf(s,x s ,u(s)) + f A(6)x(t + 6)d6)ds = 0. (3.3) 

We now show that u : [? ,^] — > IU is a compact constraint subset of R m , that is \u\<a for some 
constant a > . Since (2.3) is uniformly asymptotically stable and B t are continuous in t , it 



follows that 



PlitvtoW '(Wi) - *i ' for some *i > ° = 



|r(?j,? o )0(O)| < £ 2 exp(-a(/j -/„)) , for some k 2 > . 
|i/(f,77)| < £ 3 exp (-a(^ -t )) , for some & 3 > . 



Hence, 



u{t)\<k x k 2 exp(-a(?, -f )) + £ 3 + V Mcxp(-a(t l - s))Qxp(-/3s)n (x(-),u(-))ds \. 
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and therefore 

|h(0|^*i \ik 2 +^ 3 )exp (-a(^ -7 )) + £Mexp(-ctf,)] (3.4) 

since j5 -a > and s > t > . Hence, by taking t i sufficiently large, we have \u(t)\ < a , 
te [tg,^] which proves that u is an admissible control. 

We now prove the existence of a solution pair of the integral equations (3.1) and (3.2). Let B be 
the Banach space of all functions 

(x,u) :[t - /Mi]x|>o - MJ -> ^" x R'" 
where xe i?([7 -/z,^],i?" J and ue L 2 \[t -h,t y ~\,R m 1 with the norm defined by 

|(x,m)|<|x| 2 + |m| 2 , 



ii ii r r '> i i 2 i 2 ii ii r r '' i i 2 i 2 

where be L ={ \x(s)\ ds) , and \\u\\. ={ \u(s)\ ds) 
11 |l2 L J 'o-^' ' J " " 2 L J 'o-*' ' J 



Define the operator T :B —> B by T(x,u) - (y,v) , 
where 

v(t) = -Gl(t 1 ,t)W- 1 (t ,t 1 )q(t 1 ,T]) far teit^t,] (3.5) 

and 

v(t) = r](t) for te[t -y,t ]; 

y(t) = T(t,t )<l)(0) + H(t,ri) + j' G m (t,s)v(s)ds +$' X(t,s)(f A(0)x(t + 0)do\ds 

+ \ X(t,s)f(s,x s ,u(s))ds forte J (3.6) 

and y(t) = (p(t) for t e [t - y,t ] . From equation (3 .4), we have shown that |v(f )| < a , te J and 
also v : [t - h, t ] — > IU , so |v(f )| ^ « • Hence, 
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\v(t)\ 2 <a(t,+h-t,Y=p . 
Also 

\y(t)\ <k 2 +k 3 exp(-a(t-t )) + k 4 \ \v(s)\ds + KM Qxp(-at x ) 

where k 4 = sup \G m (t, s)\ . Since a>0 , t>t >0,it follows that 

\y(t)\ <k 2 +k 3 + k 4 a(t i -t ) + KM = (5 , teJ 
and 

|^(0|<sup|^(0| = 5, t(E[t -h,t ]. 

Hence, if X = max{y8,^} , then 

Let r = max {/3 , f5 { } . Then letting 

Q(r) = [(x,u)e B : \\x\\ 2 < r,\\u\\ 2 < r] , 

it follows that T : Q(r) —> Q(r) . Since Q(r) is closed, bounded and convex, by Riesz's theorem, 

it is relatively compact under the transformation T . The Schauder fixed point theorem implies 

that T has a fixed point (x,w)e Q(r) . This fixed point (x,u) of T is a solution pair of the 

integral equations (3.5), (3.6). Hence, the system (1.8) is Euclidean null controllable. 

4. Applications 

If we now specialize to the constant systems with multiple delays in the control defined by 

— (x(t) - A_ x x(t -h)) = A x(t) + A x x{t -h) + B u(t) + B x u{t - h) (4. 1) 

dt 



dt 



(x(t)-A_ l x(t-h)) = A x(t) + A l x(t-h) + B Q u(t) + B l (t-h) +C \ Qxp(ri0)x(t + 0)d0 (4.2) 
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— (x(t) - A_ x x(t -h)) = A x(t) + A { x{t -h) + B u(t) + B { u(t - h) 
dt 

+C J° exp(7]G)x(t + G)dG + f(t,x(t),x(t-h),u(t)) (4.3) 

then the following results follow: 

Theorem 4.1: If vank[B ,A B ] = n , then system (4.1) is completely controllable on [? ,^] . 

Proof: This is equivalent to Theorem 2 of Gahl [9]. 
Theorem 4.2: In system (4.2), assume that 

(i) (4.2) with u = is uniformly asymptotically stable, 

(ii)rank[B ,A B ] = n, 

then system (4.2) is null controllable with constraints. 

Proof: By (ii), (4.1) is completely controllable. Hence (i) and (ii) satisfy the requirements of 

Theorem 3.1 and the proof is complete. 

Theorem 4.3: For system (4.3), assume that 
(i) / satisfies all smoothness conditions for the existence and uniqueness of solutions, 
(ii) the zero solution of (4.2) with u = is uniformly asymptotically stable, 
(iii)rank[ J S ,^ OJ S ] = «, 

(iv)/(M),0,0) = 0, 

then system (4.3) is null controllable with constraints. 
Proof: Immediate from Theorems 3.1 and 4.1. 
Example 
Consider the system 

— (x(t) - A^x(t -h)) = A x(t) + A { x(t -h) + B u(t) + B { u(t - h) 
dt 
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+C f exp(ri0)x(t + 8)d0 + f(t,x(t),x(t-h),u(t)) ( 4 - 4 ) 



where 



'o r 



-\ n ro 3 ^ ro^ r-n ro o ^ 

1 -2 ' 



v° - 1 / 



. #o 



v 1 , 



> *.= 



v°y 



c 



V° "!y 



with 



f(t,x(t),x(t-h),u(t)) = 



( 







e 'sin(x(0 + ^(^-^))cosw(/) 
The characteristic roots of the homogeneous equation 



d_ 
dt 



(x(t) - A_ t x(t -h)) = A x(t) + A x x{t -h)+\ exp(r]0)x(t + 0)d0 



(4.5) 



is 



A 2 +3A + l + (3A-A 2 K 2A +(2-3A)e^+(A + l)J° exp[(X+r])0]dO = 



(4.6) 



Every root of (4.6) has negative real part. Hence, by Theorem 1 of Sinha [15], system (4.5) is 

uniformly asymptotically stable. 

We now show that the linear base system 

d 



dt 



(x(t) - A_ x x{t -h)) = A x(t) + A x x{t -h) + B u(t) + B x u{t - h) 



(4.7) 



is controllable on any interval [0,t] , / > . By Theorem 4.1, we show that vank[B ,A B ] = n 



But 



fo n ro n 



v 1 " 2 , 



= rank 



v 1 °y 



= 2 = w. 



rank [B , y4 i? ] = rank 
Since rank [B , A B ] = 2 for each t > 0, the system (4.7) is controllable on each [0,t] , / > on 



i?" . We conclude that system (4.4) is null controllable, by Theorem 3.1, since 
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\f(t,x(t),x(t-h),0)\ < \e' sm(x(t) + x(t-h))\ ^ e~' = n(t). 

Conclusion 

We have derived sufficient conditions for the null controllability of nonlinear infinite neutral 

systems with time varying multiple delays in control. These conditions are given with respect to 

the uniform asymptotic stability of the free linear base system and the controllability of the linear 

controllable base system, with the assumption that the perturbation function / satisfies some 

smoothness and growth conditions. 
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Moments of the Scaled 
Burr Type X Distribution 

by 

M. Zhou 1 , D. Yang 2 , Y. Wang 3 & S. Nadarajah 4 



Abstract: A recent paper by Surles and Padgett proposed the scaled Burr type X distribution and 
discussed various properties, including moments. The paper claimed that closed- form expressions 
for E(X k ) are possible only for certain special cases: when the parameter of the distribution is 
assumed to be an integer or when k = 2 (the latter represented as an infinite sum). In this note, we 
show that one can derive simple expressions for E(X ) for all even k > 2 without any restriction 
on the parameter of the distribution. The expressions only involve the gamma function and its 
derivatives. 



1 Introduction 

Surles and Padgett (2005) defined the scaled Burr X distribution with shape parameter 9 and scale 
parameter a by the cdf 



F(x) 



. , , x 

1 — exp 

' a 



(1) 



for x > 0, 9 > and a > 0. Surles and Padgett (2005) discussed various properties of this 
distribution, including moments and their approximations, maximum likelihood estimators and 
their asymptotic properties as well as types I and II censoring. This distribution is a particular case 
of the exponentiated Weibull distribution introduced by Mudholkar et al. (1995); see Mudholkar 
and Hutson (1996), Nassar and Eissa (2003) and Nadarajah and Gupta (2005) for more recent 
developments. 

This note concerns the moment properties of a random variable X having the cdf (1). Surles and 
Padgett (2005) claim that 'closed-form expressions for the moments only exist for certain special 
cases . . .." In particular, two closed- form expressions are given: 



E (X K ) = a K 9T[ - + 1 > (—IV I , , ., . 

applicable when 9 > 1 is an integer; and, 
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applicable for any 9 > 0. In this note, we show that one can derive simple expressions for E(X ) 
for any even k > 2 and for any 9 > 0. The expressions only involve the gamma function and its 
derivatives. 



2 Moments 

Theorem 1 derives the expression for the kth moment for any even k > 2 and for any 9 > 0. 
Theorem 1 If X is a random variable with the cdf (1) then 



ElX 

for any even k>2 and for any 9 > 0. 
Proof: The pdf corresponding to (1) is: 



f( \ 29x 

f(x) = -^-exp 

a 



and so one can express E(X ) as 



M - ^-^{-O&L 



(2) 



p=o 



X 



a 



1 — exp 



x^ 2 
a 



EX 



1 



1 — exp 



a 



9-1 



dx 



(-1)*/V*/ ^W-y)}*^, 



(3) 

which follows by substituting y = 1 — exp{ — (x/9) 2 }. The result in (2) follows by applying equation 
(2.6.9.5) in Prudnikov et al (1986, volume 1) to calculate the integral in (3). ■ 

The result in (2) can be used to derive simple expressions for moments of even-order. Corollary 
1 illustrates this for the first five even-order moments. 

Corollary 1 If X is a random variable with the cdf (1) then the first five even-order moments are 
given by 



E(X 2 



E(X 4 ) 



E(X b 



a 



7 + ^(0 + 1) 



[l/6)a 4 



vr 2 -6* (0 + 1) + 67 2 + 12 7 * (9 + 1) + 6* 2 {9 + 1) 



;i/2)a 6 



AC (3) +2* (9 + 1) + 7i^7 + tt 2 # (9+1)- 6* (9 + 1) 7 



6* (9 + 1) * (9 + 1) + 2Y + 67^ (9 + 1)+ 67^ (9+1) + 2* d (9 + 1) 



£(X 8 ) = (1/20)ct* 



3tt 4 - 20* (36* + 1) + 160C (3) 7 + 160C (3) * (d + 1) + 80* (9 + 1) 7 
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+801'" (0 + 1) * (0 + 1) - 20vrV (0 + 1) + 60 {V (0 + 1)| + 20ttV 

+40vr 2 7^ (0 + 1) + 20vr 2 ^ 2 (0 + 1) - 120^' (0 + 1) 7 2 

-240^' (9 + 1) 7^ (0 + 1) - 120^' (9 + 1) * 2 (0 + 1) + 2O7 4 + 807 3 ^ (9 + 1) 

+I2O7 2 * 2 (9 + 1) + 807^ 3 (9 + 1) + 20* 4 (6» + 1 



E(X 10 ) = (1/12)<7 



60vr 2 7 2 ^ (0 + 1) - 120^" (0 + 1) *' (0 + 1) + 240C (3) 7 2 

-60vrV (d + 1) * (9 + 1) + 60vr 2 7^ 2 (9 + 1) + 180 |V (9 + 1)\ * (9 + 1 

+20vr 2 7 3 - 60vrV (9 + 1)7 + 120^" (9 + 1) * 2 {9 + 1) + 180 {V (0 + 1)} 

+480C (3) 7^ (9 + 1)+ 607% (# + 1) + 1207 3 ^ 2 (9+1) + 1207 2 ^ 3 (9 + 1 
+60 7 ^ 4 (9 + 1) + 9tt 4 7 + 9^% (0 + 1) + 40C (3) tt 2 - 240C (3) *' (0 + 1) 
-360^' (0 + 1) 7 2 ^ (9 + 1)+ 240C (3) ^ 2 (9 + 1) + 120^" (9 + 1) 7 2 
+240^" (0 + 1) 7^ (9 + 1) + 20vr 2 ^ 3 (0 + 1) - 120^' (0 + 1) 7 3 
-120^' (0 + 1) * 3 (0 + 1) + 12^ 5 (0 + 1) + 12 7 5 - 60*'" (9 + 1) 7 
-60^'" (0 + 1) ^ (0 + 1) + 20*" (9 + 1) vr 2 - 360*' (9 + 1) 7 * 2 (0 + 1) 



2 
7 



III! 



+12* (0 + l)+288C(5) 

where 7 = 0.5772156649- • • is Euler's constant, *(x) = d\ogT(x)/dx is the dig amma function and 
((x) = Yl'kLi k~ x is the zeta function. 
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Abstract 

In this paper the asymptotic property of Meyer-Konig and Zeller operators M n for 
bounded functions on [0, 1] is studied. An asymptotic convergence theorem of this type 
approximation is established by means of some probabilistic methods and results and ac- 
curate estimate technique to the basis functions of the operators M n . The main result 
of this paper subsumes the approximation of the operators M n for functions of bounded 
variation as a special case. 
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1 INTRODUCTION 

For a function / defined on [0, 1], Meyer-Konig and Zeller operator M n [10] is 
defined by 

OO r 

M n (f, x) = Y,f(^r1 m nA x ), ° < x < i, 

fc =o n + k 

M n (f, 1) = /(l), m n , k (x) =( n + k k ~ 1 \ x k {l - x) n . (1) 

If replacing the basis function m n k(x) in definition (1) with the new basis 

function rh n ^{x) = I , x k (l — x) n+1 , one get a modified version of M n , 

which belongs to Cheney and Sharma [4]. The asymptotic convergence properties 
of Bernstein type operators for bounded functions have been studied in [11]. In 
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this paper we study the asymptotic convergence property of the operators M n 
for bounded functions on [0,1]. By means of some probabilistic methods and 
results and accurate estimate technique to the basis functions m nj k, we establish 
an asymptotic convergence theorem of this type approximation. Our investigation 
subsumes the approximation of operators M n for functions of bounded variation 
as a special case. 

The following three quantities were first introduced in [11]. For their basic 
properties, one refers to [11]. 

n x -(f,h)= SU P \f(t)-f(x)\, n x+ (f,5 2 )= sup \f(t)-f(x)\, 

££[x— <5i,x] ta[x,x+52\ 

n(x,f,\)= sup \ f (t)-f(x)\, 

ie[x-x/A,x+(l-x)/A] 
where / G I, x € [0, 1] is fixed, < Si < x, < 5 2 < 1 — x, and A > 1. 

The following example shows that in the case of approximation of functions of 
bounded variation, the above quantities may give better asymptotic estimate than 
using the total variation of function of bounded variation. 

Example 1. Consider the function /o(x) = < n n 

fo(x) is bounded variation on [0, 1] by the boundedness of Jq(x). On the interval 

[0, n _1 ] taking points: 

1111 11 

n n+ 1/2 n + 1 (n + l) + l/2 '" n + n (n + n) + 1/2 

It is easy to observe that 

V" / 1 \ 2 / 1 \ 2 / 1 

V(/o)> \ n + l / 2 ) + ((n + 1) + 1/2 J + "" + l(n + n) + l/2 

> ( n+1 )(2nTl72) 2> ^" 1 ' 
and obviously, Oo+(/o) n ~ 1 ) ^ n~ 2 . 

The main result of this paper is as follows: 

Theorem 1. Let f be bounded on [0, 1], f{x+) and f(x-) exsit at a fixed 
point x £ (0, 1) and r = x/(l — x). Then for n > 2 we have 



M n (f,x) 



f(x+) + f(x-) A ftntX 



3^/2 



nxn 



A " 

< —p. v E "(*> 9x, Vk) + O^" 1 ), 

nx(l-x) +^ 

(2) 
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where g x {t) is defined by 



f(t)-f(x+), x<t<l; 
9x(t) = { 0, t = x; (3) 

f(t)-f( x -), 0<t<x. 



and 



J 3(l-x)f(x) + (2x-l)f(x+) + (x-2)f(x-), nr = [nr] 
A i,n,x | (2x-l + 3(l-x)(nr-[nr]))(/(x+)-/(s-)), nr ^ [nr] ' lJ 

m (4), [nr] denotes the greatest integer not exceeding nr. 

From Theorem 1 we get an interesting asymptotic formula as follows. 

Corollary 1. Under the conditions of Theorem 1, if£l(x,g x ,\) = o(A _1 ), then 
we have the following asymptotic formula 

AMM = ^±>±/(£d + _^ +o(n ->/ 2) . (5 ) 

We point out that approximation of functions of bounded variation is the spa- 
cial case of Theorem 1. From Theorem 1 we get immediately 

Corollary 2. Let f be a function of bounded variation on [0, 1], and let Va(/) 
denote the total variation of f on [a,b], x G (0,1) and r = x/(l — x). Then for 
n > 2 we have 



M n ( M - f{x+)+ j {x - ) A '-> 



A n 

< —p. . E n (*. 9x,Vk) + 0{n- 1 ) 

nx(l - x) £-J 



2 3\/2irxn 

. n x+x/Vk 

<-^Y^X V ta.) + 0(n-'). (6) 

k— 1 x—x/yk 

where Af, n ^ x and g x (t) are defined as in Theorem 1. 

2 A SET OF LEMMAS 

Each of the following four lemmas will be required in the proof of Theorem 1 . 
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Lemma 1. For n > 2, x €. [0, 1] there holds 



M n {{t-x)\x)< 2x{l n X \ (7) 

Proof . By [2, Lemma 2.1] and simple calculation, for n > 2 there holds 

Thus 

,, // n9 n A 2x(1 -x) 

M n ((t - x) 2 ,x) < - < — ^ '-. 

1 — x n 

Using Bojanic-Cheng-Khan's method [3, 5, 9] and Lemma 1 we obtain 

Lemma 2. For g x (t) defined in (3) we have 

4 n 

\M n (g x ,x)\<—- rVfl(i lSl! 4 (8) 

nx{l - x) ^ 

Because the method of proof of Lemma 2 is well known (cf. [3, 5, 7, 9, 12]), we 
here omit the details of the proof. 

Lemma 3. Let {^}^ =1 be a sequence of independent and identically dis- 
tributed random variables with the expectation E(£±) = oi, the variance E{^\ — 
ai) 2 = cr 2 > 0, £>(£i — ai) 4 < oo, and let F n stand for the distribution function of 

n 

S (6c ~~ ai)/<ry / n. If F n is a lattice distribution and F* is a polygonal approxima- 
ted 
tion of F n (see the following Definition 1), then the following equation holds for all 

t G (— oo, +oo) 

FM-^f e^du - E{ f;f {l - t*)^=e-^ = O(n-i). (9) 

V27T J-oo 60-V n V27T 

The proof of Lemma 3 can be found in [6, p. 540-542]. 

Definition 1 ([6, p. 540, Definition]). Let F be concentrated on the lattice of 
points b±nh, but on no sublattice (that is, h is the span of F). A polygonal approx- 
imation F* to F is a distribution function with a polygonal graph with vertices at 
the midpoints b ± (n + l/2)h lying on the graph of F. Thus 

F*(t)=F(t) if t = b±(n + l/2)h; (10) 
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F*(t) = l/2[F(t) + F(t-)\ ift = b±nh. (11) 

The following Lanima 4 is an accurate estimate technique to the basis func- 
tions of the operators M n , which is a key auxiliary result in the proof of Theorem 1. 



Lemma 4. For x € (0, 1), r = x/(l — x), we have 

m n \ nr ]{x) = + O ( (nx)~ 3/2 ) 

\/2irxn v ' 

and 



fl2) 



mn,[nr]+l(aO = V/^= + ° {^x)^' 2 ) . (13) 



Proof . We first show that 

\ [nr]+l/2 / , r |\ n+[nr]-l/2 
m_\ /n+[nrj\ = 1 + ([ nr ]-i). (14) 

[nr]J \ n + nr J u J ' y ' 

II7/ . / „_ \[nr]+l/2 / n+ \ nr ]\n+[nr]-l/2 

Set Wi(n,r) = (^jj ( ! ^f) . and wri *e nr = [nr] +e 

(0<e<l),then 

/ e \M+l/2/ £ \ -(n+[nr]-l/2) 

Wi(n,r)=(l + r - f ) 1 + 



[nr] / V n + [nr] 

Thus 

logPFi (n,r) = ([nr] + l/2)log ( 1 + j^- ) - ([n+ [nr] - l/2)log ( 1 + 



nr] ) \ n + [nr] 



- „ / e \ 2 \ r , . ,„s / e „ / e ' 2 



([nr] + 1/2) _ + _ _([ n + [ nr ]_i/2) — + O 



[nr] \[ rar ]/ / In + [nr] \n + [nr] 

= 0([nr]~ l ), 

which implies that 

Wi(n,r) = l + 0([nr]" 1 ). 

Using Stirling's formula: 

n! = (n/e) n V2Tme e ^ 12n , < 9 n < 1, 
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and by direct calculations we find that 

V^nnx _ y/2imx (n + [nr] - 1)! [nr] _ 

l—x l ' l—x [nr]\[n — lj! 

V2irnx n (n + [nr})\ [nr] 
1 — x n + nr nr !n! 



(n+H) n +M -l/2 nH+i/ _ 
[«rlH+l/2,«-l l ^^ 



where 



|nr|i-"'J" r ' L / 2 n n_ 

, fnH+l/2 / , r 1\ n+fnrl — 1/2 
7jr V JT ' /n + |nrj ^ ^L J / 

[nrl / \ n + nr 



1 1 

< c(x, n) < 



e c(a;,n) 



12n Yl[nr\ ~ ~ Yin 

Thus, it follows from Eq. (12) that 



V2 



nnx 



m n[nr] (x) = 1 + 0([nr] 1 ), 

l — x L ' 

which derives the estimation (14). Furthermore, note that 

( n "^ [ nr l "\ 

m n,[7w]+l( X ) ~~ ' m n,[nr]( a:; ) = m n,[nr]\ x ) I 7 i -, x ~ 1 J j 

and since nr = [nr] + e (0 < e < 1), then 

n + [nr] (1 — rr)([nr] + e) + [nr]x — [nr] — 1 e — ex — 1 

x — 1 — = 

[nr] + 1 [nr] + 1 [nr] + 1 

that is 

/e — ex — 1 \ 

"V[nr]+lW = "V[nr]W I . , - + 1 I . 

Thus, we get (13) directly from (12). The proof of Lemma 4 is completed. 

3 PROOF OF MAIN RESULT 

Proof of Theorem 1. For any / g /#, if f(x+) and f(x—) exist at x, by Bojanic- 
Cheng decomposition it follows that 

,,,, n /(x+) + /(x-) /( a+ )-/(x-) 

M n (f,x) = M n (sgn x ,x) 
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2f(x)- f(x + )-f(x-) S.Mf \ (,K\ 

M n (d x ,x) + M n (g x ,x). (15) 



2 

1; t>x r i t=x 

where g x (t) is defined in (3), sgn x (t) = ^ 0, t = x , and 5 x (t) = < ' , 

-1, t < x < ' x 

We need to estimate every term in the right side of (15). The term M n (g x ,x) 
has been estimated in Lemma 2. Let r = x/(l — x). Direct calculation gives 

M n (6 x ,x) = { m ^)i nr = [nr] 
| 0, nr y£ [nrj 

Below we estimate M n (sgn x ,x). 

Let {Ci}£i be a sequence of independent random variables with the same ge- 
ometric distribution P(£i = k) = x k (l — x), k = 0, 1,2, ■ ■ ■, and x G (0, 1) is a 
parameter. Direct computations give 

^1 = 1-^-' E fa- E h) 2 = Tr^2> 

1 — x (1 — x) z 

n n 

Let r\ n = J2 £i an d F n stand for the distribution function of J2(d ~ Fi^\)/ay/n. 
Then the probability distribution of the random variable rj n is 

P(7? n = A:)=f n + ^" 1 ") x fc (l - x) n = m n , k (x). 

Thus 

M n (sgn x ,x) = - ^ m nik (x) + ^ m nik (x) 

k<nx k>nx 

= I- Yl m n,k( X ) ~ Y m n,k{ X ) 
k<nx k<nx 

= 1 — P(r] n < nx) — P(rj n < nx) 

= 1 - F n (0-) - F n (0) (17) 

On the other hand, for F*(t), the polygonal approximation of F n (t), from (10), 
(11), we obtain 

F>(0) = -i f e-V^,,. + %#^ + 0(n-'). 
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1 1 + X -. _,, 

^ by 2irxn 



(18) 



We need to estimate the terms F*(0) - F n {0) and F*(0) - F n (0— ), write r = 
x/(l — x). If nr just is a natural number, i.e nr = [nr], then is a lattice point of 
F n . From (11) we get 



If nr t^ [nr] , then 



2F n *(0) - F n (0-) - F n (0) = 0. 
F n (0) = F n (0-) = J2 m n , k (x) 

k<[nr] 



(19) 



nr—[nr] l+[nr]—nr 
<jy/n ' (Ty/n 



which implies that F n (t) = Yl rn n,k(x) on the interval 

k< [nr] 

since F n (t) is a step function. 

We need to compute F*(0). If < nr — [nr] < 1/2, from (10) and (11) it is 
known that 



J- ,, 



nr — [nr] \ 1 
~ 2 



<T\ n 



and 



k<[nr] — 1 

[nr] — nr + 1/2 



J^ m nk {x) + J^ m nk {x) 

k<[nr] 



Ox n 



Y^ m nk (x) 

k< [nr] 



Since F*(t) is a polygonal approximation of F n (t), by a simple calculation we get 
F n(°) = Yl m nk(x) + (nr-[nr]-l/2)m n ^ nr ](x). 

k< [nr] 

Thus for < nr — [nr] < 1/2 

F n *(0) - F n (0) = F*(0) - F n (0-) = (nr - [nr] - l/2)m n , [nr] (x). (20) 

Similarly, for 1/2 < nr — [nr] < 1 

F n *(0) - F n (0) = F n *(0) - F n (0-) = (nr - [nr] - l/2)m n>r]+1 (x). (21) 

Collecting the above estimates (17)-(21) and by means of Lemma 4 and some 
simple computations we obtain 

1 + x 



+ 0(0, 



M n (sgn x ,x) = < 



3\/27rxn 
(6nr — 6[nr] — 2)(1 — x) — 2 



nr = \nr\ 



(22) 



3^/2 



irxn 



+ 0(n ), nr ^i [nr]. 
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Theorem 1 now follows from (15), (16), (22) and Lemma 2 with the simple calcu- 
lation. 
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